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RESOURCE LETTER

Roger H. Stuewerkditor
School of Physics and Astronomy, 116 Church Street
University of Minnesota, Minneapolis, Minnesota 55455

This is one of a series of Resource Letters on different topics intended to guide college physicists,
astronomers, and other scientists to some of the literature and other teaching aids that may help
improve course content in specified fiel$he letter E after an item indicates elementary level or
material of general interest to persons becoming informed in the field. The letter I, for intermediate
level, indicates material of somewhat more specialized nature; and the letter A, indicates rather
specialized or advanced materjdllo Resource letter is meant to be exhaustive and complete; in time
there may be more than one letter on some of the main subjects of interest. Comments on these
materials as well as suggestions for future topics will be welcomed. Please send such communications
to Professor Roger H. Stuewer, Editor, AAPT Resource Letters, School of Physics and Astronomy, 116
Church Street SE, University of Minnesota, Minneapolis, MN 55455.

Resource Letter GPP-1: Geometric Phases in Physics

Jeeva Anandan, Joy Christian, and Kazimir Wanelik
Department of Theoretical Physics, University of Oxford, Oxford OX1 3NP, United Kingdom

(Received 2 April 1996; accepted 7 October 1096

This Resource Letter provides a guide to the literature on the geometric angles and phases in
classical and quantum physics. Journal articles and books are cited for the following topics:
anticipations of the geometric phase, foundational derivations and formulations, books and review
articles on the subject, and theoretical and experimental elaborations and applicationge? ©
American Association of Physics Teachers.

[. INTRODUCTION chromatic beams of light with the same momenta &re
phaseif the superposition of the two has the maximum pos-

Suppose a system undergoes an evolution so that aftsible intensity. Let|A) and |B) represent the polarization
some time it returns to its original state. We shall call suchstate vectors of photons in the two beams. Since the intensity
an evolution acyclic evolution. If the system is classical, Of their superposition is proportional to
then it is impossible to say from its initial and final states that _
it has undergone any evolution. However, the wave function(<A| +(B)(|A)+[B))=2+2[(A[B)[cogpi{A[B)}, @
of a quantal system retains a memory of its motion in theaccording to his conventiofA) and|B) arein phasewhen
form of a geometric phase factor. This phase factor can bgheir scalar productA|B) is real and positive, or equiva-
measured by interfering the wave function with another co{ently, when pKA|B)=0. Incidentally, since orthogonal
herent wave function enabling one to discern whether or noétates do not interfere, this convention breaks down for such
the system has undergone an evolution. Therefore geometrigates, and the phase difference between them remains unde-
phase factors are “signatures” of quantum motion. The adfined. In the general case nbnorthogonaktates, it is natu-
jective “geometric” emphasizes that such phase factors deral to identify the phase difference betwedn and|B) with
pend only on the loop in the quantum-mechanical statehe phase pfA|B) of their scalar product.
space—the set of rays of the Hilbert space, sometimes called pancharatnam used this definition of the phase difference
the projective Hilbert space. In particular, geometric phasego analyze an experiment involving a sequence of changes in
are independent of parametrization of the path in the projecpolarization of a beam of classical light by sending it through
tive Hilbert space, and therefore of the speed at which it hasuitable polarizers. His experiment consisted of three sequen-
been traversed. tial changes in polarization, frof#\) to |B) to |C) and back

As early as 1958,in a classic paper on phase shifts into a state/A’) of the initial polarization. It is easy to show
nonquantal polarized lightS. Pancharatnam anticipated the that in such a scheme each successive state remains in phase
guantal geometric phases. He was only 22 years of age at theth the previous one. Now, the lab&lused here to describe
time. He studied the problem of determining the phasea state of a polarized wave of light represents a set of values
change undergone by polarized light after it has passe@he eigenvalues of a complete set of commuting observ-
through a sequence of polarizers such that its final polarizaableg required to specify this state uniquely. In Pancharat-
tion is the same as its initial polarization. To describe hownam’'s experiment all but one of these values—including the
the phase of polarized light changes under passage throughoae that specifies the polarization—were returned to their
polarizer, Pancharatnam needed to definephase differ- original values, with the phase of polarization being the only
encebetween two different polarization states. He reasone@xception. Thus Pancharatnam'’s evolution was not cyclic in
that the most natural way to accomplish this task is to askhe sense described above. Indeed, in what follows, the clas-
what would happen if two such states were brought to intersical phase difference he observed will be shown to come
fere with each other, and accordingly he proposed the folfrom the quantum mechanical phase difference between the
lowing definition: The polarization states of any two mono- initial and final one-photon states:
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Pl Y =exp(—(i/2) ango), 2) loop corresponding tg; . In particular, unlike the usual dy-
< ) ABC namical phasé — [dsE,}, the Berry phasé[n;p] is inde-

