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Preface to the English
edition

The world around us consists of interacting many-particle systems. The aim
of theoretical atomic, molecular, condensed matter and nuclear physics is
to describe the rich variety of phenomena of such systems. Modern many-
particle theory is a common denominator of all these, in detail rather dif-
ferent, disciplines of physics and is the subject of this book.

Perhaps the most important fundamental concept of many-particle the-
ory is based on the idea that an interacting many-particle system can be
described approximately as a system of non-interacting ‘quasi-particles’.
However, if we want to mathematically rigorously demonstrate this intuitive
idea, a rather complicated formalism is necessary. This formalism rests on
three cornerstones. (1) The so-called second quantization, (2) the method of
Green’s functions, and (3) perturbation-theoretical analysis using Feynman
diagrams. These three cornerstones presently form the framework within
which many experiments are formulated and understood. Not in the least
because of the overwhelming technological importance that many-particle
effects in condensed matter physics have attained in recent years, these cor-
nerstones of many-particle physics must be regarded as part of the standard
graduate physics curriculum.

Our aim in writing this book is to present the basics of many-particle
theory in a closed and easily accessible form. The presentation is primarily
aimed at students of theoretical and experimental physics, but should also
be useful to mathematicians interested in applications, and to theoretically
oriented chemists. Only a basic grasp of fundamental quantum mechanics
taught in introductory courses is assumed. On this foundation, the mate-
rial is developed in a systematic and self-contained way. The material in
this book consists of well-known results, and great emphasis is placed on
performing derivations in detail, without skipping intermediate steps. This
makes the material ideal for the use in courses, minimizing the preparations
necessary.

The examples are selected to first of all illustrate the relations between



the mathematical formalism and physically intuitive concepts. A complete
overview of the endless uses of many-particle theory cannot and should not
be given within the scope of this book. It is, however, our goal that this book
will give the reader the necessary fundamental knowledge of many-particle
theory to understand the original literature in condensed matter physics,
nuclear physics and quantum chemistry.

There are many people to whom we owe thanks for the preparation of this
book. An understandable presentation of Feynman diagrams is impossible
without skilled technical artists. Many thanks to Mrs. Buffo for preparing
the original artwork, and to the staff at IOP Publishing for very meticulously
removing the artwork from the original German manuscript and pasting it
into the English manuscript. Many people have helped us with the tedious
task of proof-reading the manuscript, and mercilessly pointed out gross or
subtle errors, and asked pointed questions about ‘what we really mean by’
vague and ill-formulated statements. In particular Elisabeth Runge, Mike
Johnson, Phil Taylor and Jay Shivamoggi have been extremely helpful. We
also thank Leslie McDonald and our editor at IOP Publishing, Lauret Tip-
ping, for helping to transform a strange concoction of German, Swedish and
English into something we hope passes for English.

Eberhard Gross
Erich Runge
Qlle Heinonen

vi
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Chapter 1

Systems of identical particles

Identical particles are particles which have the same masses, charges, sizes
and all other physical properties. In the realm of classical mechanics, iden-
tical particles are distinguishable. For example, consider a collision of two
identical billiard balls — we can follow the trajectory of each individual ball
and thus distinguish them. However, in the physics of microscopic particles
where we must use quantum mechanics, the situation is quite different. We
can distinguish identical particles which are very far apart from each other;
for example, one electron on the moon can be distinguished from one on the
earth. On the other hand, when identical particles interact with one another,
as in a scattering experiment, the trajectory concept of classical mechanics
cannot be applied because of Heisenberg’s uncertainty principle. As a conse-
quence, microscopic particles which interact with each other are completely
indistinguishable — they cannot be distinguished by any measurement.

The measurable quantities of a statiorary quantum mechanical system
are the expectation values of operators that represent the observables of the
system. If the system consists of identical particles, these expectation values
must not change when the coordinates of two particles are interchanged in
the wavefunction. (If we could find expectation values which do change
when the coordinates of two particles are interchanged, we would have found
measurable quantities by which we could distinguish the particles.) Thus,

we require that for any possible state ¥ of the system and for all observables
B

/de‘Il*(:cl,...,xj‘...,zk,...,a:N)B‘II(xl,...,a:j,...,:ck,...,:cN)

= /deIIl'(:tl,...,:ck,...,:L‘j,...,xN)BW(xl,...,:ck,...,:cj,...,:z:N)

(1.1)

for all pairs (j, k). (We use a caret to denote operators.)

3
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The coordinates z = (r, s) contain the space and spin degrees of freedom
of the particles. We use the notation

/dz:Z/d3r and /dN.r::/dx]/dxg.../da:N.
§

To a certain extent, equation (1.1) above defines a system of identical
particles. By using this equation, we will derive properties of both the wave-
function and of the operators that describe a system of identical particles.
In so doing, we need only require that the expectation values remain un-
changed when we interchange fwo particles, since each possible permutation
of the particles can be expressed as a sequence of two-particle interchanges.
In mathematical terms, each permutation P can be expressed as a product

of transpositions Pjj
P=T1]Pu-

The transpositions P;; are expressed as operators with the action
Pu¥(z1,...,25, .., &k,...,2N) = V(21,..., Tk, -1 L5, .., TN)

on a many-particle wavefunction. Applying the permutation operator ﬁj k
twice restores the original wavefunction. Hence, it follows that

ij}sjk =Ild=1, so f’ﬁcl = f’jk.
By means of these transposition operators, equation (1.1) can be written
(U | B | W) = (P;¥ | B| P;p¥) = (¥ | PJTkBIBJ-k | ¥) for all (j,k).

This equation must hold for all state functions in the Hilbert space under
consideration. The equation can then be inserted on the right-hand side of
the identity

@1810=1{@+¥1B 10+ 0)-(@-¥|B10-)

—i(®+iV | B|®+i¥)+i(®—iV | B | @—illl))
which yields
(@ | B|¥)=(2|P}BP;) | T

for all (j,k) and for arbitrary wavefunctions ® and ¥ in the Hilbert space.
This implies the operator identity

B= PJTkBij for all (j, k). (1.2)
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In particular, if we take B to be the identity operator, i.e., B =1, it follows
that 4o

Multiplication from the right with P;; yields

so that finally we obtain

Thus, the operators that correspond to transpositions of particles are self-
adjoint and unitary (so long as they operate on the space of state functions
of identical particles).

If we multiply equation (1.2) from the left with P ;k» We obtain

PinB = PP BPy, = BPy.

The operators which represent the observables of a system of identical par-
ticles must therefore commute with all permutation operators:

[B,ﬁjk] =0 for all (j k). (1.3)

We will now calculate the eigenvalues of the transposition operators. Let
¥ be an eigenfunction of P;; with eigenvalue a;;y:

]sjk\I! = a(;k) ¥

It follows that
¥ = Pk\IJ = a(Jk)IIJ SO a( k) = =1

Since the operators Pj i are self-adjoint, their eigenvalues are real. Thus
a(jk) = +1.

In particular, equation (1.3) must hold if B is the Hamiltonian H of the
system under consideration:

[H,ij] =0 for all (j,k).
Hence, any solution of the Schrodinger equation with proper symmetries

under particle-interchange must be a simultaneous eigenfunction of H and
of all Pj; (and thus of all possible permutation operators P)
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It seems reasonable to expect that if a function ¥ is an eigenfunction of
all Pj, the eigenvalues of all P;; must be identical:

~

Pip¥ = ay¥  forall (j, k).
Indeed, we can prove this by writing the transposition f’jk as
By = Py Py Pra Py P
so that
> — 2 2 —
Pir¥ = a8 812 ¥ = o) ¥
for all possible (7, k). We now make the following definitions.

If P;,¥ = +¥ for all (j, k), we say that ¥ is symmetric.

If f’jk\II = —V¥ for all (j, k), we say that ¥ is antisymmetric.

Thus, the state function of a system of identical particles must be either
symmetric or antisymmetric.

If U is symmetric and ¥4 is antisymmetric, it is clear that for any
possible permutation P we have

P¥s =+Tg

and

PU 4 =sgn(P) ¥4

where sgn(P) = +1 if P contains an even number of transpositions, and
sgn(P) = —1 if P contains an odd number of transpositions. Symmetric
and antisymmetric functions are always orthogonal:

(Tal¥s) = (ValPyri¥s) = (¥u|P)|¥s)
= (Pp¥a|V¥s) = —(¥u]|¥s)

so (¥u | Ws)=0.

Up to this point we have implicitly assumed that there exist simultane-
ous eigenfunctions, i.e., symmetric or antisymmetric functions, of all f’jk.
Because the transposition operators do not commute, it is not clear that
there exists a non-trivial space of functions in which all transposition oper-
ators are simultaneously diagonal. We will construct such functions by an
explicit procedure below. We start by defining a symmetrization operator
S by
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and an antisymmetrization operator A by

A= Z sgn(P)P.

PeSy
Each sum runs over all elements P of the permutation group Sy. If
f(x1,...,zN) is an arbitrary function of N variables, we can use the oper-
ation

¥s(z1,...,2n) = $f(21,-..,2N)

to construct a symmetric function; and through the operation

U4(zy,...,2N) E/if(:n,...,:cN)

we can construct an antisymmetric function, since for any P;; we have

PeSn PeSn
and
Ppd = 3 sgn(P) (PP)
PeSy
= Z [—sgn (ijP)] (ij P)
PeN
= Y [-sgn(P)) P
PeN
= -A
and thus
Pj¥s = Vs
Pty = -4

for all (j, k). Using this procedure, we can construct both symmetric and
antisymmetric eigenfunctions of any given many-particle Hamiltonian.

At this point, we introduce a principle of fundamental importance, gen-
erally known as the symmetry postulate:

The Hilbert space of state functions of a system of
identical particles contains either only symmetric or only
antisymmetric functions.

In the first case, the particles are called bosons, and in the second case
fermions. The so-called spin-statistics theorem [1], which we will not prove
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here, states that bosons only have integer spin and that fermions only have
spin equal to half of an odd integer.

To prove the symmetry postulate, we start with an eigenfunction ¥g of
the Hamiltonian with definite symmetry, i.e., ¥g is either symmetric or anti-
symmetric. Any possible state function ¢ of the system can be characterized
by a non-vanishing overlap with at least one state BY, that can be obtained
by operating on ¥g by any possible operator B. With P;;¥g = p¥g, where
p=+1or p=—1, it follows from equation (1.3) that

(P;s® | BUo) = (& | BP;¥o) = p(® | B¥o)

t.€., we have

ij(I) = pq)
for any function ® which is not in the subspace orthogonal to B¥g. In other
words, any such function ® must obey the same permutation-symmetry as
Ug. .
As an example, we consider a system of non-interacting identical parti-
cles, which are acted upon by an external potential. The Hamiltonian for
this system is

) N . N A N X
Ho = E h; = Z [t,' + {li] = E (—Q—mV? + u(:ci)) .
1=1 i=1 1=1

We assume that we have solved the associated one-particle problem
il¢y(z) = fy¢y(z).

(We will always use Greek indices to denote the quantum states which char-
acterize the single-particle orbitals, for example v = (n,l,m).) We can then
construct symmetric and antisymumetric solutions &(5) and #(4) to the full
problem by simply applying the symmetrization and antisymmetrization
operators S and A, which were introduced earlier, to a product of single-
particle orbitals:

95 = - P (6 (21) 1a(22) . by (an)) (1)
dl4) = %Zsgn(P)P{¢yl(:r1)¢,,2(xz)...¢‘,N(1:N)]
* PeS

¢u1(3-'1) ¢u1(xN)
: : (1.5)

3l

;buN (1'1) ce ;i’UN (zN)
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The prefactors are chosen such that ®(5) and ®{4) are normalized. Here,

each k (< N) in ®(5) denotes a distinct orbital and n; denotes the number

of particles that occupy each state v;. A corresponding additional prefactor

has no effect on ®(4)| since the determinant vanishes for nj, > 1 in any case.
The functions defined in this way are eigenfunctions of

Ao0(5/4) = ga(5/4)

with eigenvalues
N
E= Z €y -
1=

1
We will give a brief proof for the case N = 2. The proof is quite analogous
for arbitrary V.

3(5/4) (g, 24) = %[051(1?1')452(22)i¢1($2)¢2(1’1)]

B85/ (21,27) = fn%[¢1(w1)¢2(x2):i:¢1(=v2)¢2(x1)]

+52-\}—§ (#1(z1)92(z2) £ 1(22)d2(21)]

— %[51¢1(:¢1)¢2(.’L’2)if2¢1($2)¢2(£1)

+ e2¢1(z1)d2(22) £ €161 (x2)d2(21))]
= (e1+€2) —\}—5 [¢1(21)b2(z2) + d1(z2)d2(z1)]

= (61 + 62) Q(S/A)(:cl,:cg).

The fermion wavefunctions ®{4) above are called Slater determinants. Upon
Inspection, we can deduce the following interesting facts about these func-
tions.

(1) 1f two particles are the same, v; = v; for some i # j, we have 3(4) = 0.

(2) If two columns of the determinant are identical, so that z; = z; for
some 1 # j, we have ®(4) = 0.

The wavefunction vanishes in both cases; and as a result, the probability of
finding such a state vanishes as well. This has two consequences.

(1) It is impossible to have two fermions in the same state; one state can
be occupied by no more than one particle.

(2) It is impossible to bring two fermions with the same spin projection
to the same point.
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These two statements comprise the Pauli principle. An essential assump-
tion for this principle is that the particles are independent, i.e., that they
do not interact with one another, so that the many-particle states can be
characterized by occupied and unoccupied single-particle orbitals. Pauli
originally formulated the principle for atoms, in which case the assumption
that such systems can be realistically regarded as consisting of independent
particles (i.e., that the electron—electron interactions can be reasonably well
described by an effective external potential), is the basis for the principle.
We will justify this assumption in later chapters which discuss the Hartree—
Fock approximation.

1t should be emphasized that no such principle exists for bosons. Con-
sequently, we can put an arbitrary number of bosons in one single-particle
state.

The symmetric state ®(5) is completely determined given the single-
particle states that it contains, e.g.

