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Abstract. Diamagnetic objects are repelled by magnetic Samenvatting. Magnetische velden stoten diamagnetische
fields. If the fields are strong enough, this repulsion can voorwerpen af. Zulke velden kunnen zo sterk zijn dat zij de
balance gravity, and objects levitated in this way can be heldzwaartekracht opheffen. Het is op deze wijze mogelijk zulke
in stable equilibrium, apparently violating Earnshaw’s voorwerpen te laten zweven. Dit vormt een stabiel

theorem. In fact Earnshaw’s theorem does not apply to evenwicht, wat in tegenspraak schijnt te zijn met Earnshaw’s
induced magnetism, and it is possible for the total energy = Theorema. Echter Earnshaw’s Theorema is niet langer geldig
(gravitational4+ magnetic) to possess a minimum. General als het magnetisme veld geinduceerd is. De totale energie
stability conditions are derived, and it is shown that stable (bevattende bijdragen van het magnetisme en de

zones always exist on the axis of a field with rotational zwaartekracht) kan toch een lokaal minimum vertonen.
symmetry, and include the inflection point of the magnitude Algemene criteria voor zo’n minimum zullen worden

of the field. For the field inside a solenoid, the zone is opgesteld. Verder zal worden aangetoond dat voor een
calculated in detail; if the solenoid is long, the zone is cilindrisch symmetrisch veld, langs zijn symmetrie as altijd
centred on the top end, and its vertical extent is about half een zone gevonden kan worden waarin een stabiel evenwicht
the radius of the solenoid. The theory explains recent bestaat. Voor het veld binnen een soligieozal deze zone in

experiments by Geinet al, in which a variety of objects (one detail bepaald worden. Als deze spoel voldoende land is

of which was a living frog) was levitated in a field of about bevindt deze zone zich aan het uiteinde van de spoel. De

16 T. Similar ideas explain the stability of a spinning magnetlengte van deze zone langs de symmetrie as van het veld is

(Levitron™) above a magnetized base plate. Stable levitatiorongeveer de helft van de straal van de spoel. Deze theorie

of paramagnets is impossible. geeft een goede verklaring voor de experimenten van &im
al. In deze experimenten werden een grote verscheidenheid
aan verschillende voorwerpen (waaronder een levende kikker)
tot zweven gebracht in velden van ongeveer 16 T. Analoge
theorén verklaren de stabiliteit van een roterend permanent
magneetje (Levitrol") boven een magneetische grondplaat.
Het is onmogelijk om paramagnetische voorwerpen stabiel te
doen zweven.

1. Introduction (16 T) magnetic field inside a solenoid.

As well as being striking to the eye, magnetic
It is fascinating to see objects floating without materiallevitation is particularly surprising to physicists because
support or suspension. In the 1980s, this became @f the obstruction presented by Earnshaw's theorem
familiar sight when pellets of the new high-temperature(Earnshaw 1842, Page and Adams 1958, Scott 1959).
type Il superconductors were levitated above permanertthis states that no stationary object made of charges,
magnets, and vice versa (Brandt 1989) (levitation ofmagnets and masses in a fixed configuration can be
type | superconductors had been achieved much earlidreld in stable equilibrium by any combination of static
(Arkadiev 1947, Shoenberg 1952)). Recently, two otheelectric, magnetic or gravitational forces, that is, by any
kinds of magnetic levitation have captured the attentiorforces derivable from a potential satisfying Laplace’s
of physicists and the general public. In the Levitn equation. The proof is simple: the stable equilibrium
(Berry 1996, Simonret al 1997, Jone<t al 1997), a of such an object would require its energy to possess
permanent magnet in the form of a spinning top floata minimum, which is impossible because the energy
above a fixed base that is also permanently magnetizethust satisfy Laplace’s equation, whose solutions have
In diamagnetic levitation, recently achieved by A K no isolated minima (or maxima), only saddles.
Geim with J C Maan, H Carmona and P Main (Rodgers Our purpose here is to explain how stable magnetic
1997), small objects (live frogs and grasshopperslevitation of diamagnets can occur despite Earnshaw’s
waterdrops, flowers, hazelnuts.) float in the large theorem. To do this, we obtain formulas for the
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energy and equilibrium of a diamagnet in magnetic
and gravitational fields (section 2), and then derive the
general conditions for the stability of the equilibrium A
(section 3). Stability is restricted to certain small zones, !
which we calculate in detail (section 4) for the field :
inside a solenoid. Finally, we describe (section 5) the |
diamagnetic levitation experiments carried out by Geim |
et al !
The explanation of the stability of the diamagnets :
is mathematically related to that of the Levitfdh )
but since the Levitrol! has already been treated :
in several papers we will restrict ourselves here to L
mentioning the similarities and differences between the |
two cases. We do not consider the levitation of high- )
temperature superconductors; this is stabilized by a I
different mechanism, involving dissipation (dry friction) :
I
]
I

