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A classroom demonstration of reciprocal space

Morten Hannibal Madsen,a) Louise H�pfner, Nina Rasmussen, Mikkel Stolborg,
Jesper Nygård, Robert Feidenhans’l, and Jan W. Thomsen
Nano-Science Center, Niels Bohr Institute, University of Copenhagen, 2100 Copenhagen, Denmark

(Received 20 April 2012; accepted 17 December 2012)

An array of nanowires and a laser pointer are used for a simple visualization of two-dimensional

reciprocal space. The experiment can be performed without any preparation and in any classroom.

It aids the teaching of scattering experiments, and illustrates the underlying principles of electron,

x-ray, and neutron scattering. A detailed study of the diffraction pattern was performed by

mounting the sample with nanowires on a stage designed for x-ray scattering. The setup is well

suited for undergraduate students, who get training in sample alignment in a small lab instead of at

a large-scale facility. The exact positions of the diffraction spots are calculated and monitored

experimentally for a 360� rotation of the sample. By fitting to this set of images, it is possible to

determine the lattice vectors of the artificial crystal with an uncertainty of less than 1%. VC 2013

American Association of Physics Teachers.

[http://dx.doi.org/10.1119/1.4773979]

I. INTRODUCTION

Scientists use scattering experiments to analyze materials,
with the most common sources being electron,1 x-ray,2,3 and
neutron4 beams. All of these techniques take advantage of
the wave properties of the particles.

Typically one selects the wavelength of the incoming
waves such that it matches the structure of interest. In this
experiment, we do the reverse—we use a laser as the mono-
chromatic wave source and customize an array of nanowires
to fulfill the diffraction conditions. By proper design of the
nanowire array, the ratio of the nanowire pitch to the laser
wavelength (�3 lm=0:532 lm ’ 6) is directly comparable
to the ratio of a typical crystal lattice spacing to synchrotron-
generated x-rays (�3 Å=0:5 Å ’ 6).

The concept of reciprocal space is often difficult for stu-
dents to comprehend.5–7 It can be compared to learning to
ride a bicycle—once you can do it, it is hard to say what is
so difficult about it. The demonstration experiment described
here has been used in the course “Introduction to X-Ray
Physics” at the Niels Bohr Institute, and helps students better
understand the subject.

Inexpensive diffraction gratings, or even a compact disk,
can be used to demonstrate diffraction by a one-dimensional
structure. However, gratings do not show that the points in
an array can be regarded as planes, and therefore also lack
the possibility of changing the diffraction pattern by rotation.

Only a few experiments for visible light interacting with
nanowires have so far been reported.8–10 None, to our knowl-
edge, use a two-dimensional (2D) grid. In this paper, we cal-
culate and measure the positions of the diffraction spots
from a 2D array of nanowires.

II. DEMONSTRATION EXPERIMENT

A laser pointer with a wavelength in the visible band and
a periodic array of nanowires are the only equipment needed
for the diffraction experiment. The laser beam is pointed
towards an area with precisely positioned nanowires, and the
diffraction pattern is displayed directly on a white screen.
The experiment can be performed without any preparation
and works every time. The only thing to be aware of is stray
laser light, as this may cause eye damage. With proper

handling and a low power laser (1 mW), classroom experi-
ments are safe.

The sample can be held in one hand and the laser pointer
in the other, and by rotating the sample, one can watch the
diffraction spots appear and disappear. In Fig. 1(a), a simple
mount is used for the laser and the sample. Different arrays
of positioned nanowires give easily distinguishable diffrac-
tion patterns. Likewise, different colored laser pointers (e.g.,
red, green, and blue) can be used to illustrate the wavelength
dependence of the diffraction conditions.

A. Entering reciprocal space

Diffraction arises from interference of electromagnetic
waves (e.g., visible light or x-rays) when scattered on planes.
Scattering on an array of points (e.g., nanowire arrays or
atoms in a crystal lattice) can be regarded as scattering on
planes, as shown in Fig. 1(e), and is described by Bragg’s law,

2d sin h ¼ nk; (1)

where k is the wavelength of the incoming wave, n is an inte-
ger, d is the lattice spacing, and h is the angle between the
incoming wave and the scattering planes. From Eq. (1), it is
seen that Bragg’s law is satisfied only for k � 2d.