‘b(s) = z P ¢u1(x1)¢w(x2)¢u4(33)]

(viveve) —
PES s

In contrast, the antisymmetric state ®(4) is only determined to within a
sign by the single-particle states that it contains. For example, we can
define two-particle states from ¢,, and ¢,, by

@(-4) — __1_ ¢V1(x1) ¢u1 (32)
(am) ~ \/5 ¢v4($1) Gue(22)

or by
Q( — ' ¢V4 1'1 ¢V4 (I2V
(r1n) = /3| dui(z1) oy (22)

We can remove this last ambiguity of the fermion wavefunctions by assigning
an arbitrary, but hereafter always the same, enumeration to the y;:

2 vy V3
l ! !
¢1(z) ¢2(x) ¢a(z)

and, according to the same principle, by enumerating the single-particle
orbitals that belong to these quantum numbers. Given an ordered N-tuple
of indices

c=(e1,c2,...,¢N)
with ¢; € N, where A/ is the set of natural numbers, and ¢; < ¢ < ... < e
the Slater determinant

@S:A)(zl,:cz, e EN) = \/——‘— Z sgn(P) - P (e, (%1) ey (22) - -¢GN(1:N)]

PESN
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is then unambiguously defined; for by giving the sequence, each product of
single-particle orbitals distinguished by increasing indices and consequently
corresponding to identical permutations, is defined by a positive sign. Hence,
the signs of all other permutations are also determined. As a result, the
example above becomes

c=(1,4)=> o (z1,25) =—= 5 sgn(P)- Plg1(z1)da(z2)]

PeSy

[$1(x1)pa(x2) — d1(22)da(21)]

$1(z1) ¢1(x2)
da(x1) ¢a(z2)

¢1(z1) ¢a(=1)
2| ¢1(22) ¢a(z2)

!

S S

The value of the determinant is invariant under interchange of all rows and
columns so long as the enumeration is retained. We use

P(1,2,...N) = (P(1), P(2),..., P(N))
to denote symbolically a permutation of N elements. For example
P(1,2,3)=(3,2,1)= P(1) =3, P(2) =2, P3)=1.

Thus, the Slater determinant can be written in either of two ways:

(4) 1
& (21, ...,2N) —= sgn(P)de, (zp1y) - - Pen (Tp(Ny)
VN'P‘eV_s: L v

= \/_ Z sgn(P)écpy(71) - ¢cp(N)(2’N)

PeSn

These two possibilities correspond to the row-column interchanges in the

determinant. Both exist for the completely symmetrized wavefunction <I>( )
as well. We will also characterize the symmetric functions by ordered N-
tuples of indices, but for symmetric functions the ordering is unimportant.

In the remainder of this chapter will we prove one more important prop-
erty of the many-particle wavefunctions Q(SS) and ®(4). For each observable
B of a system of identical particles, we have

[avzaipe.= L [a¥aing, (). denlen) (10
Hk—ln(c)'
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both for @ = ®(5) and for.® = ®{4) (in the latter case, H,}c‘=1 nff)! = 1).
We will prove this only for the Slater determinant ®(4) — the proof for 3(5)
is similar. By definition

/ded>zB<I>c = /dNQzBTTN-..‘ ngn(P) - Plgg, (z1) ... depn(znN)].
P

Since we have BP = PB for observables of the system, this expression
becomes

ﬁ/dzvz@g;sgn(fj) - P [B‘ﬁc;(xl) . --¢cN(-'L'N)]

1 / N “1g+) A
= ——= [ dVz> sgn(P) P (P71@}) Bée, (1) .. ben(zN).
T COVSCRIC)
As P1®} = sgn(P~1) - ®; = sgn(P)®;, we may write this as
1 .
ﬁngnz(P)-P/de @} Boe,(z1) ... dey (ZN).
1 5 A

Since the value of the integral remains unchanged if we interchange the
integration variables z; — zp(;), we therefore obtain the same value for

each permutation (altogether N! times), and thus arrive at the expression

VI [ a¥adi(ay,... o) Bbr (21) .. b ().

With these results, we can prove that the orthonormality of the families of

many-particle functions {<I>,(:S) } and {<I>£A)} follows from the orthonormality
of the single-particle orbitals {¢,(z)}. Explicitly, we must show that

/sz Py = b, (1.7)

For ®(4), equation (1.7) with b = ¢ becomes
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Jezpde = VA [aVa8260 (@) . ben(on)
1
= VN [z T Py (1)-- By o)

N!
X@e (1) .- Pen(zN)

= ngn(P) dxl¢;p N (z1) e, (z1) [ dza ...
P (1)

X / d-'c'n ¢:P(N) ("CN)¢CN (IN)

=6p(N).N

= 1.

Since we have assumed that the {¢,} are orthogonal, the product of integrals
will be non-zero only for the identity permutation

P(1)=1,P(2)=2,...,P(N)=N

in which case the result is unity because sgn(Id)=1 and because the single-
particle orbitals are normalized. If b # ¢, there exists at least one index b;,
which is not contained in c. It follows that at least one factor in the product
of integrals shown above always vanishes — therefore the entire expression
also vanishes. The proof is similar for symmetric functions ®(5). 1f, in this
case, a particular single-particle state is multiply occupied, the sum over
all permutations contains several non-vanishing terms whose contribution is
reduced precisely by a factor Hi":l n}cc)!.

We conclude this chapter by proving the extremely important complete-

ness theorem:

If the family {¢,(z)} is complete, so too are the

famtlies {@E“‘)} and {@ﬁs)} of many-particle functions in
the corresponding Hilbert spaces of antisymmetric and
symmetric many-particle functions, respectively.

As an example, consider localized spinless particles. The theorem assures
that if {¢,(r)} is complete in EgA), then {<I>£A)(r1, ...,ryN)} is complete in

AR xREx ... xR3)

N times
and {@&S) (ry,...,rn)} is complete in

LEURBxREx ... x R3)

-

N times
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where L:gS/ A)(Ra X ... x R3) denote the Hilbert spaces of symmet-
ric/antisymmetric square-integrable functions on R3 x ... x R3 with R3
the three-dimensional Euclidean space.

To prove the theorem, we begin by showing that an arbitrary many-
particle wavefunction can be expanded in products of single-particle func-

tions. We fix the last NV — 1 coordinates at :cgo), 1=2,3,..., N, and expand
the wavefunction with respect to the first one:

Uzl 2) = D an (o).
v

The expansion coefficients are functions of the fixed coordinates:

©,:0,.... 29)

so that
U(z1,%2,..,EN) = D @y (£2,.. ., ZN)bu, (21)-

If we expand further with respect to the next coordinates

ay, (z2,...,2N) = Zaw.w(”& e N )P, (22)
v

and so on, we obtain

\I’(Jfl,.’l.'z,...,xN) = Ezaul,u2¢u1(xl)¢vz(32)

vy ve

= Z au:,...,uN¢V1(-731) - vy (2N).

V1, WWN

1f the functions ¥ have definite symmetries f’jk\ll = 3+ ¥ with ‘+’ for bosons,
and minus for fermions, we can conclude that the expansion coefficients
@y va,...,vy have the same symmetry:

Yy tpeon$n (1) o by (25) . buy (2R - bun(eN)

Vi N
= *¥(z1,...,%5,...,T,...,ZN)
= Isjk\lf(xl,...,a:j,...,:ck,...,xN)
= ¥(z1,...,ZTk,--., T}, ..., EN)
= Z au1,...,u},...,uk....uN¢u1 (31) oo ¢UJ (zk) . -¢uk(xj) v ¢UN(:cN)
Vi, VN

= E aul,...,uk,...,u,-,...,uN¢u1 (31) s ¢uk (xk) cee ¢u, (33) . -¢UN(2N)'

VY, oo N
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On the last line, the indices were simply renamed, vy — v;. If we compare
the last line with the first, it follows from the linear independence of the
product functions that

iau;,...,uj oWy VN = W01 bk ey = L5k G01 g ke VN

Thus, it follows that the coeflicients belonging to permuted index combina-
tions
(vi,vg,...,VN) = P(vy,va,...,VN)

differ at the most by a multiplicative sign, so that
a,,r = + . a
VireesVpr sgn(P) V9 VN

with ‘4’ for bosons and sgn(P) for fermions. In the last step of the proof,
we also replace the multiple sums over all indices in

\I’(.’L’l, N ,zN) = E b (xl) oee ¢UN(3N)GV1..--.UN

ViV N
by an (infinite) sum over all ordered combinations ¢ = (v1,...,vyN), connect-
ing a (finite) sum over all permutations P(11,...,vy) of these combinations,

with the result

\Il(xl,...,xN)

= 3 Y. Plagwwdu(@) . dun(zn)].

c=(v1,..w¥N) P{c)=P(v1,...wN)

By using the above result

_ _ +
aP(Vl 1-'~’”N) - aP(c) - ( sgn(P) ) e
it follows finally that

Y(z1,....2N) = Zac Z (sg:’(-P) )P[¢u1(31)---¢u2(32)]

c PeSy
= ZICQES/A)(mlx-":xN)'
c

We have shown then that we can expand arbitrary symmetric or antisym-

metric functions in <I>£S) and <I>((:A), respectively. The coefficients a. differ
from the coefficients f. due to the normalization of the function ®(5/4),






Chapter 2

Second quantization for
fermions

In this chapter, we will define annihilation and creation operators. These
operators are mappings between the many-particle Hilbert spaces of different
particle nurnbers:

& : H(N) —H(N-1) (2.1)
& HIN-1)=H(N) keN (2.2)

For example, for localized systems, we can think of H(N) as

LgA)(lexksx ... xR3)

N times

the Hilbert space of square-integrable antisymmetric functions on R3 x ... x
RS.

We proved in the previous chapter that the Slater determinants
®.(z1,...,z)) form a basis in the N-fermion Hilbert space. We define
the action of the annihilation operators ¢; on this basis by

ékq)(ch...,cN)(zl' . ,:tN) =0, ifk ¢ {Cl, v ,CN)

and if k = ¢;, by

ékQ(c;l,...,cN)(mlJ v :xN) = (ﬁl)j—l(p(cl,...,CJ'_;[,CJ'+1,...,CN)(2:1) <. 12:N—1)
—1)y-1
= ﬁ pGSEN__l sgn(P)P (¢c,(z1) .. e, (Zj—1)bc;p1 (241) - )
(2.3)

17
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The variables z; are only written out for the sake of clarity — the é; are
operators on Hilbert spaces and act on abstract functions. The notation
introduced here is commonly used and its meaning is clear even though the
numbers of the arguments on either side of the equivalence differ.

Essentially what happens when ¢, acts on a Slater determinant is that
the orbital with index k is crossed out from the determinant. Pictorially
speaking, the particle which occupied this orbital is ‘annihilated’. From the
fixed sign it is important to remember the the Slater determinant is only
unambiguously determined by a given ordered N-tuple ¢ = (¢1,¢2,...,¢N),
with ¢; < es... <cp, ¢; € N. The orbital ¢;, which is crossed out by the
action of ¢, thus has a ‘fixed place’ inside the Slater determinant. According
to the definition given in equation (2), the orbital to be crossed out must
first be moved to the top of the determinant, which gives rise to the sign
(=1)7~1. The meaning of this sign-convention will be made clear in the
following example. If we assume that k£ = c;, we can illustrate the action of
¢). as follows:

we (1) .. e (zN)
ék% <Pc,-ir1) wc,(xN)
ven(21) oo penlzn)

This corresponds to the following operations:

(1) interchange the row with ¢; = k with each row above it until it is at
the top of the determinant, which gives a prefactor (—1)3_1;

(2) cross out the first row and the last column of the determinant,;

(3) normalize the new determinant.

Thus,
wer(z1) ... @i (zN)
. 1 . .
k75| P (z1) ... @c(zN)
Pen(z1) ... pen(zN)
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va(e1) o palan)
P (T1) oo @cp(2N)
(1)1 : :

VN =D P (z1) ... ;-1 (zn)
9’6,+1(‘”1) o Py (EN)
<ch.(a:1) e ‘fcnixN)
e (1) oo olzn-1)

(-1y-} (Pc,_; (1) -+ Yy, (."‘:N—l)
(N=—D!| P2 (1) oo @cjpa(zN-1)
ben(21) o pen(znot)

The operators é; are defined as linear operators on the Hilbert space
‘H(N). The action of é; on a general many-particle wavefunction ¥ is then
completely determined by the expansion of ¥ in Slater determmnants, ¥ =

zc fC‘DC:
eV = ¢ (Z fcq’c) = Z fe (ékq)c) .
c c
We define the creation operator é,t as the adjoint of é;. Hence, the action

of é}t on a Slater determinant follows from the definition of adjoint operators.
If &. € H(N — 1) and &, € H(N), we have

(1o 1@5) = (@c|é&®s)

(=17 "H® | ®y_qky) if there is a j with k = b;
0 otherwise

il

and from equation (1.7), this is

(—l)j‘léc’b_{k} if there is a j such that k = b;
0 otherwise

N
= Z("l)t_lécn by 50252 t ‘60-'—1 bi—a 61”’:’ 6Cibi+1 T 6CN—15N

i=1l

{ (—l)j‘léa,b if there is a j such that ¢;_; < k < ¢;
0

otherwise
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where ¢ denotes the N-tuple which is the result of inserting k between ¢;_;
and c; in c. Furthermore, this is equal to

{ (=1)7-1(®z | ®;) if there is a j for which cj_; < k < c;
0 otherwise.

We have thus shown that

do. = { (=1)7~1®; if there is a j with ¢;_y < k < ¢;
k™€ .
0 otherwise.

This result clearly means (if ¢, < k < ¢p41)

: $er (1) -0 e (ZN)
~t . .
ckm : :
SacN(-Tl) “es ‘Pcn(zN)
wr(r1) ... wr(zngr)
_ 1 ©e (1) o ey (TN41)
T /(N +D) : :
wen(®1) ... Pen(EN+1)
e, (:1:1) ‘PCJ(-'BN+1)
(-—-l)£ ¢C¢(1’1) ce ¢cl(xN+l)

—\/(N__Tl)! (PZI.;(:E;)O er(TN41)

V’CN(-TI) SocN(‘cN+1)

The action of é;fc thus ‘creates’ an additional particle in the state ¢;. As

with é, the actiop of é;‘c on an arbitrary many-particle state ¥ = %" f,®,
is clear from the linearity of the adjoint operators:

dw=cé [Z fCQC] =Y s (ele.) .

According to equations (2.1) and (2.2) the creation and annihilation
operators map Hilbert spaces of fized particle numbers onto each other.
However, the formalism of second quantization is especially suited for prob-
lems with variable particle numbers. Therefore, it is more appropriate to
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form the product Hilbert space F = @R ~o H(N) from the Hilbert spaces
(H(N),{ | )n) of antisymmetric wavefunctions of N particles. We define
the scalar product on F to be the natural scalar product

(R v | QD on) =D (én 1NN
N=0 N=0 N=0

We can then regard é; and éL as operators on the space F, the so-called
Fock-space, instead of as collections of operators which map different Hilbert
spaces H(N) onto one another.