solenoid

caused by flux lines jumping between defects that pin

them (Brandt 1990, Daviet al 1988). Nor do we
discuss traps for microscopic particles, some of which <1~ ~ ‘Za' -
are similar to the Levitrol! (Berry 1996) and some M

of which evade Earnshaw's theorem through time-. ; —— ;
. Figure 1. Geometry and notation for field in a solenoid.
dependent fields (Paul 1990). 9 y

wheree, is the upwards unit vector. All the fields we
2. Energy and equilibrium are interested in will have rotation symmetry abeut

(continuous for a solenoid, discrete for the Levitthn
Let the magnetic field inside a vertical solenoid atwhose base is square). So, considering equilibria on
positionr = {x, y, z} be B(r) (figure 1), with strength the axis and denoting the field strength Byz), the

B(r) = |B(r)|, and let the gravitational field have equilibrium condition becomes
accelerationg. The object that will be levitated in BB (s) — _ 0P8 4
these fields has mas#, volume V (and densityp = @)B(2) = - x| Q)

]rgét‘gi‘a?snd T%g(ntﬁgcssii?;pggg'tx'_ F_olr ggir;ggggﬁgg Note that this involves only the density of the levitated
X P % = P abject, not its mass.

to superconductors, i.e. perfect diamagnets), so we write For the Levitrod™, the spinning-top is magnetized
x = —|x|. FFor paramagnetg > O, but as we will show ;4 magnetic momentn directed along the symmetry
in section 3 levitation is impossible for these materlals.axiS of the top. The purpose of the spin is to kesp

We will be interested in s_ubsj[ances fqr whigh < 1. .gyroscopically oriented in the direction for which the
Then, to a close approximation, the induced magneti orce Vm - B(r) from the base is upwards, that is, with

momentm(r) Is m antiparallel to the effective dipole representing the
|x|VB(r) base, since unlike dipoles repel (unlike unlike poles).
_T' @ Thus magnetic repulsion can balance gravity. (Without
spin, the magnet orients itself parallel to the dipole
(In a more accurate treatment (Landati al 1984), representing the base, and is therefore attracted to the
incorporating the distortion of the ambient field by thebase, and falls.) The magnetic torque causesto
object, there is a sh_ape-dependent correction to (1); f%recess about the local direction @(r). If this
a sphere, the r.h.s. is divided by{1x|/3). In general, precession is fast enough (in comparison with the rate
the relation betweed and M is tensorial.) gt which the direction oB(r) changes as the top bobs
~ By integrating the work—dm - B as the field is and weaves during its oscillations about equilibrium), a
increased from zero td3(r), we can obtain the total gynamical adiabatic theorem (Berry 1996) ensures that
magnetic energy of the object and, adding this to thehe angle betweem: and B(r) is preserved. For the

m(r) =

gravitational energy, the total energy: Levitron™, m is approximately antiparallel td(r),
P so this angle is close to 180and the energy is
Ery=msat 5, B0 @ E(r) = mgz —m- Bo) ~ mgz + ImIBG).  (5)
For the object to be floating in equilibrium, the total Comparing (2) and (5), we see that the energy, and
force F(r) must vanish. Thus therefore the equilibrium, of both a diamagnetically
v levitated object and the Levitro¥, depends on the
F(r)=-VE(r) = —mge, — ﬂg(r)vg(r) =0 magnitude B(r) of the field; at the end of section 3
' Mo we will see that this dependence is crucial to stability