One can also use the Laue condition,6

D~k ¼ ~G; (2)

to describe scattering from planes using a vector formalism.
Here the scattering vector D~k ¼ ~k0 � ~k is defined as the
difference between the diffracted and incoming wavevectors,
and ~G is a reciprocal lattice vector given by

~G ¼ h~b1 þ k~b2 þ l~b3 ; (3)

where ~b1 ; ~b2 , and ~b3 are unit vectors of the reciprocal space,
and h, k, and l are integers known as Miller indices.11

For an interpretation of the Laue condition, one can look
at an algebraic statement of the scattering wave vector, as in
Ref. 6. For elastic scattering, where no energy is transferred
to the crystal, the magnitude of the scattering wave vector
can be written as
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jD~kj ¼ 2j~kjsin h: (4)

By substituting the Bragg condition 2d sin h ¼ k and j~kj ¼
2p=k into Eq. (4), one obtains jD~kj ¼ 2p=d. It is seen that the
scattering wave vector in reciprocal space is a representation
of real space parameters with a characteristic scaling factor of
2p. One should note that the typical length scale in reciprocal
space is 2p over the typical scale in real space.

B. The Ewald circle

The diffraction pattern in three dimensions can be repre-
sented using a geometrical construction called the Ewald
sphere. Here, we consider the 2D case and hence the Ewald
circle, as sketched in Fig. 2.

The Ewald circle is constructed by considering the recip-
rocal lattice of a crystal with origin O. The incident wave
vector ~k is drawn, such that it ends at O. Now a circle that
passes through O and with radius j~kj is drawn. The angle
between the two vectors is 2h, as we assume that the scatter-
ing is elastic. Any other point of the reciprocal lattice that
the circle intersects fulfills the Laue condition (D~k ¼ ~G), and
will therefore give rise to a diffraction spot.

The length of the incoming wave vector is inversely pro-
portional to the wavelength of the wave, j~kj ¼ 2p=k. If the
wavelength is decreased, the radius of the Ewald circle
increases, and more diffraction spots will be visible. This
can be demonstrated by using different colored laser
pointers.

C. Fabrication of ordered arrays of nanostructures

Areas with ordered arrays of nanostructures can be fabri-
cated using photo- or electron-beam lithography. Electron-
beam lithography has the highest resolution but is a slow
process, where one point has to be written at a time, whereas
photolithography can process a full wafer at a time. Photoli-
thography is especially used in the semiconductor industry;
for instance, a modern microprocessor chip is fabricated
using several steps of lithography. The diffraction experi-
ment described in this paper works well with samples fabri-
cated by UV lithography. For example, nickel pillars with a
pitch of 10 lm, a diameter of 1.5 lm, and a height of 600 nm
have been found to give a clear diffraction pattern. A guide
for fabrication of such ordered arrays using standard lithog-
raphy techniques can be found in the online supplement.12

For this study, we have used nanowires positioned by
electron-beam lithography.13 Nanowires are best described as
elongated crystals. They are fabricated using a molecular beam
epitaxy (MBE) system and a more detailed description of nano-
wire growth in the same system can be found in Ref. 14.

Structures with a variety of densities and patterns were
fabricated, with pitches in the range 2–10 lm and in quad-
ratic, rectangular, and hexagonal grids. We choose a
4 lm� 3 lm rectangular grid, with nanowires 1 lm long and
100 nm wide for the in-depth analysis.

III. EXPERIMENT FOR STUDENTS

The diffraction experiment is good for undergraduate stu-
dents; it takes only minutes to set up but there are unlimited
options to fine-tune it. The setup provides challenges for stu-
dents at all levels and therefore the experiment meets some
of the most important requirements for a good project: easy
setup, fast acquisition of data, and unlimited improvements.
Furthermore, the experiment is valuable training in sample
alignment for students who are interested in scattering
experiments at large-scale facilities (e.g., neutron or x-ray
sources) as the procedures are similar.