In single-particle quantum mechanics the states are usually represented
by the quantum numbers in the Dirac notation, e.g., the state | ném) with
position representation (r | nfm) = ¢,4,. We can characterize the Slater
determinants in an analogous way by their associated N-tuples of indices:
| c) with the position-spin representation {zj,...,znN | ¢) = ®(z1,...,TN)-

Another equivalent possibility is the so-called occupetion-number repre-
sentation:

| ¢} =| ny, ng,na,...)
with n; = 0ifi ¢ {c1,...,cn}
andn; =1if1 € {c1,...,cn}.
For example, suppose ¢1, ¢3 and ¢4 are occupied, so ¢ = (1, 3,4). This gives
11,3,4) =| 11,0, 13, 14, 05, O, - . ).

We should keep in mind that the position-spin representation of such an ab-
stract state vector is simply a normal Slater determinant, just as before. By
using the occupation-number representation, however, we can write the the
action of the creation and annihilation operators somewhat more compactly:

[Z,<k "'J]

ér | nyy. 1k, ..y = (=1) | 1,000, 0g, 0

ék lnyy. o y0p,...) = 0
or, in summary
¢ |y, .o, ng, ) =0kng I ng, o 0,00
with
b =(-1) [ZK” nj] .
Likewise, we have

C‘L|n1,...,0k,...) = Gln1,..., 1.0
ézlnl,...,lk,...) = 0
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and hence

é}; | n1yeeypy ) = G (l—ng) | ny,. o 1k 0 )

If we act with an annihilation operator é; on a ‘determinant’ which
only has the state ¢, occupied, a ‘zero-row’ determinant remains. In this
determinant, there are no longer any occupied states. We define this state
as the vacuum.

ék l 01!"')0k—111k)0k+1)"') E\ V&C) =| 0)
Obviously, we have

é.|0)=0  forall kin V.

By applying the creation operators to the vacuum state, we can generate
every possible N-particle state. We obtain the basis functions through

o0
7
ez, neny =éhel, el 1oy =TT ()™ 10).

k=1
This correspondence between él: élg ...éiN | 0) and the determinant con-
taining the elements ¢, (z;) contains minus signs, since the factor (—1)71
was not included directly in the definition of the operators é,.

We now arrive at the most important property of the fermion creation

and annihilation operators: their anticommutation relations

{él) ék} = 0
{ehely = o
{EI ek} = bek (2.4)

The proof of the anticommutation relations runs as follows:
Ekée | M1yt eeimgy ) = Ogmgle |1, mpy.e.,Op. )
= ﬁggkngnk|n1,...,0k,...,0¢,...)
CeCr |nl)"-)nk)'--;n€;"'> = 9kﬂké(|n1,...,0}¢,...,1‘l£,.-->
= erznkn[ 1 nl,...,Ok,...,Og,...>.

The factor 53 is just —@y, unless we have ny = 0, in which case the entire
expression vanishes. Hence, we can write the last expression as

_okolnknl l ny, .. ')Okl‘ e )OC))'

Thus, we have (éxés + €¢€x) | n1,...,ng,...) = 0 for any arbitrary Slater
determinant, and the first of the anticommutation relations above follows.
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The proof of the remaining relations runs analogously. As an example, we
will also show the proof of the last one for the case £ = k:

&él In1y ey np,. ) = EBk(L=nk) [n1,..o, Lk, .00
= €k€k(1—ﬂk)|n1,,..,0k,..,)
= (l—nk)[nl,...,Ok,...).

éléklnlw-w"kv-’) = él@knklnh...,ok,...)
= 0 0nk(1-0)|ny,.. .., 1g,...)
nk|n1,...,1k,...).
Thus,
R U _ |ny,.. 1k, .00 fng=1
(°k°k+°k°k)|"1"“’"'°"") = {ln1,...,0k,...) if ny =0
= |n1,..., 0k, ...)
i.e.
{él,ék}:l

Because of the property &Lé{, | n1,n2,...) = ng | n1,n2,...), we can
introduce the number operator N through

oo
N = Z é}‘ék. (2.5)
k=1
From this definition, it follows that

o
N|n1,n2,...)= (an) Inl,ng,...)=N|n1,n2,...)

k=1

for Slater determinants.
If we expand an arbitrary many-particle state in Slater determinants (or
completely symmetrized functions in the case of bosons), we obtain:

|9 =3 fe | @) = eee | 9) = 3 feihée | @) = 3 fen?) | @),
c ¢ ¢

Thus, the expectation value of the number of particles in the single-particle
state £ in the state | ¥) is

(ng) = (¥ | éIég | ¥) = Ez.fc'fcnf)(@cf | ®c) = Z | fe |2 "gc)’

Since 3, |fc|? = 1, it follows that
0<(ng) <1



24 SECOND QUANTIZATION FOR FERMIONS

for fermions (ngc) =0orl).

In the remainder of this chapter, we will express ‘normal’ operators (i.e.,
the operators that we are familiar with from first quantization) in terms of
the creation and annihilation operators. The result is known as the second
quantization representation of the operators. We will show that we have:

(1) for single-particle operators
~ N ~ w ~
Bo=) _Rhz)= Y Glh|iéde (2.6)
=1 1,7=1
with (i|k|j) = [ ¢*(z)h(z)¢;(z)dz; and

(2) for local two-particle operators

.1 1 2t ot
V=3 Z 0(2i,25) = 5 “Z (i | | kOEleieeer  (2.7)
t,'_‘;‘:l :ka:

with (ijldk€) = [ [ ¢7(2)¢](z")v(z, 2 )p(2)ge(2") dz dz’.

The action of the operators in second quantization defined by equations
(2.6) and (2.7) is defined only on Slater determinants. Hence, to determine
the action on an arbitrary many-fermion wavefunction, that wavefunction
must first be expanded in Slater determinants. In contrast, the operators
in first quantization act directly on the coordinates of the many-particle
wavefunction. It is important to emphasize that equations (2.6) and (2.7)
imply that the operators in first and second quantization are equal, i.e.,
their actions on an arbitrary many-fermion wavefunction lead to the same
result.

To prove this identity, we must show that the actions of the operators
are identical on the complete set of Slater determinants; i.e.

o0

Zh(:c,)|(l> = Z |h1]ch|<I>c) for all &

=1 J=1

and

8

1
_z B(zi,2;) | @) = 5 > (ij | o | ke)éle gcklé)foralld)c.

7 17kl=1
f,0=1

To prove these identities, we once again expand the states on the left and on
the right in the complete set {®;} and show that the expansion coefficients
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are identical, i.e., that the matrix elements satisfy

N oo

Y (@ | A=) | @) = Z (i | h|3)(®s | €6; | Bc)

i=1 1=1

for all ®. and ®;; and that

Z(¢b|v(znx, ) | ) Z (575 | ke)(®y | élelegdy | @)

v,y=1 1jki=1
i

for all @, and ®,. We begin with the single-particle operator in the first
quantization. From equation (1.6) we have

N

S (@5 | hz:) | @)

i=1

N
= S VE [V, ondh(e)ba (31), o Ben (o)
1=1

N

Z Z sgn(P) (/ ¢ZP(1)($1)¢C,(x1)d:c1)

i=1 PESyx

... (/ ¢gp(i)(xi)il(xg)¢c,(:z;)d:c;) (/ . ..de) |

The (N — 1)-fold product of integrals in which A(z;) does not appear, con-
tains at least one factor in which the indices of the single-particle orbitals
are interchanged. As a result, this factor vanishes. It follows that the ma-
trix element vanishes if two or more indices in the N-tuples b and ¢ are
interchanged. Thus, there are only two cases to consider:

(1) b=c

(@ | Fo | @) 2 5 sen(P) ([ 62, (a) Mmdml)

t=1 P€ESN
([ b @ataz:) .

The (N — 1)-fold product of integrals which do not contain A(z;) van-
ishes unless

i

CP(I) =0, Cp(z) =C2,..., cP(t'—l) =c{—1, CP(H-I) o ci-}-l Lo
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Hence, we must also have Cp(i) = Ci, 8O that we obtain a non-zero
expression only for the identicaf permutations:

(@ Hol @) =Y [o5Gohe)dei= Y e [hla).  (28)
=1

=1

(2) b and c differ in one index; e.g., by € ¢ and cp € b, or in detail

b1 = ¢(
b1 = ek
b
bk+l .= ck
be = ¢
ce
ber1 = cea
by = en.

In this case we can only obtain a non-zero value when the integral
with h(z;) contains the two different orbitals ¢., and ¢;,. Thus, the
sum over ¢ only gives one contribution for the case 7 = ¢, whereas the
sum over all permutations gives a non-zero contribution only for one
particular permutation Py. This permutation is given by

Py(1)=1 Pyk—1)=k—-1
Pok)=#k+1 Pyt-1)=¢
Pof)=k Po(f+1)=£+1
Po(N—-1)=N-1 Py(N)=N.

In this case we obtain

(@ | Ho | ®.) = sgn(Po)(bx | b | ca).

We must now show that the second-quantization representation of Hy leads
to the same matrix elements:

SR )@y |l 1 @)= (i | h|5)(E®s | &%)

1,7=1 1,j=1
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If there are some 7 = b, and j = ¢,, we have

(Ci®y | 6;Pc) = %(bi... ¥r...bN |c1--. fs...cN)

where §, and g; indicate that the states b, and ¢s; have been annihilated.
The matrix element apparently vanishes if b and ¢ differ in more than one
index. We must then further consider the following two cases:

(1) b=c

3 « 0 fori#j
(€i®c | ¢j@c) = { (®c | 8l¢; | @c) = ni(®c | @) =n; fori=j.
Thus
-~ w ~ N -~
(®c | Ho | ®c) =) ni(i [h]iy= (ci| hlei).
1=1 1=1

(2) by € c and ¢y ¢ b. In this case, we have

N . _f[41 ifi=biandj=c
(€:®p | &;®c) = {0 otherwise

where the respective signs correspond to the sgn(Pp) above, so that
we obtain

(@5 | Ho | ®c) = sgn(Po)(be | | o).

Thus, the statement is proven for single-particle operators.
The calculations become rather lengthy for two-particle operators (par-
ticularly in first quantization). In summary, one obtains

(1) b=c:
1 N

(B |V | @) = ) Y ((eicj | 8] ciej) — (eicj | 9| cjes))  (2.9)
1,7=1

(2) bi # cj for one k, but by = ¢, for s # k:

N
(Do | V| @c) =) ({eibr | B | cie) — (beei | 91 cick))
i=1

(3) bk # ¢ and by # ¢; for one k and one ¢, but bs = ¢, for s # k, £:

(@p | V | Bc) = ({bide | | cree) — (beby | © ] cxee)).
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(4) If the Slater determinants &, and ®. differ in three or more indices,
the matrix elements vanish,

(@ | V]0) =0

It should be noted from the cases (2) and (3) that, at most, the over-
all sign changes if the different orbitals are not in the same rows of the
determinants.

The proof that the matrix elements of the two-particle operators are
identical in first and second quantization will not be pursued any further.
The calculations are similar to the case of single-particle operators. As an
example, we will show equation (2.9) above for second quantization, since
we will use this equation later:

(@c| V| e) = Z (i 10| k(@ | eleleoty | @c).
thf_
The second matrix element is only non-zero when we have
clelegty | @) = % | @)
From this it follows that we must have either
(1) k=jand £=1, or
(2) k=1iand £=;.

In these cases we obtain with the help of the anticommutation relation
equation (2.4):

(1)
cleleeci | @) = dlelee; | @)
= &;-ele | &) — éleele; | @)
= &ini | @c) — ninj | ;)
(2)

leleer @) = eleleje| @) = ~élelaic | @)
= ,_,cc1|<1>)+ccich-l<I>¢)
= “61]”1 l (Dc) + nin; 1 q’c)
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so, combining the two cases we obtain

(@ 191®) = 5 3 ming (G519 16) = (i 19 [50)
=1
1 JN
= 3 Z ({cic; | B | cicj) — (cicj | 91 ¢je)) .
1,3=1

Thus, we have seen that the so-called second quantization, within the
present framework, is no more than an alternative formulation of quantum
mechanics, and that this formulation is completely equivalent to the usual
one. However, the second quantization provides a tool that permits a de-
scription of processes such as creation and annihilation of particles. Such
processes cannot be discussed from the basis of the Schrodinger equation,
but only from within the framework of quantum field theory.






Chapter 3

Second quantization for bosons

Second quantization for bosons is analogous to second quantization for
fermions: the action of the creation and annihilation operators is defined
on the complete system of symmetrized functions

1 1
®(z1,..., = P e, e . (381
(21, 28) = = — nic’;p:‘;N [per (21) - pep (2] - (3.1)

Again, we represent these states by the occupation numbers n; in the Dirac
notation. The occupation numbers declare that the single-particle state ¢
appears n; times in (c1,...,cN):

|C) =| Cl,...,CN) El n11n21n3)-")

with the position—-spin representation
(z1,...,z§ | n1...) = ®c(21,...,2N).

In contrast to the case of the fermion wavefunctions, the occupation
numbers are not restricted to only the values 0 and 1.

We then remind ourselves once more of the definition of the fermion
creation and annihilation operators:

ek ... g .. Y=One| .. (ng—1),...)
. Or(ng+1) | ..., (ng+1),...) ifng=0
ckl...,nk,...)z{o ) (ng+1),..) ifny = 1.

If we remove the prefactor 8, and the restrictions that the occupation num-
bers are less than or equal to unity from these definitions, we obtain almost
immediately the definitions of the boson operators. Explicitly

i’k'---»"k:---) = il (ng—1),...)
31]...,1&1:,...) = ng+1|...,(ng+1),...).

31
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The square roots in these definitions (which are the only additions we had

to make to the action of the fermion operators é; and é}c) are chosen so that
we can introduce the number operator just as in the case of the fermions

o0
> b
k=1

)

N

k

since we then have

Elﬁk]...,nk,...)=,/nk5}: | ...,(nk—l),...)=nk | ...,nk,...).

By applying the creation operators on the vacuum, we can generate all
the basis functions of the type in equation (3.1):

s\ Nk
)
|n1,n2,n3,---)—-’£11 Ny |0).

Furthermore, I;k and 5}: are the adjoints of one another, and the following
commutation relations hold:

{i)g,ak] = 0
65,81 = o
Bedt] = oue. (3.2)

The representations of single-particle and two-particle operators for
bosons are identical to the representations of the fermion operators:

N 00
Ho=3 k=)= 3 GIAIEY (3:3)
1= 1,)=1

and
o0

N

1 5 1 o itite g

=35 D ¥=izi) =3 Z (ij | & | k)blblbeby. (3.4)
"l-’:j! 17ke=1



Chapter 4

Unitary transformations and
field operators

The considerations up to this point have been based on a a fized orthonormal
basis of single-particle functions {¢(z)}. We will now discuss what happens
when we transform to another orthonormal basis {xx(z)}.