(3) in both cases.
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3. Stability conditions can be conveniently expressed in terms of
the magnetic field on the axi®(z), and its derivatives
For levitation, the equilibrium must be stable, so that theB’(z) and B"(z).
energy must be a minimum, that is, the fo®ér) must We begin by introducing the magnetic potentiair),
be restoring. We begin by showing that this excludesatisfying
the levitation of paramagnetic objects. A necessary B(r) = Vo(r) (11)
condition for stability is . L .
and its derivatives on the axis
#F(r) -dS <0 (6) ¢a(z) = 379(0,0, 2). (12)
. . From the fact thatd satisfies Laplace’s equation, and
where the integral is over any small closed surfacggiational symmetry, there follows
surrounding the equilibrium point. From the divergence

theorem, this impliesV - F(r) < 0, and hence, from 929(0,0,2) = 92®(0,0,2) = —3¢2(z).  (13)
(2) written for paramagnets, that is witl| replaced by Therefore the potential close to the axis can be written
—x, that d(r) = do(z) + 3 (x*829(0,0, 2)

2p2
B‘:t ] S = $o(@) — 17+ y)a(0) + ... (14)
VZB*(r) = V* (B + By + BY) From (11), the field strength can now be written

—2 [|v3x|2 +|VB,[* +VB.]? BX(r) = ¢2(2) + 2(x? +?)

+B,V?B, + B,V?B, + B.V?B] X (#3(2) = 21(2)ga(2) + - - (15)

) 2 ) The stability conditions (10) can now be expressed in
= 2[|VBX| + |VB,|" + |VB.]| ] >0 (8)  terms ofg¢,(z), and thence in terms of the field on the

. axis:
where the last equality follows from the fact that the

components ofB satisfy Laplace’s equation (because P1(2) =B @)?*+B(2)B"(2) > 0

there are no magnetic monopoles, so tWat B = O, (vertical stability

and no currents within the solenoid, so thatx B = (16)

0). Therefore the necessary condition (6) for stabilityD2(z) = B'(z)*> — 2B(z)B"(z) > 0

is violated, and stable levitation of paramagnets is

impossible. That is why the equations in section 2 were

written in the form appropriate for diamagnets. For the LevitrodM, where the magnetic energy (5)
Equation (8) is the essential step in the proof thatlepends onB(r) rather thanB?(r), a similar analysis

the magnitudeB(r) of a magnetic field in free space leads to the same horizontal stability condition, and the

can possess a minimum but not a maximum. Thisimpler vertical stability conditiorB”(r) > 0.

theorem is ‘well known to those who know well’ Mathematically, the reason why diamagnets and the

(and particularly by physicists who construct traps forLevitron™ can be levitated in spite of Earnshaw’s

microscopic particles) but we do not know who firsttheorem is that the energy depends on the field

proved it. It applies to any field that is divergencelessstrength B(r), which unlike any of its components

and irrotational. To a good approximation, it appliesdoes not satisfy Laplace’s equation and so can possess

to velocity fields in the ocean, with the surprising@ minimum. Physically, the diamagnet violates the

consequence that there is no point within the Pacifi¢onditions of the theorem because its magnetization

