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Appendix B
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B1. Cylindrical Polar Coordinates

The coordinates are (R, 6, x), where @ is the azimuthal angle (see Figure 3.1b, where
¢ is used instead of @). The equations are presented assuming ¥ is a scalar, and

u= iRuR + iGuO + ixux,
where ig, Ig, and i, are the local unit vectors at a point.

Gradient of a scalar

L0y iy . Y
V¢ =ig— + = — + iy —.
Vv=hsr v Ro6 s
Laplacian of a scalar
139 LY 1 3%y 3%y
V=—— (R Y+ —— + L.
Y= RR (RBR)+ R 952 T oz

Divergence of a vector

_ 1 8(Rug) 1 Aug + ou,
“ R AR R 3 = ox’

V-u

Curl of a vector

. 18u, dug . [Oup Ou; 1 d(Ruy) 1 Oup
Vxu=ig (=25 _ %Y il = __Zur1
xu IR(R 36 ax)+"’(ax 3k ) "™ |RoR R 90

Laplacian of a vector

. u 2 Bu . 2 du u .
Vi = IR (Vzuk S __g) +1y (V2ug + ﬁa—; - Eof) +1,,V2u,.
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Strain rate and viscous stress (for incompressible form o;; = 2p1¢;5)

dup 1
€RR — E = ZURR,
oo — LMo ur _ 1
R 96 R 2u
ou, 1
= = ~—Oxx,

bax = 0x 2u
RH 19 1
(ug) 1 Bug

€8 =23R\R) 2R 36 ~ 2%
. 1 Ouy, 10u 1
= — —_—— = —0 N
2R3 " 2ax 2u %
10ug + 10u, 1
= —-— + - = ——ORg-
“R=3%x T28R 2.k
Vorticity (w = V x u)
10u, Ouy
wg = — - —
R~ R 30 ox’
_ dup Ou,
P = Bx dR’
19 1 814R
X = Jman R _———.
©s = Rar T~ R 50
Equation of continuity
dp 1 9 19 9
— +—_—(pR - — =0.
2 T RaR(p ug) + Rao(p"")+ r,,x(;oux)

Navier-Stokes equations with constan! p and v, and no body force

a:; + @ Vu, = _%:—1: +vViu,,
where
9 ug 9 F

V= _ oy —,
u “RaR T R T % 0x

v L@ (pd +132+£
~ ROR\ 3R/ " R?96% * 3x*
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B2. Plane Polar Coordinates

The plane polar coordinates are (r, 8), where r is the distance from the origin
(Pigure 3.1a). The equations for plane polar coordinates can be obtained from
those of the cylindrical coordinates presented in Section B1, replacing R by r and
suppressing all components and derivatives in the axial direction x. Some of the
expressions are repeated here because of their frequent occurrence.

Strain rate and viscous stress (for incompressiblc form o;; = 2ue;;)

. ou, 1
= = —0,
rr ar 2‘1' rrs
s = laug u 1 o
6=y ()9 r 2u 961
%] 1 314, 1
éro = 23r ( r ) 2r 96 2;1.0'9'
Vorticity
10 1 8u,
e
Equation of continuity
do 138

14
>y (Prur) + ;%(Puo) =0.

Navier-Stokes equations with constant p and v, and no body force

du, du, | ug du, u;:_ 13p (Vzu ur 23u9)

a  "ar r 98 o r 2 1236

3149 3u9 Ug duo UrlUp _ 1 ap 2 3u, Ug

TR N pr39+v o+ 5 r2 a0 r2)
where

Vz_li(a +132
Trar\or)  r2ae?’

B3. Spherical Polar Coordinates

The spherical polar coordinates used are (r, 6, ¢), where ¢ is the azimuthal angle
(Figure 3.1c). Equations are presented assuming 4 is a scalar, and

u =ju, +igug + fouy,

where i, ip, and i, are the local unit vectors at a point.
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Gradient of a scalar

oy . 19y 1 oy
vy =i, ¥ 44,-2¥ e d)
Vb e e T e e

Laplacian of a scalar

19 oY 19 Y 1 3%y
Vi = —— [ r2-2 — — .
v rz ar (r 6r)+r2sin930( 39)+r2sm06¢
Divergence of a vector
V.ue 1 9(r2u,) 1 3(upsind) 1 Bug
T r2 dr rsind 39 rsind ¢

Curl of a vector

sind A¢ ar

Vxu=

i A(u, Sinh)  Aug g [ 1 Ou,  3(ru,)
rsinf 00 L 17

iy [8re) _ .
+r[ ar 20 |

Laplacian of a vector

r

) 24, 2 B(ugsind 2 3
Viu—i, [Vzu,——i— (upsinf) ﬂ]

r2  rZsing 06 r2sing ¢
2 du, up 2cos@ 3u¢]
+ip | Viug + 55— — - -
[ Tr2 86 r2sin?0  r2sin2@ 3¢

+i, [V2u¢+ 2 ou, 2cosf Aug u, ]

rzsin9% r2sin29—3$ " r2sin?e

Strain rate and viscous stress (for incompressible form o;; = 2ue;;)

aur 1 o
€, = - = — y
rr ar 2,1' rr
1 Au u 1
egg = -t +—== =—0y9,

r 06 r 2u
1 du, Ur Uy cotd 1
T —_ UWW)
rsing de¢ r r 2/,1.
09 (M), _Ll,
% = 3r 36 sm9 2r sin @ d(p 2u

Cop —

1 8u,+r ] ( ) 1
Cor = T A = 7—0yr,
¥ 7 2rsinf 8¢  29r 2u ¥

rad (ug)+ 1 du, 1 o
e, = - _— e .
"~ 29r \'r 2r9e  2u "’
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Vorticity

1 d 3140
a),=;—;m—0|: (u,,sm())—%],

_ 171 3u B(ruq,)]
~ 7 |sing a¢ ar |’

a)—l i(ru)—au’
= rlar 3 |’

Equation of continuity

do 13 1 1
ar Traglor r)+——9£(pua )+——(pu¢)
Navier-Stokes equations with constant p and v, and no body force
du ul + u?
r A v _ [
at + (u Yu,
_ 1 ap 2 % 2  9(ugsinG) 2 Buy
T pd " r2  rlsing@ 36 r2sin@ d¢
du uyu u? cotd
- Vug+ = —-*
at r
1 dp 2 2 Bu, Ug 2cos6 du,
—_— e —_——— V — —_
or 30 +v [ Ut 350 " r2sin?@  r2sin’6 A
] , t6
2ot Vyu, + 2o D000
at r r
1 3 2 du 2cos@ 0@ u
= Loy | Vit oy SRS B
prs1n0 dp r’sinf 3¢  r2sin“0 3¢  r2sin‘@
where
0 u d u, 9a
V= — F
" rar T rsind d¢

[
, d I 1 d sing-3- d + 1 a?
or r2sing 80 90 r2sin®9 d¢?