A. Calculation of the diffraction pattern

The exact positions of the diffraction spots can be calcu-
lated using the Laue condition, Eq. (2), and the geometric
interpretations of the total system. A sketch of the diffraction
setup for the experiments is shown in Fig. 3, where all quanti-
ties are geometrically defined. Monochromatic light is com-
ing in from the left, represented by the incoming wave vector
~k. In our case it is a laser source, but it could in principle be

Fig. 2. Ewald construction in the 2D case. The incident wave vector ~k
defines the radius of the Ewald circle, and the elastic outgoing wave vectors
~k0 are given for all spots were Bragg’s condition is fulfilled.

Fig. 1. Optical light scattering on a periodic array of nanowires. (a) Class-

room setup of the experiment to illustrate reciprocal space. (b) Optical image

of a substrate with different densities of nanowires. (c and d) SEM images of

InAs nanowires positioned using e-beam lithography. The image is taken

from a 15� angle, and the height is given by the vertical scalebar. (e) Sketch

of Bragg’s law. When 2dsinh equals an integer number of wavelengths nk,

constructive interference leads to a diffraction spot.
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any monochromatic waves, such as synchrotron-generated
x-rays when the lattice spacing is on the atomic scale. The
incoming light scatters on the nanowires, which are posi-
tioned in a 2D array spanned by the real plane lattice vectors
~a1 and ~a2. For the derivation presented here, we will assume
that the lattice vectors are orthogonal (i.e. x ¼ 90�). The dif-
fracted beams that fulfill the Bragg conditions will give rise
to diffraction spots observed on a screen a distance L from
the crystal. The positions of diffraction spots are calculated
as a horizontal Sy and a vertical Sz distance from the origin
on the screen. The origin is set to be right between the 0th
order diffraction spot, also called the specular spot, and a not-
visible spot from a beam passing directly through the sample
without any reflection or scattering, as indicated in Fig. 3.

The components of the incoming wave vectors can be
found by geometrical considerations, and are in the (x, y, z)
system given by

~k ¼ 2p
k

cos a
0

�sin a

0
@

1
A; (5)

where a denotes the angle between ~k and the plane of inci-
dence. The real plane primitive vectors are rotated by the
angle / around the z-axis with respect to the incoming wave
vector. In the (x, y) coordinate system, they are therefore
given by

~a1 ¼ d1

cos /
sin /

0

0
@

1
A (6)

and

~a2 ¼ d2

�sin /
cos /

0

0
@

1
A; (7)

where d1 and d2 are the real space lattice spacings. The sim-
plest vector perpendicular to both~a1 and~a2 is

~n ¼
0

0

1

0
@

1
A: (8)

For the reciprocal lattice vector ~G, one first needs to find the
primitive reciprocal lattice vectors. These are found
through11

~b1 ¼ 2p
~a2 �~n

~a1 �~a2 �~n
(9)

and

~b2 ¼ 2p
~n �~a1

~a1 �~a2 �~n
; (10)

resulting in

~G ¼ h~b1 þ k~b2 ¼ 2p �

h

d1

cos /� k

d2

sin /

h

d1

sin /þ k

d2

cos /

0

0
BBBBB@

1
CCCCCA

(11)

for scattering on a 2D crystal.
The horizontal and vertical distances from the origin to

the (hk) diffraction spot are denoted Sy and Sz, respectively,
and also indicated in Fig. 3. The ratio of Sy to the screen dis-
tance L is equal to the ratio of the y-component of the dif-
fracted wave vector to its x-component; that is,

Sy

L
¼

k0y
k0x
: (12)

By substituting Eqs. (5) and (11) into the Laue condition (2),
an expression for k0y and k0x is found, which, when combined
with Eq. (12), gives

Sy ¼ L � ðh=d1Þsin /þ ðk=d2Þcos /
ð1=kÞcos aþ ðh=d1Þcos /� ðk=d2Þsin /

:

(13)

In a similar way, the vertical deflection can be calculated,
although k0z is slightly more cumbersome to calculate. Here,
we use the fact that the length of the diffracted wave vector
can be written as

j~k0 j2 ¼ k02x þ k02y þ k02z : (14)

Using the Laue condition (2), this is equivalent to

k02z ¼ j~k0 j
2 � ðkx þ GxÞ2 � ðky þ GyÞ2: (15)