We begin by expanding the old orthonormal basis in terms of the new
one:

pr(z) = ZijXj(x)- (4.1)
J

We are dealing with an orthonormal basis; hence, the transformation D
must be unitary:

Dtp=1=DD!

The 1nverse transformations are

xi() = 3 (DY), . vi(z) = Z D3, ¢i(z). (42)
J
The wavefunction yj(z) is the z-representation of the abstract Hilbert space
vector é;fc | 0), so

(z el |0) pr(z) = D Di; x;(z)
J

Zukj(x|a} 10} = (| Zpkja} | 0).
J J

Thus, if we interpret the new basis functions x j(z) as the z-representation
of the Hilbert space vector &; | 0Y, i.e., the operators &;f act relative to the

33
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basis {x;(z)} in the same way as the operators EL act relative to the basis

{#r(z)}, the new creation operators must satisfy
é£ = Z Djk&}- (4.3)
3
The corresponding inverse relations are

al = ED;ka* (4.4)

The transformation to a new single-particle basis thus corresponds to a uni-
tary transformation of the creation operators. Such unitary transformations
will play an extremely important role in later chapters.

If we define the annihilation operators corresponding to &} as the adjoint

1
(&)’

operator of @ i
we can immediately derive a relation between these and the annihilation
operators Ci:

(Tle|@) = (@]e] |0y <<1>|Eumaj |9 = (3 Disal¥ | @)
2

= 3 Dijtalw @) =EDkJ-W|aJ-1<I>>
J J

¥ | Diia;|®).
i

a;

Hence
F
The inverse transformation of equation (4.5) is
Y Dt =3 Dy Dij a5 = a;. (4.6)
k |k
J | U
=6y,

From equation (4.6) we see that the transformation between the annihilation
operators ¢ and ¢j is unitary; it is the transpose of the transformation of
creation operators. The fact that the new creation and annihilation oper-
ators obtained by a unitary transformation satisfy the same commutation
relations as the original operators is of crucial importance. For example, it
follows from

[é0,6}] = b
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that we also have

[0.6f] = ZZD,, [c} ZD,, t = b

_5‘)

Furthermore, the representations of operators in terms of these sets of cre-
ation and annihilation operators are formally identical; for example

Ho = .S (il h| ek
(]
= 3.3 Glh1) ZD.-kaLZD;eae
T k
= Y. 33" Dutilh Z 1) ala
k £ 1

‘—\f—-’
=(k| =}£) by equation (4.2)

= EZ(k | A If)akag

We will now consider a particular example of such a basis transformation:
as our new basis we choose the eigenfunctions of the z-operators in the
z-representation [remember that x = (r,s) = (position, spin)], which are
é-functions:

xx(y) corresponds to é(z — y).

The index k thus corresponds to the continuous variable z. The functions
é(z — y) form a system of single-particle orbitals, which describe particles
that are localized at the position-spin-point z. This means that the prob-
ability of finding the particle at any other point y # z vanishes. Since
the system of é-functions forms a basis, we can expand any possible single-
particle function in é-functions:

fy) = / F(2)8(z — y) da.

Moreover, the é-functions are orthogonal:

/6(2 — y)8(z — y)dy = é(x — 2).

However, the é-functions cannot normalized in the usual sense but this will
not cause any problems in the present context.
The transformation of basis introduced earlier

¥) = Y Djrxk(y)
k
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then becomes
0i0) = [ depi(@)6 - ).

Again, the variable z takes on the role of the index k.
The corresponding transformation to the new creation operators

. -t
al = ZD;’C ¢

J
becomes . ;
AOESPACT (4.7)
J
and for the new annihilation operators we obtain

P(z) = wi(z)é;. (4.8)
j

The operators ¥f(z) and ¢(z) are traditionally called field operators.
It is an important fact that these operators satisfy the same commutation

f, ¢; and 33, b;, respectively, i.e., for

relations as the original operators ¢;

fermions

{9(z),¥1(z")} = 6(z—12") (4.9)

and for bosons

[ dte)] = o
[4(2) 8] = oz~ (4.10)

The representation of single-particle and two-particle operators by the
field operators proceeds according to equations for fermions (2.6) and (2.7),
and equations (3.3) and (3.4) for bosons, respectively:

Ho= / dz 1 (z)h(z)d(z) (4.11)

V= % / / dzdz’ P2t (=')o(z, 2') (") (z). (4.12)

We end this chapter by discussing a pictorial interpretation of the field
operators. The operator E:f creates a particle in the state ¢;, which is char-
acterized by the quantum number i. Similarly, the operator ¥)t(z) creates
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a particle which is localized at the point z. Thus, for the formalism to be
consistent, the position-spin representation of the state %! | 0) must be a
o-function centered at z. We give a brief verification that this is the case:

$i(z) | 0) =ZP}'($)5’3 {0) =Z‘P?(-’L’) | 01,00, Ly 0ip1,-.)
which yields
(y|1/;f|0) = Z‘P:(x)(y|01)-°'a18')0i+1»"')

= D _#eely) =8z -y).






Chapter 5

Example: the Hamiltonian of
translationally invariant
systems in second quantization

The Hamiltonian of an interacting many-particle system is in first quanti-
zation

~

H = T+U+V
N 132 N 1 N
=, 1ﬁ+zlu(r,')+§ ,21 v(r;,r;).
1= = t, )=

i¥)

For simplicity, we have assumed that the potentials are spin-independent.
For a tranlsationally invariant system, the external potential must be con-
stant

u(r) = u = constant

and the particle-particle interactions can only depend on the relative posi-
tions of the particles
o(r,r') = v(r —1').

Translationally invariant systems are necessarily infinite. This idealization
implies that we are considering systems where we can ignore surface effects.

The first question we encounter when we want to express the Hamiltonian
of a translationally invariant system in second quantization, is the choice of
a suitable single-particle basis. To obtain this, we consider the system of a
large cube with sides L and volume Q = L3. At the end of the calculation
we go to the so-called thermodynamic limit N — oo, §2 — oo while keeping
N/Q constant. To make the calculations translationally invariant, we impose
periodic boundary conditions on the edges of the cube. If we solve the
single-particle Schrodinger equation without an external potential with such

39
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boundary conditions, the eigenfunctions will provide a suitable system of
functions. The eigenfunctions are the plane waves

bro(2) = —%efk'fxa(s)- (5.1)

These functions are momentum eigenfunctions with the discrete momenta
k = (2n/L) (nzez + nyey + n;e;), where ny, ny, n, are any integers and
ez, €y, €, are unit vectors in the z-, y- and z-directions. For spin-1/2
fermions, which we will hereafter restrict ourselves to, the x,(s) denote
the usual Pauli-spinors:

(s) = 1 fors=+1/2
X+ =10 fors=-1/2

w@={) mizh (5

(The representation of xo(s) as functions of the double-valued variable s =
+1/2 is equivalent to the traditional notation in the form of two-vectors

o =(0), x-= (1))

The countably infinite number of functions given by equation (5.1) form
an orthonormal system:

* 1 i(k—k')r »
Jdva@nolens = g [ T o)

- 6k.k' 60.0’ = 671.;;,11; 6ny,n;6n,,n'z60,a’ .

By a theorem from the theory of Fourier series, the system {¢y, } is complete
in the space of square-integrable functions which are periodic with period
2. We will here only be interested in functions that are defined only on the
volume (Q itself, but the completeness will of course apply here.

From equation (2.6), we obtain the second-quantized representation of
the kinetic energy-operator in the single-particle basis equation (5.1):

T=>% (ko '| Iko') &l 1eka-

k.o k' o

Evaluation of the matrix elements yields
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(k"l Iko}
_ Z/nds" 1 _ik'r Xo(s) [_h2v2] 1 e“""xa(S)

VvQ

R2k2 1 j{ 1 p ,
= S [ Ere*EITY T ()Xo ()
2m Q Jq ; g

h2k?
2m B k! boa

Thus, we obtain in all

h2k? 4
= Z ckacka , (5.3)
Similarly, we obtain for the external (constant) potential the representation
7 = Z wél 6y = ulN
ka ka °
ko

In order to calculate the interaction term, we expand the particle—particle
potential in a Fourier series

v(r — r) Zv el (r—r) (5.4)

with the components given by
vq :/ Bro(r)eaT, (5.5)
Q

We can write the interaction in terms of this Fourier series as

N
5 1
AT PILCEUEE D3R 3

C',.J 1 1 J—
1% i#2

and, by using equation (2.7), the second-quantized representation becomes

mz”‘l 303 Y Y kionkao | €T | ko3, ko)

k] g1 k202 k303 k404

4 ot
xck]dl ck202 cktaicklias :

The matrix elements are
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(k101, koo | €4 C~") | k3o3, kyoy)

= 515/(;'/‘;d3'rd3r'zX:l(s)xaa(s)eir-(ks—lq)eiq.(r_rl)
$

x T (=K} §7 50 ()Xo (s")
3'
= 6010360204é/dSTei[(ks-t-q)—kl]'r%/dSrlei[(k4—q)—k2]-r'

= 601 o3 60204 6(k3 +q),k; 6(1‘4 -q).kz"

Finally, when we insert this expression for the matrix elements into the rep-
resentation of the interaction potential and rename the summation indices
according to

o=0 od/=0p; k=k; X =k

we obtain the result

- h%k? 4
H = Z<2m +u)c£ack,

ko
: lita)ol eyt 5.6
+2Q Z Z vqc(k-}-q)ac(k’—q)a'ck'o’cka‘ ( . )
qQ ke
k!'a!

From equation (5.6), we see that there are two advantages in using the
plane waves as a single-particle basis.

(1) The kinetic energy is diagonal in this representation.

(2) The translational invariance of the interaction potential makes it pos-
sible to use a Fourier transformation with respect to the relative co-
ordinate (r — r’) only, that is, it is not necessary to use two separate
Fourier series with respect to both r and /. This means that the num-
ber of independent sums in the second quantization representation of
the interaction potential can be reduced by three.

We will use the result equation (5.6) later in the discussion of the homo-
geneous electron gas.



Chapter 6

Density opérators

In this chapter we will discuss operators which have expectation values that
correspond to the particle density. Consider first a single particle. The
probability of finding this particle at = in state v is given by

pu(z) = pp(z)pu(z) = (v | 2)(z | ¥).

In this case, we then apparently have two possible ways of defining a density
operator.

(1)  p(z) =|z)(z|. The probability density p,(z) is then just the expec-
~ tation value of the operator g(z) in the state | v):

(v | 6(z) | v) = (v | z)(z | v} = py ().

(2) f, =|v){v| According to this second definition of a density opera-
tor we obtain p, as the expectation value of #,, in the #-eigenfunctions

| z):
(z 1y [2)= (2| v){v]z) = pu(z).

Even though these two density operators lead to identical expectation
values, the operators themselves are not at all identical. The operator j(z)
1s the projector on | z) and 7, is the projector on | v).

For later purposes we will now once again calculate the z-representation
(position-spin representation) of the operator g(z):

(21 | p(z) | 21) = (=1 ]2}z |21)
= é(z) — 2)6(z — zy)
= 8z — z1)8(z] — z1).

Thus, in this representation the operator g(z) is a local multiplicative oper-
ator. Just as for local potentials,where we only need to write the diagonal
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elements and can imply a é-function; for example, we write
v = v(zy)

instead of
¥ = v(zy)6(z1 — z29).

Similarly, we will only write
Alz) = b6(z — x1)

for the density operator.

We now turn the discussion to many-particle systems. If a system is
in a (symmetric or antisymmetric) state ¥(z;,z3,...,z5), the probability
density of finding one particle at z is given by

py(x) = N/dN_lz U*(z,z2,...,2N)¥(2,29,...,2N). (6.1)

In equation (6.1), the density is normalized on the particle number N.
Again, there are two possible ways of defining a density operator.

(1) The natural many-particle generalization of the single-particle density
operator g discussed above is (in the z-representation)

N
pz) =) 6(z — ;)
=1

so that we have again a local multiplicative operator in the z-
representation. From this definition it follows that

(¥ {p(z) | ¥)

N
= /dN:c\Il'(a:l,...,:z:N) [25(2—3{)] ¥(z1,...,ZN)

1=1

and because of the assumed symmetry or antisymmetry of ¥, this
expression is

N/dN_lr‘I’*(m:x%'--st)‘I’(zaxm"”tN) = P\Il(w)

We also write down the second-quantized representation of this oper-
ator:

N N
p) = bz —z) = da(mi)
t=1 i=1
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so that the second-quantized representation can be written

o0

By = Y (i) 6| G)ele;
i,7=1

where

(iloz]3) = / dy o (¥)ez(v)e;(y)

/ dy o (1)6(z — ¥)w;(¥)
= i (z)p;(x).

Hence, we arrive at

M) = Y ol(z)e;(z)Ele; = H(z)d(z). (6.2)

1,7=1

This result is, perhaps, not too surprising, since we demonstrated in
Chapters 4 and 5 that the operator (é};c”k) in general counts the par-
ticles in state k. Because of the unique correspondence between these
creation and annihilation operators and the field operators, the oper-
ator ¥!(z)¥(x) then counts the number of particles in state z, i.c.,
the number of particles at position x with spin s. We should then
expect that if we integrate j over all z we will obtain the total particle
number operator, equation (2.5), defined earlier:

o0

[oaxe = [d@ie)e= el / HOOLY

—

5:'.;

1=

(2) The second possible way of defining a density operator is through

oQ

E E)nye(e

k=1

where ngp = (¥ | é5¢; | ¥). This definition yields
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[o @]

(@lag|z) = ) (z|k)nglt]|z)
k=1
o0

= 3 vi(@)er(=)(¥ | eéx | W)

k=1
= (¥15=) |9 = pu(a).

Whereas the v- and z-representations were constructed in a formally
similar way in the single-particle case, the correspondence between 5(z)
and fig is not that obvious in the many-particle problem. In particular,
the operator j{z) is an operator that acts on the many-particle Hilbert
space, whereas fiy acts on the single-particle Hilbert space. However, the

trace of iy is equal to the particle number. This is easily verified in the
z-representation:

Te(hg) = [date|pg l2) = [dopu(@) =N

On the other hand, the numbers ny, above are precisely the matrix elements
of the operator 71y in the underlying single-particle basis:

o0
iln i) = i RYnge (€| 7) = nyy.
(i} hg 1)) k;l( | k) nie (€] 3) = nij
T =b =by;
Furthermore, the matrix ng, is Hermitian, since
ne = (¥]é gckl‘p)
= (lIl|(ceck) | %)
= (¥]&lé | W) = ng.