Ocean where the water is flowing faster than at alim is not fixed but depends on the field it is in, via

neighbouring points; therefore places where the currerffl).  Microscopically, this is because diamagnetism

has maximum speed lie on the surface. originates in the orbital motion of electrons and so is
The sufficient conditions for stability (as opposeddynamical. In the LevitroR!, the magnitude ofm

to (6), which is mere|y necessary) are that the energiﬁ fixed but |ts dll'e_CtIOI’l IS Sl.a.Ved to the direction .Of

must increase in all directions from an equilibrium pointB(r) by an adiabatic mechanism that is also dynamical

(horizontal stability.

satisfying (3), that is (at the macroscopic level) because it relies on the fast
) ) ) precession of the top.

d;E(r) >0 I;E(r) >0 0CE(r) > 0. (9) The (non-dissipative) stability of permanent magnets
For diamagnets, it now follows from (2) that levitated above a (concave upwards) bowl-shaped base
0 s ) B of type | superconductor (e.g. lead) (Arkadiev 1947)
3-B*(r) > 0 (vertical stability is similar to that of the diamagnets we have been
32B%(r) >0 92B%(r) > 0 (horizontal stability. considering. The superconductor is a perfect diamagnet
’ ’ (10) (x = —1), and so the permanent magnet above it is

repelled by the field of the image it induces (Saslow
Because of the rotational symmetry, the last twol991). If the magnet moves sideways, the image gets
conditions are equivalent. Now we show that thecloser, so that the energy increases.
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4. Stable zones

(a) 1.0
On the axis of a solenoid, or above the base of ¢ B(Q
Levitron™, the field B(z) decreases monotonically as
z increases from 0 tao, and there is an inflection 0.5
point at some heighg;, that isB”(z;) = 0. At z;, both
discriminantsD; and D, in (16) are obviously positive,
so the equilibrium is stable a;. Simple geometrical 07702 04 06 08 1
arguments show thab; has a zero at a poinh < z;,
and vertical stability requires > z4; similarly, D, has a
zero at a point, > z;, and horizontal stability requires
z < zp. This establishes the existence of a stable zone ¢ (p)
the axis, namely; < z < z, within which diamagnetic 300
objects can be levitated.

It is necessary for the equilibrium position satisfying
(4) to lie in the stable zone. This can be achievec 200
by changing the current in the solenoid, which scales
the magnetic field strengt®(r) while preserving the
geometry of the field lines and therefore the stable zon 100
determined by (16).

In the Levitrod™, the stable zone is; < z < zp,
and, since the base is a permanent magnet whose fie
cannot easily be altered, the equilibrium height of the
floating top can be brought into this interval by adding .100
or removing small washers to change the weigihy.

As a model to study in detail, we consider the field
inside a long solenoid of length and radiusa (figure
1). Then, defining the scaled variables

stable zone

Figure 2. (a) Field on the axis inside a solenoid with
8 =2a/L =0.1; (b) the discriminants D;(¢) and D»(¢)

E=x/a, n=yla, defined by (16), and the stable zone where both are
t=z/L and §=2a/L (17)  positive.
and the fieldBy at the centre of the solenoid= 0, we
have, introducing obvious notations, From (16), the inflection and stable zone are
B(, 6
(;’ ) =B(,8) = /1442 i =3a
0
- 1,4= — /2, _
x| vz a=%a=0378 <z <z = /%a =0632%
X .
JA=202+8  JA+2)2+8 @>L). (1)

(18) By Ampere’s equivalence between distributions of
magnetization and current loops, the field (20) is the
ame as that on the axis of a uniformly magnetized
isc. Therefore, with the vertical stability condition
B"(r) > 0 (see the remark following equation (16)),
(21) leads to the stable zone previously calculated (Berry
1996) for a LevitroA with a circular disc base, namely
a/2 < z < a+/(2/5). (If the base of the Levitrd' is a
gng, rather than a disc, the stable region is much higher,
namely 1693% < z < 1.8253%, and this explains the
operation of the recently developed ‘superlevitron’.)