As we assume elastic scattering, the length of the scattered

wave vector is equal to the incoming one, that is, j~kj2 ¼ j~k0 j2
¼ ð2p=kÞ2. Substituting Eqs. (5) and (11) into Eq. (15) then
gives

k02z ¼ 4p2

�
1

k2
ð1� cos 2aÞ � h2

d2
1

� k2

d2
2

þ 2cos a
k

k

d2

sin /� h

d1

cos /

� ��
:

(16)

Finally, the vertical deflection on the screen is found to be

Sz ¼ L � k0z
ð1=kÞcos aþ ðh=d1Þcos /� ðk=d2Þsin/

: (17)

The above calculations have assumed a rectangular grid for
the crystal structure. For x 6¼ 90�, the basis lattice vectors
must be modified accordingly. In the case of x > 90�, Eqs.
(6) and (7) are modified to

Fig. 3. Schematic diagram of the scattering experiment. Monochromatic

light comes in from the left, scatters on nanowires positioned in an array,

and produces diffraction spots to the right.
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~a1 ¼ d1

cos /
sin /

0

0
@

1
A (18)

and

~a2 ¼ d2

�sin / sin xþ cos x cos /
cos / cos xþ cos / sin x

0

0
@

1
A: (19)

By repeating the calculations above, one can derive the
modified versions of Eqs. (13) and (17) to account for a non-
rectangular lattice.

B. Experimental setup

Though a minimalistic setup is sufficient for understand-
ing the basic principles, a more advanced setup is needed to
take full advantage of the derived theory (see Fig. 4). The
sample is mounted on a two-axis goniometer on top of a
360� turntable [Fig. 4(b)]. The two axes of freedom from the
goniometer can be used to center the sample, such that it
rotates around the same point, when the turntable is rotated.
This mimics the setup of a standard x-ray diffraction experi-
ment with 3 Sþ 2D degrees of freedom, meaning that three
circle motions can control the sample, and two circle
motions the detector. The setup is such that the angle of inci-
dence is equal to the detector angle. The whole setup is
mounted on a bread board for optimal stabilization.

A HeNe laser with a wavelength of k ¼ 632:8 nm is used
as the coherent light source. This type of laser has the
advantage of a low output intensity, and some models are
equipped with a range of neutral density filters, making it
possible to have an output intensity of less than 1 mW;
HeNe lasers are therefore very suitable for student experi-
ments. Three lenses, with focal lengths of 100 cm, 12.5 cm,

and 5 cm are used in the setup as illustrated in Fig. 4(c). The
first lens is used to obtain a collimated beam and the two
others are set in a telescope configuration to decrease the
beam size by a factor of 0.4.

Mirrors with micrometer screws are used for guiding the
beam. The two mirrors closest to the sample are used to raise
the beam and point it down at the center of the sample. The
angle of incidence can be varied by moving these mirrors.

The amount of unwanted scattering can be reduced greatly
by taking advantage of Brewster’s angle.15 At an angle deter-
mined by the indices of refraction for the media, only light
polarized perpendicular to the plane of incidence is reflected.
By using a half-wave plate (k=2) to linearly polarize the
beam parallel to the plane of incidence, most of these
reflections can be eliminated. For InAs, Brewster’s angle is
hB ¼ 73:8� with respect to the plane of incidence, and there-
fore an incidence angle close to a ¼ 90� � hB ¼ 16:2� is
used in the setup. We found this step of major importance, as
the background was reduced by a factor of five. Reducing
the room light gives additional signal-to-noise improvement.

A white sheet of paper was used for the screen, as it had a
good thickness and texture. Various other types of materials
were tested for the screen, but none could beat the white pa-
per. Furthermore, the paper had the advantage of being
straightforward to print a grid on for scaling.

For data acquisition, a Nikon D40 digital single-lens reflex
camera is used; it has a charged-coupled-device (CCD) sen-
sor with a 6.1 megapixel resolution. Data are saved in RAW
format ensuring no loss of quality due to compression. The
camera was first checked for dead pixels by taking a picture
with the camera lens covered, loading it into MATLAB, and
looking for pixels with a zero intensity value. Two dead pix-
els were found and these were omitted in later data analysis.
All images are acquired in full manual mode with an aper-
ture of 1/4.0 and a shutter time of 1/3 s.