It follows that we can find a unitary transformation D which diagonalizes
Nie:
t —
(D nD) = Nedpe.

The matrix elements on the diagonal are obtained from

ny = Z(DT) nkJDJI

k5
= > DiyD;e(¥ | lep 1 0
ki

(¥ (E D;eé; ) (Z Dklék)
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If we define

ay = Z D;zék
k
and

E E DJ[C
the operators &; and @ are adjoint, and we have
ng = (¥ | a)a, | 0).

Thus, if we had started with (z &E t 0) as the underlying single-particle
basis, the matrix n;, would have been diagonal, and the operator 7igy would
have had the following form:

oo

=Y m R (6.3)

The numbers n), have in this diagonal form a clear meaning: nj is the
occupation number of the orbital | k) in the many-particle state .

We can write the expectation value of an arbitrary single-particle oper-
ator F, given by

oo
F=Y" (i1 fl5)ele
t,J=1

in the many-particle state ¥, in a more compact form as a trace with the
help of the operators fy:

(BIF1R)y = 3 (| f1a) (¥ | ele; | ¥)
i’j=1 =nj;
= (i1 f1 | he 1) =T (fag),
i,7=1

We conclude this chapter by considering the so-called density matriz.
This quantity is defined by

py(z,z') = N/‘Il*(:c',zg,...,:rN)\II(:c,:cg,...,:z:N)dN_lz. (6.4)

Also in the case of the density matrix, we can define two different operators
which have matrix elements given by equation (6.4):
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N

(1) b(e,2') =

t==]

DENSITY OPERATORS

6(z' — z1)6(z ~ 2;). The so-called ‘density matrix
operator’ defined in this way is non-local in the z-representation; ex-

plicitly, this means that

(z1...zN | plz,2) | 2, ... zN)

N
= Z&(zl —z1)6(z2 —2h)...
=

X

We can use this result to show that the density matrix is the expecta-

(82" - 2l)o(x — z;)] ... B(zN — ZN).

tion value of the operator p(z,z’) in the many-particle state ¥:
(¥ ] p(z,2) | ¥)
= /dN:c/dN:c'(\Il | zy,...,zN)

x (=1,

cenrZin | Az, 2") | 21, .. enN) =L, 2N | 0)

N
= /dN:c/de’\I!*(a:'l,...,:r'N)Eé(xl-—:r:'l)x...
=1

X...6(z' —z)b(z —z;)...6(zy — zh)¥(21,...,2N)

I

1i=1

X\I’(Il, .

N
Z/de\Il"(:cl,...,:z:',:c,-+1,...,a:N)6(z—:c,-)

3 Ziy e EN)

= N/dN'lz\Il*(:c',xg,...,a:N)\I!(a:,mg,...,xN)

= PW(x) x,)'

We also write down the representation of the density matrix in second

quantization:

Alz, 2:’) =

where

(i| 62,20 | 5)

N N
Y 8 - alb(z—z) =) (x| 60 | )
=1 1=1

:MS

¢;é;(i| 6z 001 J)

t 1

J

[ [ 61 e 10)i01)
/ dy / 4y’ ¥ (W)6( — ¥)6(z — ¥ (4)

= pi(a")p;(2).
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Thus
pza)= 3 elejor(a)ei(z) = $HWi(z). (6.5)

1,5=1

(2) In the second possible representation of the density matrix, we use the
operator 7y defined eatlier to form a non-diagonal matrix element in
the z-representation:

(zlagla) = D (x| kngdt|2")

I
[~]e
A
&
8
N>y
AS)
=
8
~—
—~
e
2
o
av
%

We will now also prove an important statement about the density oper-
ator fy: Let ¥ be a fermion wavefunction. Then

7y =fg < Vis a Slater determinant.

Proof:
‘=>> We start with a single-particle basis in which the matrix (ng¢) is
diagonal. Then

DD me | O (L] k) k| ng

k=1£=1

b3
E‘N
I

=64k

L ALIIEDPEMESIY
k=1 k=1

Il

so n,zc = nj, which means that n; is either 0 or 1. This implies that ¥ is a

Slater determinant.
‘' Let | W) = &lel ...l | 0), so that

1. 0 ifk£2
me= (@ lefer| 9= {0 Hr%
with
. ={1 k<N
k=10 &>N.
Thus

oo N
hg = e | kNE |= 3 | B)E |
k=1 k=1
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and #} = fiy. |
For a Slater determinant, the density matrix then has the form

N N
plz,a")=(z|dg | &) =) (s 1 k)(k | =) = Y pk(e)er(=z).  (6.6)
k=1

k=1



Chapter 7

The Hartree—Fock

approximation

The Hartree—Fock approximation (HF) is based on the hope that we can
approximately describe an interacting fermion system in terms of an effective
single-particle problem. The starting point is the idea that each particle
moves in a mean-field potential, which is produced by all other particles
and, in case there is one, by an external potential.

For the sake of simplicity, we will assume that the potential is local in
the z-representation. Thus, the exact Hamiltonian of the system

N
H= E (t + u, E by;
1=1 s,=1
¥
becomes in this representation
. O Rz, 1 &
H= ; [—%V,- + u(x,-)] + 3 ,-gl v(zi, z;).
i#]

Our goal is to approximate this two-particle operator by an effective single-
particle potential

Hyp = tha = iv: (tz + (1))

=1 =1

where the effective single-particle potential vyr, the ‘Hartree-Fock' poten-
tial, is unknown at the present. The solutions with the correct symmetry of
the corresponding eigenvalue equation

Hyp® = E®
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are then simply Slater determinants

d =

\/iv! det [(,o;(a:_,-)] .

The single-particle orbitals in these Slater determinants are formally ob-
tained from the equation

However, so long as we do not know the Hartree-Fock potential, we, of
course, cannot calculate the single-particle orbitals from this equation. To
arrive at a way of determining these we make the ansatz of a Slater determi-
nant of single-particle orbitals for the exact many-body wavefunction. By
Ritz’ variational theorem, there is a rational way to optimize this ansaiz
by minimizing the total energy of the system. Minimizing the total energy
with respect to the single-particle orbitals will then yield the Hartree-Fock
equation for these.

Thus, we vary the expectation value of the ezact Hamiltonian in a Slater
determinant of single-particle orbitals:

8

5?0{(2) |i(q> | H | (I> 251/ dy‘Pz(y)Soz (y)] = 0. (7.1)
The Lagrangian multipliers ¢; in equation (7.1) arise from the constraint
that the single-particle orbitals be normalized. For the total energy of the
system to be a minimum with respect to the Slater determinant trial func-
tions, it is necessary that the expression in brackets is stationary, i.e., that
the first variation of this expression with respect to the trial functions van-
ishes. (We should at this point recall that it is possible to vary (Reyps) and
(Imypy) independently. This possibility can however be rewritten as for-
mally independent variations of ¢, andyy. From the real-valued functional
equation (7.1) above we then obtain, as usual, pairwise adjoint equations.
It is sufficient to consider only one of these.)

We calculate the expectation value of A in a Slater determinant by
introducing second quantization (cf. equations (2.8) and (2.9)):

N N
(@|H|®)= Z<1|h|1 SIS Gilolay— Y Gileld|. (7.2)
1=1 1,j=1 i,j=1

The expectation value of the interaction potential consists of two terms; the
first term is traditionally called the direct term, and the second the ezchange
term.

Explicitly, the variational equation (7.1) becomes
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0 = 6<pa(m){ / dw,(y)[ 2V2+u(y)] ei(y)

Z / / dy dy’ o (¥)e; (v )v(v, ) wi(y)ei(v')

1,7=1
- dy dy’ o} ()@ (V)v(w, V)i (¥)ei(v')
szlf,/yy y)e; (v )v(y, v)e;(w)eily
- €& [ dypi(y)ei(y)
;/w ywy}

_ hz 2 d /] =
_ [ L +u(x)] %(ng [ W )ea(@eiw)

+.;_;/dw?(y)v(y.zm(y)wa(r)
N

_% 2 / dy' &5 (¥ )v(=, ¥ ) j(z)paly’)
=1

1 N
—§Z/dy e (WY, 2)pa(y)pi(T) — €apalz).
i=1

From this calculation we see that the second and the third, and the fourth
and the fifth terms are equal. We then use the representation given in
equation (6.6) for the density and the density matrix for Slater determinants

ply) = Zw.(y)so.(y and p(z,y) = Zso.(y)%(x)

=1

to finally obtain
A2 _,
v+ e+ [ dyptadnie)] valo

~/p(x,y)v(r.y)<ﬂa(y)dy = eapa(z). (7.3)

Equation (7.3) is the Hartree-Fock eguation. The minimization of the to-
tal energy has with this equation provided us with a prescription for the
construction of an optimal effective single-particle potential, dyg. This pre-
scription is

turpi = u(x)pi(z) + /dyp(y)v(m,y)wi(x) - /p(m,y)v(w,y)m(y)dy-
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In addition to the external potential u(z) and the classical potential en-
ergy [dyp(y)v(z,y), the Hartree-Fock potential contains a non-local part,
the so-called exchange operator. As we would expect, the Hartree-Fock po-
tential 1s identical for all single-particle orbitals — this corresponds to our
notion of ‘identical particles’. It is easy to verify that dgr is Hermitian. To
do that, we first note that we have p*(z,y) = p(y,z) (cf. equation (6.6)).
We then obtain

(Fliw |9 = [ 1) [ o) dyds
- [ 1@ [ e e new)dvds + (£ a9
= [ / f(=) f p(y)o(z,y)dy g™ (z) dx]*
-[[ 1@ [ reanevr@aes] +i 1410
= [[r@ [ tunte.vivi@rae| +o1alny

- [/ g‘(y)_/p(x.y)v(y.m)f(r) dz dy]‘
= ({(¢|our ! f))".

Since vgr and ilﬂp are Hermitian operators, the Lagrangian parameter ¢q,
which entered in equation (7.3) as an eigenvalue, must be real, and the
eigenfunctions ¢, must be mutually orthogonal. In retrospect, it is clear
that it was not necessary to enforce the orthogonality of the single-particle
orbitals with an additional term Y =1 ¢ij [ P (2)p;(z)dx in the variational
principle.

The direct term and the exchange term both contain the density matrix.
Thus, both terms depend on the single-particle orbitals which we still have to
determine. It is clear that we cannot solve the Hartree-Fock equation like a
normal eigenvalue problem. Instead, we must use a so-called self-consistent
procedure.

We start with
(0) an initial approximation ¢;(z), i=1,...,N
and then calculate the

(1) Hartree—~Fock potential #gr from the density matrix

N
p(z,y) = o} (y)pi(z)
t=1
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with which we solve the eigenvalue equation

(2) (+ ur)pa = €apa-

In general, this equation has infinitely many solutions. The last step then
consists of

3) selecting N orbitals <p(ne w) with the N lowest eigenvalues €,.
g g

Using these orbitals, we calculate a new Hartree-Fock potential by repeating
step (1). We can then iterate the scheme above until ‘self-consistency’ is
achieved, that is, until the procedure converges so that the new orbitals
obtained in step (3) are the same as the ones used in previous step (1).

In general, we obtain from the solution of the eigenvalue problem not
only the occupied single-particle orbitals, which are necessary to determine
p(z,y) and dyr, but, in principle, also an infinite set of unoccupied single-
particle orbitals. All these orbitals together form the basis of the single-
particle Hilbert space.

We now proceed and assume that we have solved the Hartree-Fock equa-
tions for a single-particle problem. We then obtain the Hartree-Fock ap-
proximation of the total energy of the system by inserting the Slater de-
terminant of the occupied orbitals in the expression equation (7.2) that we
derived earlier:

N N
PO ol a ) s e a ) s
Expzz(z1t+u|z)+52[(z]|v|zj)—(zj1v|_71)].
1=1 i,7=1

Adding and subtracting the double sum once in this expression yields

fdw,(x)[(

+ J; / dy <p;-‘(y)v(x,y)<pj(y)) ¢i(z)

+ u(z)

N
_ Z / dy (p;(y)v(z,y)soz'(y)w(t)}

-3 E (CARAENESURRANIDE

.Jl

If we insert the Hartree—Fock equation (7.3) in this expression, we obtain

/ de ptlelerni®) 5 37 (19 14— (651 59).

).71
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From the normalization of the single-particle orbitals, it finally follows that

1 N
D=5 > ((olii)— (1o ]5i)

=1 1,7=1

P4

EI{F

wl»—-

N
Z (ilt+ald). (7-4)

The last equality is obtained by a completely analogous calculation, but
with the simple sum split in two equal pieces instead of the double sum. We
also write out explicitly the expression

N
ea=(alf+ila)+ ) ((ejld]|aj)~(aj|d]ja))  (7.5)
i=1

which we used to derive equation (7.4). Equation (7.5) follows from the
Hartree-Fock equation by multiplying by ¢%(z) and integrating over z.

At this point the question emerges as to why the Hartree-Fock energy
does not equal the sum of the single-particle energies ¢;. If we were to stay
within the initial assumption that we can approximate the exact Hamil-
tonian by an effective single-particle operator (i.e., H’Hp), we would have
obtained the sum Zfil ¢; as an approximation of the total energy. How-
ever, this initial assumption was used later in the derivation as the basis
for the Slater-determinant ansatz, which we used in the variational prin-
ciple. The total energy obtained from this ensatz should then be better
than ) ;€. It is easy to show with a perturbation calculation that this is
indeed the case. To do this, we assume that we have solved the Hartree—
Fock equations and thus have determined the self-consistent potential. If we
then abbreviate the interaction term in the Hartree-Fock potential as the
single-particle operator f, we can then write the exact Hamiltonian in the
form

N

b= Y (it fi)+]5 Z% Zfl
1’=1 IJ =1
i)
= f]m‘-f-ﬁ'-

If we then treat H’ as a perturbation, we obtain in zeroth order perturbation
theory

EO = (| My |2) =
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and in first order

. 1 Y N
EM = (@|H'|®)=(2|5 3 % |9~ (@D fil®)
i) i=1

=1

1 N
= §§:«ﬁwlm—@ﬂﬁﬁm

N
= 5T (i 19 143) = (5 | 9} ji)).