where apc is the solid angle subtended by the geodesigyengent of the rate at which the state of the system traverses
triangle ABC on the Poincaresphere(whose points, as is aroundp.

well known, represent all conceivable forms of polarization 4 jjustrate his findings Berry analyzed the example of a

state$. For simplic_ity, we ignore the dynamical phase differ- spins particle interacting with a magnetic fiell through
ence due to the fixed frequency of the photon. Remarkablyha Hamiltonian

enough, Pancharatham not only anticipated the quantal geo- _
metric phases, but also was able to corroborate his theory H(B)=«B-S, (10

experimentally. _ _ wherex is a constant involving the gyromagnetic ratio, &hd
Another geometric phase given by a solid-angle formulgs the vector spin operator whose components hasé 12

analogous ta2) was put forward in 1984 by M. V. Berry gjgenvalues lying between—s and +s with integer spac-
(who was unaware of Pancharatnam’s woitkk a seminal jng. The eigenvalues dfi(B) are, of course,

paper on the quantum-mechanical adiabatic thedrele in-

vestigated the nonrelativistic Schliager evolution En(B)=«Bn, (12)
d with B=|B|. Now, if one identifies the components of the
s ly(1)) =H(R(1))[ (1)) (3)  external magnetic field® with the parameter spade, then

Berry's formula is easily applicable to this case. In particu-
of a quantal system in a slowly changing environment deiar, (9) gives the geometric phase change of an eigenstate
scribed by a set ofN time-dependent parameteR(t) In;B(t)) of H(B(t)) as B(t) is slowly transported—and

=(Ry(t),Rx(1),...,Ry(t)), with the initial state hence the spin is slowly precessed—around a lpopthe B
|4(0))=|n;R(0)) (4)  space. Berry was able to show that, in that case,

being the stationary state given by the time-independent explib[n:B(T)]}=exp(~ina,), (12

Schralinger equation wherea, is the solid angle subtended by the logjat B=0.
H(R(0))|n;R(0))=E(R(0))|n;R(0)). (5)  Inparticular, whers=3 and the initial state i§;B(0)) (“spin

, i . up” along B), then the right-hand side ¢12) takes the form
If H(R(t)) is nondegenerate and slowly varying, then it is g the right-hand side of the observation2) of

known that the time-evolving Schiger stately(t)) re-  pancharatnam—namely, dxpi/2)a]. To establish an anal-
mains an eigenstate of the instantaneous HamlltomaBgy between(2) and (12) it suffices now to identify(0))
H(R(t)). More precisely, =|y) and |¢(T))=|¢'), and note that the left-hand side of
t (12) can be rewritten, after the dynamical phase is removed,
Iw(t>>=ex;{—ljodsEn<R(s>>

in the form (yA0)|y(T)).
A simple explanation of the beautiful resit2) was given
xexplib[n,R(t) ]} En(R(1))), (6)  in 1987 by J. Anandan and L. Stodolsi&They considered
a sphere whose points represented the possible directions of

where g the magnetic field. In the above example of Berry, it is
) [t ) . ) sufficient for the direction oB to trace a closed curve on
b[n:R(1)]= J0d5<n’ R(s)i ds [MiR(s)), @) this sphere in order for each eigenstate to acquire a geometric
) phase. In other words, it is not necessaryBgt) to form a
or, equivalently, closed curve; it is sufficient if merely the directions Bf0)
R(D) i andB(T) coincide. Anandan and Stodolsky then considered
b[n;R(t)]= fR(O)dR' (M;R'[iVg/|N;R"), (') a Cartesian triad with its origin of(t) and itsz axis in the

radial direction of the spherghe direction ofB(t) and the

whereVy, is the gradient operator in the parameter sgace spin axig. If the triad is moved along/(t) so that thex,y
This is, of course, just the time-honored adiabatic theorem.axes are parallel-transported along the surface of the sphere,