C. Analysis of a single image

For a given setup, an image is acquired with the digital
camera and transferred to a computer. MATLAB is used for the
manipulation and measurements of the images.

A 3D plot of the data before background subtraction is
shown in Fig. 5(a), where the intensity is plotted along the
z-axis. Because a lot of noise is present, even for an image
obtained in a dark room at Brewster’s angle, the data are fil-
tered. First, a background image is made using morphologi-
cal opening of the image by removing all disk-shaped spots
in the image with a radius less than 24 pixels.16 This back-
ground image is then subtracted from the original image.
Second, a threshold value is defined, high enough to remove
random noise pixels but low enough to include the peaks. A
binary image is now formed and used as a mask on the origi-
nal image, thereby creating an image with only nonzero val-
ues at the peak positions. The final result is shown in
Fig. 5(b). A more intuitive way of subtracting the back-
ground is to use ImageJ,17 where a threshold value can be
chosen graphically, and the “analyze particle” function set to
count areas only in a certain size range.

Based on the theoretical framework derived in Sec. III A,
the diffraction spots on the obtained images can be catego-
rized; an example is shown in Fig. 5(c). A script written in
MATLAB calculates the theoretical position of the peaks using
the modified version of Eqs. (13) and (17), and looks for the
experimental intensity peak in the vicinity of this spot. The

Fig. 4. Experimental setup. (a) Image showing the full setup and the align-

ment of the laser on the sample and the diffraction pattern. (b) Sample

mounted on a two-axis goniometer on top of a 360� turntable. (c) A sche-

matic diagram of the setup. The first lens is used to obtain a collimated

beam and the two others are set in a telescope configuration to decrease the

beam size by a factor of 0.4. The two mirrors next to the sample are for ele-

vating the beam and pointing it down at the sample with an angle a ¼ 15:6�,
close to Brewster’s angle for InAs.
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calculated and experimental intensity peaks are plotted in
Fig. 5(d). It is clear that the diffraction pattern is a mapping
of the reciprocal lattice. All expected spots are visible and
can be labeled using this algorithm.

Some of the lower-order diffraction spots are degenerate.
This is due to a secondary periodicity with larger lattice distance,
introduced by the stitching during the e-beam lithography. For
this study we look only at the brightest spot, which is expected
to be the 0th-order diffraction from the secondary lattice.

In Fig. 5(d), both the theoretically derived and experimen-
tally found positions of the diffraction spots are plotted. The
uncertainties in the theoretical values come from the meas-
ured angles and distances in the nanowire arrays. The values
used in this study are summarized in Table I along with their
estimated uncertainties.

D. Aligning the sample for rotation

The diffraction pattern changes when the sample is rotated
around /. This change can be used to calculate the lattice
structure by fitting peaks for different angles. For instance,
d1; d2, and x can be estimated in this way. To test the setup,
a group of students was given a sample with x ¼ 95� but
told that it was a rectangular lattice. Using the method
described below, they detected this deception and were able
to estimate x within 0:2�.

The basic protocol to align a sample for a scattering
experiment is:

1. Decide on the basic parameters, including wavelength and
scattering configuration.

2. Find the center of the sample, or the point of interest.
3. Adjust the sample to rotate uniformly around the point

where the incoming beam hits the sample.
4. Align the system parameters to the reciprocal lattice vec-

tors of the crystal.

The basic parameters are determined by the laser system
and the requirement for fulfilling the Brewster’s angle condi-
tion. The second step is relatively straightforward as the
HeNe laser emits light in the visible range. The rough align-
ment is made by hand and subsequently fine-tuned using the
micrometer screws on the mounts of mirrors 3 and 4.

The next step is more challenging and required the use of
the two-axis goniometer. The turntable is rotated (angle /)
while monitoring the specular intensity peak. The goniometers
are now adjusted until the specular intensity peak remains sta-
tionary during a 360� rotation. Measurements of the aligned
sample are shown in Fig. 6(a); the position deviates by less
than 0.5 mm throughout a full rotation of the sample.

The last step is performed by rotating the sample until the
intensity peaks for (0, 0), (–1, 0), and (–2, 0) are vertically
aligned, and (0, �1) and (0, 1) horizontally aligned, defined
as / ¼ 0�. For a rectangular lattice, a rotation of / ¼ 90�

should bring the system into another configuration where the
spanned planes are perpendicular. The lack of this symmetry
led the students to discover the skewed lattice.