From these expressions we see that
Eur = EO) 4+ EW),

Thus, the energy Eyr which is optimized by using the variational princi-
ple agrees with the energy obtained from first order perturbation theory,
whereas the sum over the single-particle energies ¢; only agrees with zeroth
order perturbation theory. The fact that the entire interaction energy is
subtracted again from the sum of orbital energies in the expression for Eyg
has furthermore a clear interpretation. According to equation (7.5), each
individual ¢; contains

N
GlE+ald)+ > (@G| 9]45) = (ij | 9] 7i))

=1

D
it

N

= (ilE+aliy+ > (3 |9]45) = (@5 | 9] ji))
=1
I#

i.e., €; contains the energies of the interactions with all other occupied or-
bitals. For example, ¢; contains the interaction with particle 2, particle 3
and so on, up to particle N; ¢; contains once again the energy of the inter-
action between particle 2 and particle 1, and so on. Thus, all the interaction
energies will be counted twice in the sum over ¢;:

1 N
Egjuﬁw|m—ﬁﬂﬁwm-

1,3=1

This double counting is then compensated for in the expression for Eyr,
equation (7.4).

We will here now also give a second derivation of the Hartree-Fock
equations. This derivation will give emphasis to another property of the
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Hartree-Fock operator. We begin this derivation by writing the variation of
the energy functional as

0= O (@+nx|H|2)
T On (®+1x]|9®)

n =0
and restrict ourselves to variations such that

(1) &+ n® is, just as P, a Slater determinant, and

(2) only one orbital will be varied:

v1(zy1) p2(z2)
S+nx = |(pp+md)er) (pp+me)(z2)
saNiﬁ) SDN'(W)

= detlgy,...,@p,...| +ndetler, ... ¥, ...|

For ¢ we will now take the elements of the (yet to be determined) complete
orthonormal family consisting of the occupied orbitals ¢q,...,p N and the
unoccupied orbitals ¢pn41,.... The variation obviously vanishes for the first
ones. We then replace ¢,, where p < N, with o, 4 ¢, where ¢ > N. This
means that we consider a state | x) which is in some sense an excitation of
the state | @):

At A . <N
|X)=c;cp|‘l>) =| ®gp) with {Z;N

The variational equation then becomes

(R H|9)+n(®gp | H | @)

0 = (®qp|H|®
an (‘I?’ [4’) +7 (‘qu|®) ( 9P| | )
S——r’ ——
=1 =0 n=0
N 1
= (‘qu|2(ti+ﬁi) | @) + (Pgp | 5 Z bi; | ®)
=1 1#2
t,3=1

where we have used the orthonormality of the functions {¢;}. The result
we obtain from the variation is
N

0= (glf + @lp) + ) _ ((9i|?|pj) — (giloljp)) forallg> N, p< N.
i=1
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The Hartree-Fock equation follows indeed from this expression, for if we
define the Hartree-Fock operator hgp as before, this equation yields

(Q|ilup|p) =0 forallg>N,p<N.

Thus, the Hartree-Fock operator has no non-zero matrix elements between
occupied and unoccupied states. Hence, we can diagonalize the Hermitian
operator hyg with a unitary transformation D, which has the property that
it only transforms occupied states into occupied ones, and unoccupied states
into unoccupied ones:

€1

€N
EN+1

_ ﬁz 0 occupied 0 D, 0
- o bHf 0 unoccupied 0 D,J°

It is important to understand that the form of ilx]:‘ is invariant under this
diagonalization precisely because of this block-form of the transformation
matrix. However, with this form invariance, the matrix equation above
means that

N
& = (ilhurli) = (lf + ali) + Y ((i519lis) — (ij16159))
i=1

in a suitable bases. This is in principle the Hartree-Fock equation.
The property that the matrix elements of H between the Hartree—Fock
wavefunction and the excited state ®g, vanish

(qulfﬂ@) =0

is very important in applications of the Hartree—-Fock wavefunction and is
frequently referred to as Brillouin’s theorem.

As an example, we will now consider the Hartree-Fock equation for
atomic systems:

ﬁV2 A 2 '] .
(5222 [ D ) e

2m
22/p(rs ,r's’) oal'NBY = eapalrs). (7.6)
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We have set p(r) = 5, p(z) = >, p(rs) in the direct term. It is impos-
sible to perform an analogous spin-elimination in the exchange term. This
means that the Hartree—Fock potential is spin-dependent, even if the exact
Hamiltonian of the system does not depend on spin.

The direct part of the Hartree-Fock potential is clearly nothing but the
electrostatic potential due to the charge density of all electrons. This fact
seems at first to be nonsensical, since the effective potential that acts on
an orbital should not contain the electrostatic potential of this particular
orbital, but only that of all the other electrons. Fortunately, this ‘self-
interaction’ is canceled by a corresponding expression in the exchange po-
tential:

202 . iz
em(m)=(—” z )soa(x)+2/d""'( o LACAIZICH

2m
i=1

Z/d o4 i )‘i‘/?r)‘x&a(.’ﬂ)

_ ( ﬁ;V2 Ze? )soa(m)+2/d ,<p:‘(x’)tpt(m')¢a(x)
iza

ir —r/|

Z/d I‘P;(x)(’:’l ) c'(xl)
u#o

(for a < N). We emphasize that this term is canceled only when ¢4(z) is
an occupied orbital. Hence, the unoccupied orbitals formally interact with
N particles.

We will now also briefly discuss to what extent one can treat ionized
states and excited states within the Hartree-Fock approximation. It should
first be emphasized that because of the nature of the approximation, one
cannot attach any exact physical meaning to the orbital energies. However,
in the case of atoms one can approximately relate the orbital energies to the
ionization energies. This is because one can describe a singly ionized atomic
state by a Slater determinant, which contains all ground state orbitals except
for the most weakly bound one. Thus, one starts with the assumption that
the rest of the orbitals do not change when these electrons are removed. The
expectation value of the energy in a determinant that contains all ground
state orbitals except for o, is obtained from equation (7.2):
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EHF(N -_ lk)

N
S ili+ali)
1=1
1#k
1 N

+5 2_:] ({35 | o) d5) — (i3 | D | 43))
iz

Ege(N)~(k|i+1 k)

1 N
~5 2 ({ik | 9| ik) — (ik | © | ki)

=1

N
> (ks 1| kg) — (ki | 9| jk))
j=1

N =

and since (i | © | k€) = (j¢ | © | £k), the expression above becomes

Eur(N)— | (klf + alk) + Y ((kj

N

> ((kslolkd) - (kilolsk))

J=1

EHP(N) — €.

We thus obtain Koopman’s theorem for the ionization energies Ij:

Iy = Egr(N — 1) — Egr(N) = —¢;.

61

(7.7)

The ionization energies that are calculated in this way agree rather well
with the experimentally determined values. The same holds for the pho-
toabsorption thresholds for knocking electrons out of deep-lying shells.

The suggestion to describe excited many-particle states by a wavefunc-
tion éié[lq)o) presents itself. In this wavefunction, a state which is occupied
in the Hartree~Fock ground state is replaced by an unoccupied one:

Eup(N ~ g+ 1) = (6}6,®@0 | A | &} ¢,®0)

N

= > (ili+aliy+(k]|i+alk)

i=1

e

1 N
+3 > (g | 9145) — (35 | 9 | 4i))

s,3=1
314

-

e

=1 3 (=300 (Lilo1e) ~(519158))
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+% E((zk|v|zk)—(zk|v|k1))+z (7k |8 jk) — (ki |®] jk))
t#l ;;i

=z’j=1 ({kslolks) = (k1lD15K))

= Z(z|t+u| E(mlvlu)—(mlvlﬂ))

1=1 )J =1

—<e|z’+a|e>—2(<zm|ej>—<ejleuz»

=1

N

+(k [E+alk)+ > (ks | 9] k5) — (ks | 9| jk))
j=1
I#¢L

= Eur(N) — o+ € — ((k|D|kE) — {k&|D|Lk)) .
The excitation energy
(AE)g = Erp(N — g+ 1x) = Exp(N)

becomes

(AE)y = € — € — ((kE}D|kE) — (k2|5|Lk)) . (7.8)

At this point it should be emphasized that the excitation energies calculated
in this way are not generally any upper bounds to the exact energies, in con-
trast to the Hartree-Fock ground state energy. Furthermore, as we have just
discussed, the unoccupied orbitals of the ground state interact formally with
N particles, and not with N — 1, which would have been correct for excited
states. For very large systems, this difference between (N — 1) particles and
N particles does not make much difference. For atomic systems, however,
this difference has drastic consequences: consider first a neutral atom. An
unoccupied orbital is in this case essentially affected by the total electro-
static potential of the nucleus and the electrons. This potential vanishes
exponentially asymptotically, since the —Z/r-potential of the nucleus and
the contributions from the electrons cancel asymptotically. A true, excited
electron should thus asymptotically feel the potential of the nucleus and of
only N — 1 electrons, which together behave as —1/r. Since the excited
electrons is so to speak outside the atom, pictorially speaking, its energy
is essentially determined by the asymptotic behavior of the potential. It
follows that the unoccupied orbitals determined through the Hartree-Fock
procedure are bound far too weakly. As a result, we cannot expect that
the excitation energies for atoms calculated by this procedure should agree
particularly well with experimental values.
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The formula above is also interesting from another point of view: the
variational principle, which we evoked in the derivation of the Hartree—
Fock equations, only guarantees that Eyg is stationary with respect to small
variations in the single-particle orbitals. Hence, it would be very useful to
find a criterion which would enable us to state whether the solutions we
have found correspond to the mintmum energy. A necessary condition for
this is certainly

Egp(N) < Egp(N — 1+ 1;)

i.e., (AE)gy > 0, 0r
€ > e + ((kel9lke) — (kel5|2k)), for all ii JJ"V

For systems with extended states we can neglect the matrix elements in
the potential, so that in this case the criterion is reduced to ¢ > €. In
other words, the orbital energies of the occupied states must lie deeper than
the unoccupied ones. We will now give a crude estimate to show that the
matrix elements of the interaction potential is, on the average, a factor of
(1/N) smaller than the single particle energies. (In examples from solid
state theory, N is of the order of 10%3))

We consider only cases without external potentials and restrict ourselves
to interactions which are homogeneous of degree (—1) in the position coordi-
nates. An example of such a potential is the Coulomb potential. The virial
theorem holds under these assumptions. This theorem states the following:
let ® be a solution of a minimization problem of the type

0 = 6(®|T + Vi |®)

which can be obtained by free variations of the problem, so that & is not
obtained by just fitting parameters. We then consider the normalized func-
tions

®o(r181,...,PN8N) = aBN/2<I>(ar1s1, .., QrNSN)

which are obtained by a scale transformation of ®. These functions satisfy

9 ..
0 = 3 la=1 (®a | T + Vint | Qo)
6 . -
= el @718+ (@1 % 100)]
6 a ~
= -6'-; i [a‘Z((Da:] I T I ®a=1> + a(‘»a:l I Vint. I Qﬂ:l)}

= 2((1)0,:1 | T l q’a:l) + (q)a=1 ' Vint l q’a:l)

so that i R
ADIT|2) = —([Vine /)
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which is the virial theorem.

The Hartree—Fock solution is not obtained by free variations according to
the Rayleigh-Ritz principle, but by restricting the variations to Slater deter-
minants. However, since the scale transformation maps Slater determinants
back onto Slater determinants, we have again

2(TYur = —(V)ar- (7.9)

By using the relation equation (7.4) between the total energy and the single
particle energies, we see that

N
Zei —(V)ar = Eur = (T) + (V)HF

= ——(Vlur + (V)ur,
which means that
5= U¥her = L1501 - o)
1=1 i}

We introduce average quantities

N 2= SNAGRIR — .
We have then shown that the difference between the matrix elements is
proportional to €/N.

We will close this section with a brief discussion of the so-called Hartree
approximation, which is the historic predecessor of the Hartree—Fock approx-
imation. In the Hartree approximation, one makes the ansaiz of a product
of different single particle orbitals for the wavefunction of the system:

Qﬂ(:l’.ll"':;':l\/) =‘P1(z1)‘PN(xN)

In this case one also begins with a model of non-interacting particles, but in
the Hartree approximation one does not take into consideration the required
antisymmetry of the wavefunction. If one varies the total energy obtained
from this product-ansatz under the constraint that the single particle orbitals
be normalized, the Hartree-equations are obtained:

h2v2

-~ +ux)+z [ el @ (@) | galz) = caval2)

u#a

(7.10)
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The total energy corresponding to a self-consistent solution of this system
of equations is

1 g
Ex=) €3 > _ (ijlalif)
1= l'r]=
)

The interaction energies, which are counted twice in the sum over the orbital
energies, are subtracted out, just as in the Hartree—Fock energy (cf. equation
(7.4)).

The effective Hartree potentia] differs from the Hartree-Fock potential
in that it does not contain the exchange terms. Consequently, the Hartree
potential is a local operator, which significantly facilitates solving equa-
tion (7.10) self-consistently compared to solving the Hartree—Fock equations
(7.3). Moreover, the Hartree potential is different for each state. This prop-
erty is not only physically wrong (it contradicts the indistinguishability of
identical microscopic particles), but also complicates numerical solutions,
since one must solve a different eigenvalue equation for each orbital. As a
consequence, one cannot in general choose the Hartree orbitals to be orthog-
onal, since they originate from different eigenvalue problems.

In contrast to ®y, the Hartree—Fock wavefunction satisfies

lim @gp(z1,...,%; ..., Zj,...,.2N) =0
:x:.-*x_,

since it is a Slater determinant. This is precisely the content of the Pauli
principle, according to which two fermions with equal spin s; = s; cannot
be at the same position r; = r;. Hence, the motions of fermions with equal
spin are correlated in the Hartree-Fock model, in contrast to the Hartree
model. There is certainly no such restriction for two particles with different
spin; their motions are largely uncorrelated. A repulsive particle—particle
interaction, such as the Coulomb interaction, should make it unlikely that
two particles come close to each other (even when they have opposite spin).
On the basis of this fact, and because the Hartree—Fock energies are obtained
from a variational principle they are too high . The difference between the
exact ground state energy and the Hartree-Fock ground state energy has
been given the name correlation energy. An important goal of this book
is to develop systematic ways to calculate the correlation energy. However,
we will first acquaint ourselves with another variation of the Hartree-Fock
approximation, which is important for practical calculations.






Chapter 8

Restricted Hartree—Fock
approximation and the
symmetry dilemma

The Hamiltonian of a non-relativistic atom commutes with the operators
for the square and z-component of both the total angular momentum and
total spin of the system:

8,12 = [A,L.) =0=[8,5%| = [1,5].