Berry’s investigations, however, went beyond the usuathen when the triad returns to the original poyf0)= (T),

formulation of the adiabatic theorem captured@and(7). it will have rotated about itz axis by the solid angler

He considered the case of an adiabatic transport around fybtended by at the center of the sphere. Now, relative to

closedpath, the triad, each eigenstate individually should acquire only the
pi={R(t)|R(T)=R(0);0<t<T}, (8)  usual dynamical phase factor because the triad has no angu-

. . _ lar velocity about the spin axis. Consequently, the additional
in the parameter space, and made the crucial g(tt))s]e_rvatmn tdhase factor acquired by the eigenstate must be interpreted as
in such an adiabatic setup the phase faetb™ IS Not  the geometricphase factor due to the rotation of the triad

integrable, i.e., in general it cannot be written as a functioryiven by exp{aJ,|n)=exp(ian)|n), whereJ, generates ro-
of R, and in particular is not single-valued under continua-iation about thez axis of the triad.

tion around the loop: exgb[n;R(T)];#expib[n;R(O)]l. ~ For an arbitrary cyclic evolution in any Hilbert space, the
Moreover, it is easy to see thal’) can be re-expressed in apove anglex generalizes to a set of angles, ..., . These
the form are the geometric quantum angles introduced by Anafhtian,
) which perhaps provides the deepest approach so far to the
b[n;p]= jgde'<n;R||VR|n;R>1 (9 geometric phase. The geometric phases acquired by a com-

plete set of orthogonal statélsn)h are now obtained by the
from which it is evident thab[n;R(T)], or the Berry phase ‘laction on eachn) by exp(Xy-iaJy), where the ele-
as it is now called, is independent of parametrization:ments of the se{J,}] commute among themselves. In the
b[n;R(T)]=b[n;p], where p denotes the unparametrized classical limit the geometric anglé¢g,} reduce to the classi-
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cal angles of J. H. Hanndy,while the observableg),} be-  (p,u). As a result, the final state of the electromagnetic field
come the corresponding action variables that are in involuis
tion with each other.

We now illustrate the usefulness of geometric angles byexp(iaJd)|z;,,z,,p)=
providing a quantum-mechanical explanation of the above-
mentioned experiment of Pancharatnam. For this purposeinally, in this resultant state we have
we need to generalize his classical electromagnetic polarize 2,,p|Al21,2.,p)
wave, with fixed momenturp, passing through an arbitrary 1“2’ 12
number of polarizers, such that the final polarization is the
same as the initial polarization. A classical electromagnetic =2
wave is an approximation of a coherent state in quantum
electrodynamics. In the Coulomb gauge the quantized @
vector-potential for the electromagnetic field may be written + |22|00{ p-X—wt+ 6+ 2
as

a

. a .
Z, expi 5 Z, expi 5 ,p> (16)

(04
|zl|cos( p-X— wt+ 6+ 5) &1

ep,2] : (17

2 Comparison of this expression with Ed.5) shows that/2

_ : _ is the phase Pancharatnam observed in his classical experi-
A—}k: Zl [aw exdi(k-x=wt)] ment. A similar explanation can be given to the experiment

: _ of Tomita and Chiad}’ except in their case we would have
+ay, exd —i(k-x—ot)]]e, (13)  J=N for the photon since it is a spin-1 particle.

. . Having obtained these results using the operatofiex}),
wherek is the momentum vgctqm)=|k| is the frequgncy, which depends on the geometric anglewe may generalize
e, are real orthogonal polarization vectors perpendicular tQnem to an arbitrary superposition of number eigenstates
k, anday, , af, are the annihilation and creation operatorsyith the same polarization. In general, such a state would not
for the mode(k,\). The electric and magnetic fields corre- be a coherent state and cannot therefore be represented by a
sponding toA are E=—JA/dt and B=V XA, respectively. classical electromagnetic wave. Nevertheless, the geometric
The coherent state corresponding to the electromagnetigart of the evolution may be obtained by taking the expecta-

wave considered by Pancharatnam is then tion value of exgi «J) with respect to the initial state.
121,2,,p) =X — EAAPARY The above-mentioned geometric treatment of Berry's
1%2:P L 2 phase by Anandan and Stodolsky suggests that the geometric
% exp(zla;g'ﬁ Zza;z)|0>, (14) phase is associated with the motion of a quantum system and