When identifying the diffraction points a systematic devi-
ation of the experimental position was found. The deviation
was found to increase with the distance to the specular spot,
which can be attributed to the screen being slightly tilted, an
imperfect lattice, and/or lens distortions. The camera lens
was investigated for distortion effects (e.g., spherical aberra-
tion and coma) by imaging a piece of paper with a printed
millimeter scale, and found to be negligible for the given
setup (<1 mm). Given that the screen has been properly
aligned (i.e., not tilted), the deviation from this effect should
be small as well. The main deviation therefore originates
from an imperfect lattice. To correct for this, we gathered

Fig. 5. Measurement on a rectangular grid of nanowires. (a) Raw data.

(b) Data with background subtracted. (c) Diffraction spots on the screen.

(d) Experimental [red (light gray) dots with errorbars] and theoretically

calculated [blue (dark gray) dots without errorbars] diffraction spots.

Table I. Experimental parameters. These values are used throughout the

experiment unless otherwise stated.

Quantity Value Std. dev.

d1 2.90 lm 60.05 lm

d2 3.90 lm 60.05 lm

L 9.4 cm 60.1 cm

/ Varies 60:1�

a 15.6 60:1�

Fig. 6. Deviations of the diffraction points. (a) The movement of the specu-

lar spot when the sample is rotated. It can be seen that the sample is very

well aligned in both the horizontal and vertical directions. (b) Vertical and

(c) horizontal deviations of the experimentally observed diffraction spots

from the theoretically derived values.
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the deviation from the theoretically calculated position of ev-
ery diffraction spot for all the data points. Plots of the verti-
cal and horizontal deviations are shown in Figs. 6(b) and
6(c), respectively. To adjust for all of the above described
effects, a linear fit was made to all the data points and this
was subtracted from the measurements.

E. Advanced experiments

The sample is rotated around / and images acquired with
an interval of 5� for a full rotation of 360�. A few of the
images are shown in Fig. 7 and all the images have been col-
lected into a movie. It is noteworthy that the position of the
specular peak (0, 0) is almost stationary during the rotation,
showing that the sample has been properly aligned. The
images are analyzed using the software described in Sec. III C,
and the values d1; d2, and x are derived. The calculated
values have a deviation of less than one percent from the data
obtained using a scanning electron microscope (SEM).
However, SEM length measurements are not exact because
they depend on how well the beam is focused on the sample.
The SEM images were analyzed using the software
ImageJ.17

The setup can be further improved to obtain additional
results. For instance, one could use a 2D detector, instead of
the white paper, to improve the sensitivity. In this case, it
might be possible to measure the intensity of the individual
points precisely enough to calculate the form factor, and
thereby obtain the height and width of the nanowires.

A more advanced experiment would be to calculate the
Young’s modulus of the nanowires. This can, for instance,
be done by monitoring the intensity of a single diffraction
spot and noting how this changes when the nanowires are set
to vibrate.

In addition, using a small laser beam and a system for
scanning the surface of the crystal, e.g., by mounting piezos
on the backside of the mirrors, one could potentially check
an array of nanowires for defects. Such a procedure would
be valuable in large-scale production of vertical transistors,
as one defect could render the device useless.

IV. CONCLUSION

With a periodic array of nanowires and a laser, we have
mimicked the diffraction conditions for a crystal in a syn-
chrotron beam. This experiment can be used as a simple
classroom demonstration of reciprocal space and as an
individual undergraduate experiment. For teaching, this
experiment has already proven to be a valuable tool for
easier understanding of reciprocal space, and to see the
connection to x-ray-, neutron-, and electron-scattering
experiments.

As an experiment for students this exercise fulfills sev-
eral important requirements. Most importantly, it is rela-
tively easy to obtain the initial results; it is also possible to
improve the setup and the range of experiments is limited
only by your imagination. By comparing the theoretically
derived positions of the diffraction spots to the experimen-
tal results for a variety of different angles, the structure fac-
tor of the artificial crystal has been determined with an
accuracy of less than 1%.
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