As a result, the exact solution of the many-particle Schrodinger equation
must be simultaneous eigenfuctions of all these operators. The Hartree-Fock
Hamiltonian, however, does not commute with any of these operators. Con-
sequently, the solutions of the Hartree-Fock equations do not have proper
symmetry.

The unrestricted variation of the Hartree-Fock ansatz led to single-
particle orbitals of the form

eu(2) = oL (0) - x4 (8) + 87 ()X () (8.1)

where x, denote the Pauli spinors, equation (5.3). The simplest way to
construct Hartree- Fock wavefunctions with better symmetry properties is
to restrict the form of the single-particle orbitals from the beginning; for
example

PP (@) = pfP) () - x4(s) forv=1,... Ny
PR 1)@ = 0504, (0) X=(s) forv=1,...,N. (82)

where Ny + N_ = N is the total number of particles. The orbitals selected

67
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in this way are eigenfunctions of the spin projection operators

- +EpUBF(z) forv=1,...,Ny
S0 (2) =

—LpUBF(2) forv=Ny+1,...,N

so that we have for the corresponding Slater determinants ®VHF
& HUHF h cumr
S (z1...zN) = (N+—N_)§<I> (z1...2N).

If we vary the expectation value (®VEF | H | ®UHF) with respect to the
single particle orbitals equation (8.2), we obtain a simplified self-consistent
procedure. This commonly used, restricted procedure, is often referred to as
the Hartree-Fock approximation. When necessary, the difference between
this and other, further restricted procedures can be emphasized by calling
it the ‘unrestricted Hartree-Fock’ (UHF). This terminology is somewhat
misleading — the ansatz equation (8.2) is in fact already a restriction of the
general Hartree-Fock orbitals in equation (8.1).

Since the UHF-equations are of such practical importance in calculations,
we will now derive them for the case of spin-independent potentials. From
equation (7.2) we have the expectation value of the energy:

22

(@57 | H | @"FF) = f} _/ dz p}(z) [— + u(r)] ei(z)

Z //dxdx o} (2)p (2 )u(r, ) pi(z)p;(2)

3'.7—

- Z //dxdz‘ PHEIESTTER STHEITHED

.J—l
Z% (2) [——V +u(s)| pia)

= e
s 1=1

2/d3 /dal[zzw z)p:(z ]v(rr) ;Zcpj(z)%(m

-5 [ /ds' [Z«mmz]v(rr) ICCEL

If we insert the UHF ansatz, equation (8.2), into ZJ 19;(2')pj(z) we ob-
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tain

N4
ESog_'*‘)(rl):‘p‘(j'*‘)(r)xr*_(sl)x_*_(s)
i=1

N_
+ 3 ey eV e)x (s)x - (s).
j=1
We define the spin-independent density matrix by
& £ +
P ) =Y el (i)
i=1

with diagonal elements

PE(x) = pH)(r, ')

the total density is, in terms of the density matrix,

p(r) = pH(x) + p7)(x).

If we also use ), Xo(5)xo/(8) = 850, We finally arrive at

Ny 22
: h?v
(@VHFIH|eUHF) = Y / d3r<p§.+)(r)* {————2 ]tp§~+)(r)
i=1

+jz=; f &r g (x)* [_h;vn2] o$7 ()
+/d3rp(r)u(r)+ %/dsr/d3r' p(r)v(r, r)p(x")

——;-/d:’r/.dsr' [p(+)(r,r’)v(r,r')p("')(r',r)

+ P, ol )N, (8.3)

The structure of equation (8.3) shows that only interactions between parti-
cles with the same spins contribute to the exchange energy. In analogy with
the derivation of the Hartree-Fock equations, equation (7.3), we vary equa-

tion (8.3) with respect to the functions cp§~+)(r) and qu—)(r), which depend
only on position, to obtain the following coupled equations:
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[ h:v2 + u(r) + /p(r’)v(r, r')d3r] S"§~+)(r)

- / ptt) (r,c"Yo(r, r')<p§~+) (r')a3+

= (+) (+)(r) j=1,...,Ny

5 s emtnee] o

2m
/ ), oYu(r, o) (_)(r')dsr'

= o), i=1,..., N (8.4)

For atomic systems, these equation are explicitly

[n;’vz Z]:I e /1;7( )’| ,] wgi)(,)

pE)(x, r
ol e R O}

(8.5)
The exchange term can be written formally as an electrostatic potential
P r) (1) P )( ') (%)

—62/ lr = !’Jl ‘pj (rl)d3rl — —C 2 d3 ,‘P (!‘)

which is the result of a fictitious ‘exchange charge density’

P!y = o (o) (xr, ')

The form of this exchange charge density depends on the position r of each
electron on which it acts, as well as on the state j and spin of each electron.
The total charge of this exchange charge density is precisely one elementary

charge (assuming that <p§-:h) is an occupied state):

B = / O LR
1= 1\

—5;

Therefore, each electron is in some sense surrounded by an ‘exchange hole’,
which is an oppositely charged cloud with total charge +-e. This exchange
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hole originates from the exchange with the polarization of the medium, i.e.,
the repulsion betweeen electrons with the same spin.

At this point, we should recall equation (8.2), in which we assumed that
the single-particle orbitals are eigenfunctions of the spin projection operator
;. If we further assume that angular momentum is a good quantum number,

wv(z) = R, (r)Yl., My (8,9)x0,(5)

we obtain the so-called ‘restricted Hartree-Fock’ (RHF) procedure. The
solutions in this approximation usually have better symmetry properties.
In our example, we have

éz‘h(“’) = kmyp, ()

and thus

ﬁzQRHF(Il, e ,.’BN) =h (Z mu) QR’HF(xl, . .,:cN).
v

A particular variation is the so-called analytic Hartree~Fock or Hartree-
Fock-Roothaan procedure. One starts with parametrized single-particle
orbitals gpu(:c;agu) Yo 0‘5\;) ) with known analytic forms. The optimal pa-
rameters are determined by setting the derivative of the energy expectation
value with respect to the parameters equal to zero.

We should now emphasize that the ground state energy calculated with
the restricted Hartree-Fock procedure increases as the restrictions on the
single-particle orbitals becomes stronger. We encounter a fundamental prob-
lem: if the best possible ground state energy is sought, the Hartree-Fock
orbitals should be free to vary; however, the resulting wavefunctions have
poor symmetry properties. If the symmetry is improved by restricting the
variation of the orbitals, the ground state energy increases. This fact is
occasionally referred to as the ‘symmetry dilemma’ of the Hartree-Fock
procedure. Projection methods offer a way out by selecting the solution
which has minimal energy and correct symmetry properties from solutions
of the free-variation Hartree-Fock procedure [2].






Chapter 9

Hartree—Fock for
translationally invariant
systems

We will show in this chapter that the self-consistent problem of the Hartree—
Fock approximation can be solved trivially for translationally invariant sys-
tems. These are systems of infinite extent, where the external potential is
constant and the particle—particle interaction only depends on the relative
distance between the particles. The plane waves discussed in Chapter 5
are solutions of the Hartree-Fock equations (or more precisely, of the UHF
equations) for such systems. We will prove this by showing that the matrix
elements of the UHF operators (cf. equation (8.4))

272
Ol = [ereP {-T+u} o)
+ [ el [ - e o)
- [ @y [ o9t - kD e

and the corresponding matrix elements (4 | izt(;;),, | @) for particles with
negative spin, are diagonal in the plane wave representation

oS (r) =

\/5_2

We first show that the single-particle term is diagonal, and we will then
show that the direct and the exchange terms are diagonal. With k replacing
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the index «, and k’ the index 8, we have

1 h2v? 1
3, _ = —tkir [ _ _= Jiker
‘/s;d r\/g_)e [ 7 +u] \/S_ie

h?k? 1 [ 5 i(k—k')r
= [W+u] ﬁj;d re

h2k?
[2 +u]6kkl

since u(r) = constant. To calculate the direct term, we first evaluate the
density

p(r) = Zso(+)(r)*v(+)(r + Zw Myl ()

',‘_
+ _
1 1 Ni+N_ N
= lgtla "8 &
v=1 pu=1
We then insert this result in the direct term, which yields

/ B —zk' /_v(r I)dSTI%eik-r

and expand the interaction potential in a Fourier series:
1 .
o(ir—x)= a E vq et (r=r'),
q
The direct term then becomes
N ; iq-(r—
Z Ya g3 / d®r / d3p! ei(k=k')r giqq(r—r')

vq o /dS te—iq°r’ /dSTei(q-i-k-k')-r

N
Z”q 0 8q,08(q4+K) k! = q Ya= =0 O '

Here we made use of the assumed translational invariance of the interaction
potential, which allows for a simple Fourier series in (r — r').
We now consider the exchange term. Let Zg denote the sum over all

momenta k which are occupied by particles with positive spins, and E—E the
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corresponding sum over particles with negative spin. With this notation, the
density matrix becomes

+

S (e, 2 = E(Pm(r D) = 230 ),
k

Again, we expand the interaction potential in a Fourier series and obtain

1 ! 1 + g ’ 1 N ’ 1 y
a3 /ds ' —ik'r 2 tk-(r—r') 1 iq+(r—r’) tk
/ r r “\/S_Ze S E‘i e Q Eq vUg € \/ﬁe
_ szfda oi(k—k—q)r’ /d3rez(q—k +K)-r

_96QI(k_k) _QSQI(kl_k)

I

+

1 1

Q Z: Sk-Bne -0 = @ Z (e P
k k

and the proof is complete.

The diagonal elements of the Hartree—Fock operators, which are the
single-particle energiest, are given by

(=t)

21,2
() _ Ak N
Ek om +u+ vq_O Q E (k k)
For the total energy
N
EHF:E((Hu]zH Z(zalvlu—(mlvlﬁ))
1=1 i,73=1

1#)

we obtain analogously

” 2m 2 2
1 & 1 v~
—ﬁzzv(k k)~ _QZZ (k-K)
k% k ¥

tThe function e x is called the dispersion relation. This terminology is borrowed from
optics, where one in general talks about dispersion relations whenever one is concerned
with quantities that depend on wavelength.
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The calculations show that the plane waves always satisfy the Hartree-Fock
equations, completely independently of which momentum states are occu-
pied and how many of the occupied states have negative and positive spins.
This is very important. Since the Hartree—Fock equations only guarantee
that the energy functional is stationary, the question arises for which oc-
cupations and, in particular, for which spin distributions the Hartree—Fock
energy is minimal. A possible distribution can be obtained from the follow-
ing prescription: put all Ny particles with positive spins in the momentum
space sphere |k| = 0,...,k+, and correspondingly all N_ particles with

negative spins in the momentum sphere |k| = 0,...,k_ (see figure 9.1). If
Wa ‘\\
A ~. | )\
A4 WA\
[ ] leyAr [
\ \\ y /
b Pa
Allowed 3T
states \} =
1

2n/t

Figure 9.1 All positive-spin state with k < k4, and all negative-spin states
with k < k_ are occupied in the Hartree-Fock ground state.

the Fourier transform of the particle—particle interaction depends only on
|a| and is monotonically decreasing, this prescription is certain to produce
the lowest possible Hartree-Fock energy for the given numbers N4 and N_,
since by occupying the states in this way we will simultaneously obtain:

(1) the smallest possible kinetic energy, which is positive definite in Eyp;

(2) the largest possible magnitude of the exchange energy, which is nega-
tive definite in Eyp. The magnitude of the exchange energy is made as
large as possible since a sphere is certainly the geometrical object for
which the sum of the distances between interior points are the small-
est. In this way, the sum Zk,'ﬁ Uik—F| is maximized for monotonically

decreasing functions v,.
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For this occupation of the states we have

+ B2
“ = Zm +"+'6”q-° QE”(k K
and
kt 12,9 k= 49,2
hek hek 1
Far Tm T2 m t VUt 5N GYa=0
k= k=
| Rk | k= k-
20 Z Z k-k) ~ 20 Z E (k—k)
—0k=0 =Y k=0

For the explicit evaluation of these energies, we substitute the sums by
integrals according to the prescription

K K
3 flk) — (2‘:)3 / &k f(X).
k=0

This approximation becomes exact in the thermodynamic limit, i.e., for an
infinitely large system. The approximation corresponds to the transition
from Fourier series to Fourier integrals. The volume occupied in momentum
space by each allowed state is precisely a box with sides (27/L) (see figure
9.1). Thus, each volume element d3k in momentum space contains

Bk 9
@n/IP - @

states. This is the origin of the normalization factor of the momentum
integral above.

The number of particles with positive and negative spins, respectively,
are then obtained as

Q [k 4 Q ook
Ny = (2,)3/ Fe=op 3 “232 OV
Q k3
a.nd N_ = 53? (92)

The density of the system is

N N 163 14k3
++— —~—+— i
0 2372 ' 2372

Q- Q
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For unpolarized systems, i.e., systems for which Ny = N_ = N/2, which
implies that k4 = k. = kp, we obtain the fundamental relation

N _ k3
Q  3n?
The momentum kg of the occupied state with the highest energy is called

the Fermi momenium.
The single-particle energies are obtained as

2.2 k 37
(x) _ K%k N + 33k
U =g Tutgle=o— | GrEtn-b (9.4)

(9.3)

and the total Hartree~-Fock energy becomes

k+ 43k h2k? k- a3k h2k2 N
Q/ @n? 2m’ / @n? om T wt N gvass

kv rk+ @3t a3k Q [k- k- a3 43
_/ (27)3 (27)3 Y-k~ / / (27r (21r)3 Ye-%)°
We will now explicitly go to the thermodynamic limit, i.e., we will let the

volume 2 and the particle number N go to infinity in such a way that the
densities (N4 /Q) and (N_/Q) remain constant. The momenta

will then remain constant, and it is clear that all energy contributions to
Eyp diverge in this limit. This is not surprising in view of the fact that the
energy is an extensive quantity. Consequently, we will instead consider the
Hartree—Fock energy per particle (or per unit volume). The kinetic energy
contributions can be evaluated by elementary integration, which yields the
following total contribution to the Hartree-Fock energy per particle:

EHF . h2 1 5 5 1 [N]
N ~ 10m.27Z(N/Q) (k++k-) tut g g ve=0
ke pre Bk &k
(27)3 (27)3 ¥(k-k)

k— rk_ d3k d3k
2(N/Q)/ / (27)3 (2m)3 “(k-R)’ (8:5)



Chapter 10

The homogeneous electron gas
in the Hartree—Fock
approximation

We will in this chapter discuss the interacting homogeneous electron gas,
also known as the free electron gas or the jellium model, as an example of
a translationally invariant system. This particular system can be thought
of as a model for many metals, if we assume that the charge density of
the positive ions of the metal is uniformly smeared out over the volume of
the system so that the electrons can move practically freely through the
material. This drastic assumption can only be expected to hold in some
sensc when the electrons which are bound to the ionic cores form closed
shells. The valence electrons are then only weakly bound and are therefore
only weakly localized in the crystal lattice. Hence, the electron gas can be
expected to give some reasonable results for the alkali metals, where the
valence electrons indeed are bound very weakly. In fact, we can describe
the cohesion of alkali metals rather well with the electron gas model in
the Hartree-Fock approximation. (While the cohesive forces of an ionic
crystal, such as NaCl, are the immediate result of the electrostatic attraction
between the ions, the cohesion of an alkali metal cannot be understood so
easily; it originates directly from the delocalization of the electrons, i.e.,
from the fact that binding the valence electrons to ‘many’ ion cores yiclds a
state of lower energy than the'state consisting of separate atoms.)
The complete Hamiltonian for the electron gas is

E:‘ﬁ{i'*'f{e'*‘{/—i-

Here H; is the electrostatic energy of the background ions:

H; = -—-/ d3R/ d3R""[(II:)”=R1}l' = /d3R/ $R 'Iiv/ﬂl):’r
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which is a simple constant. H, contains the kinetic energy of the electrons
as well as their mutual Coulomb repulsion:

i#)

and V,..; is the interaction of the electrons with the background ions. Hence,
V._; corresponds to the external potential U in the previous notation:

Vei = - f“3 B

We take the system to be a cube of volume 2. With the imposition of
periodic boundary conditions we can expand the Coulomb potential in a
Fourier series:

b

2 _ ,
-e—r‘l = éque'q'(r_') (10.1)
q
with
2

— 3p —iaR € _ 4_:’& forg #0

vqg= | d°Re = 2
R IRl | [ud®Rgy forg=0.