not with the particular Hamiltonian used to achieve this mo-
which is an eigenstate af;,, with eigenvaluesz, . There- tion. This is the basic idea used by Aharonov and Anahdan

fore, in obtaining a geometric phase, which, since it is associated
_ with the motion of the quantum-mechanical state itself, does
(21,22,p|Al21,2,p) = 2{|z1|cogp-X— wt+ 61) €y not require an adiabatically varying Hamiltonigenviron-
+|z,|cogp-x— wt+ 02)€, 2}, men). However, if an adiabatically varying Hamiltonian is

used to implement this motion, then this geometric phase is
(15 the same as Berry’s phase. They defined the evolution of a

where 6, and 6, are the phases a, andz,, respectively. It normalized statgy(t)) to be cyclic in the interva[0,T] if

follows that|z,jw and|z,/w are the amplitudes of the electric and only if

field E in the directions ok, ; ande, ,, respectively. |(T))y=exdid(0,T)]|4(0)), (18
We may represent the polarization state of a one-photo

Where #(0T) is a real number. Equivalently, this can be
state (zla;l + zza;2)|0) as a two-component spinor #HO.T) a v,

re-expressed with the help of the unitary time evolution op-
eratorU(0,t) in the form

U(0,T)[¢(0))=exdih(0.T)]|#(0)). (19

in a two-dimensional vector space with the usual inner prodlt fO”OWS from.this equation that for an. initial Stat.e to evolve
uct, which makes it a Hilbert space. The corresponding procyclicly in the interval[0,T] under the time-evolution opera-
jective Hilbert space is the Poincasphere. As each photon tor U(0y), itis necessary and sufficient for it to be an eigen-
corresponding to the modgp, ) passes through the polarizer state of the operatod (0,T). Incidentally, this assures the

it undergoes a transition to a staiex’). The new state is €Xistence of cyclic evolutions as defined above at least in the
obtained by simply projecting the old state onto the state thainite-dimensional case. According to Aharonov and Anan-
passes through the polarizer. It can be shown that this corrélan, the geometric contribution ¥(0,T), denoted byg, is

Z;
Z

sponds to parallel-transporting the old state-vector along the ) ) (T d

shorter geodesic joining the two points on the Poincare EXD(IB):EXI{W(O,THIJ d5(¢(5)|ld—s|¢//(3)> (20
sphere representing the two polarization st&teEherefore, 0

using arguments similar to those used by Anandan andr, equivalently,

Stodolsky?® the final state obtained after a sequence of such exp(i B) = (9 (0)|(T))

polarization changes that return the photons to their initial

polarization state is given by the action of the operator (T .d !
exp(i aJ) on the initial photon state. Heeeis the solid angle xex 'JO ds(y(s)|i g5 ()|, (207

subtended by the geodesic polygon defined by the sequence
of the polarization states on the Poincaphere, and=N/2,  which reduces to the Berry’'s phase factor in the adiabatic
N being the number operator for the initial and final modelimit.1>%” What is more, just as Berry’s phase, it is indepen-
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dent of the choice of parametrization or the speed at whichionally clear and have a very elegant geometric interpreta-
the path|y(t)) is traversed. More significantly, Aharonov tion in terms of anholonomies and connectiofgauge

and Anandan demonstrated thats projective-geometric in  fields). Second, geometric phases have a certain unifying
nature, i.e., it is the same for all path#(t)) that project to  character that enables one to relate many apparently dispar-
the same path in the projective Hilbert space. In other wordsate phenomena. Third, these phases can be observed and,
it is the same for any two motiong(t)) and|¢(t)) such that indeed, various predictions of the geometric phases have
Py = Py » Wherep,, denotes a ray corresponding to a vec-been amply corroborated. Finally, and perhaps most impor-
tor |a), namely, tantly, these concepts reassert the importance and fruitfulness

p.={1B)IB)=2a); zeC}. (21) of geometric ideas in physical theories.