It is instructive to display spatial contour maps of the
energy (2) as the field, at the centre of the solenoid

There are inflections close to the ends= +1/2 of
the solenoid; levitation occurs near the top end, thag
is ¢ = +1/2, where the field gradient is negative as
required by (4). Figure 2 illustrates this field, and the
corresponding discriminants (16), fér = 0.1. The
stable zone ig; = 0.487083< ¢ < ¢ = 0.510223.

For thin solenoids { « 1), some simplification is
possible, since then the second term in (18) can b
approximated by unity near = 1/2. A short analysis
shows that in this limit the inflection and stable zone
are, when expressed in the originatoordinate,

i = %L is varied, showing the appearance and disappearance of
2= 1L - 0258199 < z < z, = 1L +0.204124 the minimum as the equilibrium enters and leaves the
stable zone. We employ the dimensionless figldnd
(L > a). (19)  energyE defined by

For fat solenoids & > 1), simplification is again

L
possible, because then the field is that on the axis of Bf = ﬁz'og Ho
a current loop, namely x| 22)
Bo Ix|VB§
B@)= 7 (@>1L). (20) E(r) = E(.n.¢:B.6)

L+ (z/a)®)¥? 2uo
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where, in terms of (15) and the field profile (18),

2 0.55 1 0.55
BEn. 5.0 = 550+ 2[B@. 8%+ 3E* + 1) e — =¥
————— ]
x {B'(¢,8)* — 2B(Z, $)B"(Z, 8)}] 050 050
23) M D @
(the primes denoted/a¢). From the equilibrium 045 'L A > 0,4§0_05/’E\\ >

condition (4), the field8(z) for which the diamagnet
floats at height is

B = —[BE. 5B (. 8] " (24 ¢

Figure 3 shows theE landscape as the fielg is
decreased through the stable range, for a solenoid wit
5 = 0.1. At the top of the range (figure3(8 = 8. =
0.513563, corresponding to equilibrium at the upper
limit z = z» of the stable zone, and at the bottom of the
range (figure 3)) B = B1 = 0.417998, corresponding
to equilibrium at the lower limit; = z; of the stable
zone. Atg, the minimum is born (along with two off-
axis saddles) from the splitting of an axial saddlegat
the minimum dies as it annihilates with another axial
saddle. We caution against quantitative reliance on th
details of these landscapes near the wall of the soleno
(e.g. neag = 0.05 in figure 3), because they are basec
on the quadratic approximation (23), which is strictly —&En—
valid only close to the axis.

Stably levitated diamagnets can make small, approxifigure 3. Contours of the scaled energy E(, », ¢: 8, 6)
mately harmonic, oscillations near the energy minimum gravitational + magnetic) for a diamagnet, for different
and these are observed as the gentle bobbing and wea}(ﬁé“ce:n?:etg‘? g'g:)‘?gsgoig'svsitshfge'_d Oﬂl(def'”ed by (22)) at
ing of the objects. Larger oscillations will be anhar- (@) f = 0.527046; o
monic. The region they explore has the form of a coni-,) 4 = g, = 0513563, i.e. levitation at
cal pocket (figure 39), in which motion is almost cer- (¢) g = 0.445301, i.e. levitation at z;;
tainly nonintegrable and probably chaotic. We think this(d) g = g, = 0.417998;
would repay further study, but here confine ourselves tge) g = 0.411693, i.e. levitation at z;.
estimating the greatest lateral extent of the region in
which the oscillations occur. From figure 3, it is rea-
sonable to define this as the distarRe= \/(x2 + y?)
from the axis to the off-axis saddles for the field that
corresponds to equilibrium af, namelyg = 0.445301. B(z)B'(z) = —14009 T? m 27)
It follows from (23) that these saddles lie at= z,, and
use of (4) then leads to

the equilibrium condition (4) gives the required product
of field and field gradient as

This has been achieved in experiments involving one of

us (Geimet al) with a Bitter magnet whose geometry

[B(&i, $)B' (&, 8) — B(2, 8)B' (L2, 8)] is shown in figure 4). The operation of this

B 0)B" (0. 0) (25)  electromagnet consumed 4 MW, but we emphasize that
2 2 this is power dissipated in the coils, not power required

For thin solenoids, this can be evaluated as for levitation—indeed, with the field of a persistent
current in a superconducting magnet levitation can be

R = 0.7556% (L > a). (26)  maintained without supplying any energy.