The above two properties imply th@=g[p,], and suggest
that 8 may have a geometric interpretation in terms of pathsfo‘CK'\lOWLEDGMENTS

in the projective Hilbert space. Indeed, it may be geometri- The work of one of the author§JA) was partially sup-

cally understood as th@nholonomywith respect to the natu- ported by NSF Grant No. PHY-9307708 and ONR Grant No.
ral connection on the projective Hilbert space. This interpreR g T 3124141.

tation generalizes an earlier differential-geometric
interpretation of the Berry phase given by B. Simon in
19838 Il. ANTICIPATIONS OF THE GEOMETRIC PHASE

Berry’'s 1984 paper was concerned with nondegenerate 1.Actually, there are some Russian theoretical papers, collected in Ref.
states undergoing adiabatic evolution. In the same year F. 18 below, which anticipate the geometric phase as early as the 1940s.
Wilczek and A. Zee reported on how the theory can be gen- 2. “Generalized theory of interference, and its applications,” S. Pan-
eralized to include the adiabatic evolution dégenerate charatnam, Proc. Indian Acad. Sci. 44, 247-262(195§. See also

. Ref. 43 below for the formulation of Pancharatnam’s phase in quan-

quantum state$.They showed that in the case ofdafold tum theoretical languagéE)
degeneracy, .Berry,s ph_ase factor of th.e nondeg_enerqte Cases. “significance of electromagnetic potentials in the quantum theory,”
exp(@b[n;p]), is generalized to d X< d unitary matrix, which Y. Aharonov and D. Bohm, Phys. Re¥15, 485-491(1959. (I)
is now called the non-Abelian Berry phase or the Wilczek— 4. “Intersection of potential energy surfaces in polyatomic molecules,”
Zee phase. More precisely, if the initial state is one of the  G. Herzberg and H. C. Longuet-Higgins, Disc. Faraday Sif.
eigenstates belonging to an orthonormal set of eigenstates of5

77-82(1963. (1)
H(R(O)) with a d-fold degenerate eigenvaltﬁ(R(O)), ie. . “Spin—orbit coupling and the intersection of potential energy surfaces

in polyatomic molecules,” A. J. Stone, Proc. R. Soc. London, Ser. A

H(R(0))|1;R(0))=Ex(R(0))[1;R(0)), (22 351, 141-150(1976. ()).
) 6. “On the determination of Born—Oppenheimer nuclear motion wave
with 1=1,2,...d, then functions including complications due to conical intersections and
t identical nuclei,” C. A. Mead, J. Chem. Phy#0, 2284—-22961979.
|w<t>>=exn[—i J dsEy(R(s)) ®
0
d I1l. FOUNDATIONAL DERIVATIONS
X > Di(R()[R(D)). (23)  AND FORMULATIONS

I"=1

Here, the matribD is a path-ordered exponential integral

) . (RM®
D[R(t)]z.%ethfR(O)dR’A(R’)],

7. “Quantum phase factors accompanying adiabatic changes,” M. V.
Berry, Proc. R. Soc. London, Ser. 392 45-57(1984). (1)

8. “Holonomy, the quantum adiabatic theorem, and Berry’'s phase,” B.
Simon, Phys. Rev. Letbl, 2167-21701983. (A)

9. “Appearance of gauge structure in simple dynamical systems,” F.

Wilczek and A. Zee, Phys. Rev. Lei2, 2111-21141984. (1)

“Angle variable holonomy in adiabatic excursion of an integrable

Hamiltonian,” J. H. Hannay, J. Phys. 28, 221-230(1985. (1)

“Phase change during a cyclic quantum evolution,” Y. Aharonov and

J. Anandan, Phys. Rev. Lei8 1593-1596198%. (I)

(24

with 10.
A(R(1)=(1";R[iVgII;R), (25 11.

and 7 represents the path-ordering. The non-Abelian phase
factor D[I;R(T)] is a unitary matrix, and may be denoted by

DJ[l;p] because it too is independent of parameterization or 13,

the speed with which a particular path is traversed and is
therefore geometric.

Berry’s 1984 paper, and the other reports discussed above
were followed by a great number of papers on the subject.
They can be divided into two broad groups. The first con-

tains contributions that reformulate or generalize Berry's 16,

findings, while the second contains papers in which geomet-
ric phases are identified or measured in a great number of
apparently disparate physical phenomena, or in which at;
tempts are made to use these phases to explain unresolv

14,
15

12. “General setting for Berry’s phase,” J. Samuel and R. Bhandari, Phys.

Rev. Lett.60, 2339-23421988. (A)

“Non-adiabatic non-Abelian geometric phase,” J. Anandan, Phys.
Lett. A 133 171-175(1988. (I)

“Geometric angles in quantum and classical physics,” J. Anandan,
Phys. Lett. A129, 201-207(1988. (1)

. “Geometrical phases from global gauge invariance of non linear clas-

sical field theories,” J. C. Garrison and R. Y. Chiao, Phys. Rev. Lett.
60, 165—168(1988. (1)

“Comment on geometric phases for classical field theories,” J. Anan-
dan, Phys. Rev. Let60, 2555(1988. (1)

% BOOKS AND REVIEW ARTICLES

physical questions. The bibliography that follows is selective 17. Geometric Phases in Physi¢cedited by A. Shapere and F. Wilczek

and by no means exhaustive since there are hundreds of re-

search papers on the subiject.
We conclude by remarking that, there are at least four

(World Scientific, Singapore, 1989This book contains original re-
prints of many pioneering articles on the subject with some introduc-
tory comments on each sub-topic, from elementary to advariged,

A)

different reasons for the phenomenal success of the conceptss. Topological Phases in Quantum Theoryedited by B. Markovski and

related to geometric phases. First, these concepts are excep-
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anticipations of the geometric phase emphasizing Russian contributions48.

to the subject and contains many less well-known reprifis!, A)
19. “Berry’s topological phase in quantum-mechanics and quantum-field
theory,” I. J. R. Aitchison, Phys. Scr. Z3, 12—-20(1988. (1)
“Adiabatic quantum transport in multiply connected systems,” J. E.
Avron, B. Zur, and A. Raveh, Rev. Mod. Phy80, 873—-915(1988.
(A)
“Berry phase,” J. W. Zwanziger, M. Koenig, and A. Pines, Annu.
Rev. Phys. Chemi1, 601-646(1990. This review contains an exten-
sive list of articles up to 199Q!)
“Anticipations of the geometric phase,” M. V. Berry, Phys. Tod&,
34-40(1990. (E)
“Topological phases in quantum-mechanics and polarization optics,”
S. |. Vinitskii, V. L. Derbov, V. M. Dubovik, B. L. Markovski, and Y.
P. Stepanovskii, UspektiSov. Phys. 33, 403-428(1990. ()
“The geometric phase,” J. Anandan, Nat880, 307-313(1992. (E)
“The geometric phase in molecular-systems,” C. A. Mead, Rev. Mod.
Phys.64, 51-85(1992. (1)
Quantum Mechanics A. Bohm (Springer-Verlag, New York, 1993
The last two chapters of this book contain a detailed textbook intro-
duction to the subjectE)

20.

21.

22.

23.

24.
25.

26.

27.
R. Nityananda, Curr. Sci. India7, 217—-294(1994. This special issue
contains many original contributions in addition to some review ar-
ticles. (E)

V. ELABORATIONS AND APPLICATIONS

A. Theoretical articles

28. “Fractional statistics and the Quantum Hall-effect,” D. Arovas, J. R.
Schrieffer, and F. Wilczek, Phys. Rev. Lef8, 722-723(1984). (A)
“Hamiltonian Interpretation of Anomalies,” P. Nelson and L.
Alvarez-GaumeCommun. Math. Phy9, 103-114(1985. (A)
“Classical adiabatic angles and quantal adiabatic phase,” M. V.
Berry, J. Phys. AL8, 15-27(1985. (1)

“Semiclassical quantization with a quantum adiabatic phase,” H. Ku-
ratsuji and S. lida, Phys. Lett. A11, 220-222(1985. (1)

“Classical and quantum adiabatic invariants,” E. Gozzi, Phys. Lett. B
165, 351-354(1985. (1)

“Quantum holonomy and the chiral gauge anomaly,” A. J. Niemi and
G. W. Semenoff, Phys. Rev. Lei5, 927-930(1985. (A)

“Effective action for adiabatic process—dynamical meaning of Berry
and Simon phase,” H. Kuratsuji and S. lida, Prog. Theor. Phiys.
439-445(1985. (1)

“The interference of polarized light as an early example of Berry’'s
phase,” S. Ramaseshan and R. Nityananda, Curr. Sci. 5&li4225—
1226(1986. (E)

“Some geometrical considerations of Berry phase,” J. Anandan and
L. Stodolsky, Phys. Rev. 35, 2597—-2600(1987) (1)
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