Whens = 0.1 this givesR/L = 0.0377, in agreement The measured field profile is shown in figure 5. The

with figure 3€) (which was calculated without the thin- inflection point is atz; = 78 mm, where the field is
solenoid approximation). B(z;) = 0.63B; and the gradient of the field at is

—8.15B, T m~%, from which the required central field
is predicted via (27) to be

Bo=165T. (28)

From the measured data we have calculated the
Most diamagnetic materials have susceptibilities ofdiscriminantsD; and D, defined by (16), and thence the
order x ~ —10° For water,x = —88 x 10°® stable zone, which is predicted to be= 67.5 mm <
(Kaye and Laby 1973), and using = 1000 kgm?®  z <z, = 87.5 mm.

R? =417

5. Experiment
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il 1
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B(2)/By
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\\[/ZZ.
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40 stable zone 7 (mm)
A\

l<——150 mm——>F Figure 5. Profile of field on axis of Bitter magnet in
% figure 4, measured at intervals of 10 mm, showing the
stable zone near the top of coil 1.

< 410 mm >

Figure 4( 2). Geometry of coils in Bitter magnet used for equivalent to a current = |m/|/A circulating in a loop
Iev_:tatmg dlamaiqnﬁ]lc objects. f'l'hte&urlren_istl_n the two of areaA embracing it. For an object of radius 10 mm,
colls were equal. 'he region of stable ‘evitation 1S near such as the very young frog that was levitated (figure
the top of coil 1, and marked with & dot. 4(b)), this current is about 1.5 A (corresponding to a
field B ~ 107°B, ~ 1.5 Gauss induced inside the frog).
Of course this represents the summation of microscopic
currents localized in atoms, not the bulk transport of
charge, so the living creatures were not electrocuted.
Indeed, they emerged from their ordeal in the solenoid
without suffering any noticeable biological effects—see
also Schenck (1992) and Kanal (1996).

As we showed earlier, it is impossible to levitate
paramagnets stably. Balance of forces can however
be achieved, and from (4) with the sign reversed it is
clear that this occurs far < 0, and close to the centre
of the solenoid—rather than near the bottom—because
Xparamagnetic% 103 ~ 100Xdiamagnetié this pOSitiOﬂ is
vertically stable but laterally unstable. Nevertheless,
some paramagnetic objects (Al, several types of brass,
stainless steel, paramagnetic salts with Mn and Cu)
were suspended in this way, but not levitated: they
were held against the side wall of the inner coil. On
a few occasions, paramagnets floated without apparent
contact, but were found to be buoyed up by a rising
current of paramagnetic air; when this was inhibited,
Figure 4( b). Frog levitated in the stable region. for example by covering the ends of the solenoid with

gauze, the objects slipped sideways and were again held

. . ) . ) ~against the wall.
A variety of diamagnetic objects was inserted into

the magnet, and the current through the coils adjusted

until stable levitation occurred (figure B)j. The 6. Discussion

corresponding field8, were all close to the calculated

16 T, and the objects always floated near the top of th©ur treatment of diamagnetic levitation has neglected

inner coil, as predicted. Careful observation of a (3 mmat least three small effects that could have interesting

diameter) plastic sphere showed that it could be hel@¢onsequences. The first arises from the shape-

stably in the range (62 1) mm< z < (86 1) mm, in  dependence of the induced magnetic moment. For living

very good agreement with theory. organisms (e.g. frogs) trapped in the energy minimum
The induced dipolem (equation (1)) responsible this could be exploited to provide an escape mechanism.

for the levitation of a diamagnet can be regarded a#f the frog is initially in equilibrium, there are no forces
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