Using equation (10.1), we can write U as

e

q7#0

[ 1
- _|¥ li 24” /daR iq-(ri—R) /d3R/ #x 2
= " |ala: ¢ + x|

t=1 | q#0 & — - \—-.,,-—/
=Q6q,0 =0

L -0 i
_ N 3 82
= N [Q] / d°X X[ (10.2)

The fact that we here obtain a constant potential is a result of the artificially
imposed periodicity of the problem; we have to a certain extent solved the
Poisson equation with periodic boundary conditions.
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If we use equation (9.4) for the Hartree~Fock single-particle energies, the
external potential

= —(N/Q) / dle-—x—l

exactly cancels the direct term (N/Q)vo—p. As a result, the single-particle
energies become

(£) _ A2 /kt A3k’ 4me?

% T om @R k—K2

The constant energy contribution H; from the ionic background must
be included in the calculation of the total energy. Because of the imposed
periodicity, we obtain after the substitution X = R — R/ the result

1[N)? 3 3 p! e?
“ = ala) foR e o

- 3[8] / dSR/ X

= 3¥[q] / X i (103)

If we now use equation (9.5) for the Hartree-Fock energy per particle, the
constant term u and % (%’-) vq=0 exactly cancel the contribution from the
positive background, so that we obtain in total:

ESe8 N = Hi/N + Exe/N

h? 1 5 . .5
= 10m2x? (N/Q) (k3 +42)

k+ ke g3k 43k 4re?
2(N/Q)/ _/ (27)3 (2m)3 |k — K'|2

/ / a3k a3k’ 4me?
2(N/Q (27)3 (27)3 [k — K'|2°

We briefly indicate how to calculate the exchange integrals. We take the
z-axis in the integration over k’ to be parallel to k. Thus

k—k'2=(k—K)-(k-K)=k%+ k> — 2k’ cosé

where 6 is the angle between k’ and k. With this inserted in the exchange
integrals, we obtain
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2 ks
4re / IV S 1 :
(2m)3 Jo k -k
_ 4re? / LAY / /2" sin #dfdé¢
(27)3 Jo o Jo k24 k2% —2kk'cosf
With the variable substitution z = cos 8, this expression becomes
Ame? [kx dz
2 —0= k' dlc'/
23 / L k2 + k2 — 2kk'z

k4 k, k+ k'
_ ¢ !
Ry e

This integral can be evaluated by elementary methods. With the result for
the exchange integral we finally obtain for the single-particle energy:

B

In order to calculate the exchange-contribution to the total energy per par-
ticle, we must perform one additional one-dimensional integration over k.
This integral is also an elementary integral. The final result is

R2k? 2 1 ks + k
+ _ 2 *
k™ 2m w[k +2Ic(lci k)l ‘ki—k

e h? 1
“ges /N 5 1 S
N = {omas? NS (K3 +#2)

el
_W—(Njﬂ) (k4 +K2). (10.4)

We obtain a frequently used representation of the Hartree—Fock energy per
particle by expressing the Fermi momenta k4 and k_ in terms of the density

n= N
0
and the magnetization, or spin-polarization
Ny~ N_
S=—x

An unpolarized system then corresponds to the special case £ = 0, whereas
for £ = *1 we have a totally polarized (‘ferromagnetic’) system. From

- =N—Nj,sothat £ = ﬂyv_—N, it follows that

N_ = (1-€6N/2
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so that from equations (9.1) and (9.2) we obtain

ki = [6,91@/9] 7 [3,2 (%) (1 ig)]l/s = (3w2n)1/3(1 Le)l/3,

If we insert this expression in equation (10.4), we obtain

ES5/N = Ez—i:f’a(enr"n)z/sl[(1+£)“3’3+(1—f)5/3]

_62‘% (?mgn)l/ 1 [(1+£)4/3+(1 )4/3].

(10.5)

We obtain another representation of this result if, instead of expressing the
energy per particle as a function of density, we express it as a function of
the so-called Wigner-Seitz radius r;. This quantity is defined as the radius
of the sphere that contains the volume per particle of the system:

Q 1 4x
¥ o= ?rf. (10.6)

If we use this definition in equation (10.5) and furthermore express all lengths
in units of the Bohr radius as = %2/(me?), we obtain

ra— 92211
PN = { 3 laror e a-o]

_ 09161
[(1 O3 4+ (1- 5)5/3j } (10.7)
From this general formula we can, among other things, conclude that the

Hartree-Fock energy for the unpolarized electron gas is
e? [2.21 _ 0916
20, | r2

and that for the completely polarized electron gas we have

Ege®(€ = 1)/N < Egg®*(€ = 0)/N

Ege®"(E=0)/N = (10.8)

Ts

when r, is larger than 5.45a,. Hence, we should in this case expect a phase
transition to a ferromagnetic state. Unfortunately, there are no metals with
densities this low, so we cannot expect to observe such a phase transition.
Nevertheless, the electron gas model yields the correct result that the al-
kali metals, for which the model was originally constructed, are not fer-
romagnetic. Ferromagnetism in other, more complex materials, is a very
complicated phenomenon.

If we plot the energy per particle (for an unpolarized system) against r;,
we obtain the picture shown in figure 10.1.



84 THE HOMOGENEQUS ELECTRON GAS IN...

0.1

o
RSN LARARAREANAERRERORERE

~-gas 2
Ee /N le/2a)

[
(=]
a

12 14

=3
~N
&
o
o
a3

Figure 10.1 Ground state energy of the homogeneous electron gas in the
Hartree-Fock approximation plotted against rg.

Since on the one hand the Hartree—Fock energy is less than zero, and
on the other hand is an upper bound for the exact ground state energy, we
have proved that the system is bound. Thus, we have found a model for the
cohesion of alkali metals. The theoretically calculated values

(BSF8/N)min = _1.29eV, M = 4.83q,

agrees surprisingly well with experiments, which, for example for sodium
give
(Bar P /NP = —1.13eV, r¥*P = 3.96a..

In Chapter 7 we showed that the Hartree-Fock energy corresponds to
first order perturbation theory

Egr=EO +EM = (& | Ho | ®)+ (@ | H' | @) (10.9)

when the difference between the exact Hamiltonian and the Hartree-Fock
operator is treated as the perturbation:

Ho = Hyr, and ﬁ’:ﬁ-f{u,,:V-Zf}.
]

In a translationally invariant system in the present sense, equation (10.9)
also holds for the partition
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]
in which the entire particle—particle interaction is regarded as a perturbation.
Even if this assertion is quite obvious in view of the discussion above, we
will now explicitly go through the calculation for the electron gas. To do
that, we use the representation equation (5.6) of the Hamiltonian in second
quantization with Fourier components of the Coulomb potential given by
equation (10.1):

~

H = I}+V_'+}A]e

n 1
= A+ Ve +Z 5 ciocka + 55 (N2 = N) vg=o
k,o
47re
+-_ Z Z Z (k+q) o (k'—q) g'ckl o'ck o
q#0 ko ko’

The contribution from the Fourier component vq=q will be calculated sepa-
rately by using the fermion anti-commutation relations, equation (2.4). The
constant terms H;, V._; and N?/ (2Q)vq=0 cancel mutually (cf. equations
(10.1), (10.2) and (10.3)). The remaining constant expression

N N e?
——tnen = —— | A3R—
2090 = Taq /Q R|
can be neglected in the thermodynamic limit. To show this, we transform

the integral to an integral over the unit cube through the change of scale
given by R™®¥ = RO /[ The result is

N N 5 / 3, €2 cN
-——L BR = -
90 "e=0 T Tag BR[|~ 201/3
where ¢ is a constant which does not depend on volume. The corresponding
energy contribution per particle will thus vanish as Q~1/3 in the thermody-
namic limit.
In all, we are then left with

IS h2 kz ..T ) 1 4’"’8 AT
=2 5 %ot 3g > Z ‘(k+q),0 (k’—q) Byt o8k o

ko k. v, qQ#0
k',

(10.10)
We will now use this representation of the Hamiltonian to prove the state-
ment that we made above: the Hartree—-Fock energy of the electron gas
corresponds precisely to the zeroth and first order terms in perturbation
theory, if the entire interaction is regarded as a perturbation. Since the ze-
roth order terms immediately give us the kinetic energy of the electron gas,
we only need to show that the first-order matrix elements

1) - 4me? .
A Z Z 2 —(® | “(k+q).o (k' q),0'°k' 0 Cko | )
ko q#0

kl !
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of the ground state Slater determinant | ¢) precisely yield the exchange
term, which we calculated above, of the Hartree-Fock energy. The occurring
matrix elements can only be non-zero when the created states are the same
as the annihilated ones, i.c., when either

(k+q,0)=(K,0') and (k'—q,0')=(k,0)

or when
(k+q,0)=(k,0) and (k'—q,d')= (K, 7).

The second possibility is ruled out, since it is equivalent to @ = 0 and was
already excluded from the sum. The matrix element is then only non-zero
when q = k/ — k and ¢ = ¢/. We can then write
@1él &t byt ify o | D)
(k+q)0 “(k'—q),0' k'\0 k,o
= bq (k' —x)00.0' (2 | éL,,aéLaék,aék,a | ).

Because q # 0 and k/ = k + q, we always have that k' # k, and we can
anti-commute the two operators in the middle to obtain

_6(1'(“'_1‘)6”'”' (2| él',c ék'ﬂél,aék'o | @) = _5q.(k'—k) bo,0' Ty ko -
Thus, we have the first order energy contribution
(1 _ _ 47!'8

If we now choose the ground state occupation we discussed previously,
namely

N {0(k+ —k) for g ='4'
ko 6(k— —k) for o =*—’

we immediately obtain the previous exchange term

k— k.
(1)____
kz%k'z“‘ k’|2 Ql-gk,zuc k|2

which was what we wanted to prove.

At this point the question arises as to whether we can obtain parts of the
correlation energy in the same way by including higher order terms in the
perturbation expansion. The question can indeed in principle be answered
with a yes, but the calculation is anything but simple. It turns out that
every order in perturbation theory beyond the present one diverges. Only
the summation of the entire perturbation series, or at least infinite sub-series,
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which is possible for the limiting case of ry — 0 by diagrammatical methods,
leaves a finite, sensible result. It is possible to overcome these problems, but
only at a great effort until we have had a detailed discussion of Feynman
diagrams. We will first discuss another possible way of considering at least
a part of the correlation energy. This possibility comes from the observation
that the main reason for the divergence of the higher order perturbation
terms originates in the long-range tail of the Coulomb potential. Hence, one
thing that seems natural to do is to divide the total Coulomb interaction into
a short-range and a long-range part. We can then calculate the correlation
energy of the short-range part by, for example, perturbation theory, since
this part should not give rise to divergent expressions. However, a non-
perturbative approach (or infinite order summation) is required to calculate
the long-range correlation energy. The division into a long-range and a
short-range part can be done in the following way:

T ﬁ 41!'62 k- i-r;) ﬁ2 " "
H=2 om 222 e T =Y Vet Vi
i i#£7 k#0 o
where
4 N
A D) Pt (10.1)
z;éJ k>ke
and
3P IE L (10.12)
i#j k<kc

Here the limiting momentum k. is a suitably chosen constant. We will return
later to how to determine this constant. The Fourier transform of Vs,.

Z 47!'/Qe,‘k.(,‘._r)) _ F(kciri —r;l)
—— =

k> ke |ri B rjl

F(y):l—g‘/oySi—n(-ﬂdzzl—%Si(y)

T T

where

shows that V,, indeed is a short-range potential: it follows from the proper-
ties of the sine-integral, Si(z), that for large y this function tends to zero in
an oscillatory fashion and that the function value F(0) is unity. Thus, we
obtain a reasonable screened Coulomb potential in this case.

The long-range part, which is just the difference between the exact
Coulomb potential and the the short-range part Vg, i.e.

0= (2/m)8Si(ke|r; —r;]) .
|r; -—r_,]
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is finite for r; — r; = 0, where it assumes the value (2/m)k..
We conclude this chapter by stating the result for the short-range corre-
lation energy from second-order perturbation theory. We have to calculate

N 2
(‘I’n I Vsr ‘QO)
corr — . E, — EO

Here ®¢ is the Slater determinant of plane waves in the ground state oc-
cupation and Ep is the corresponding kinetic energy (the expectation value
of Hp). The summation runs in principle over the complete system of all
configurations Py, which can be constructed from plane waves. However,
the matrix element

(@n | Var | @o)

1 47['62 -1 . . R
= m Z Z k2 ((bﬂ IC(D+k)062p'—k)o’cp'0'cpa |¢0)

vanishes whenever ®,, differs from ®q in more than the configuration of two
orbitals. This reduces drastically the number of terms in the sum. The
remaining terms can be integrated approximately (see Raimes [3]). The
dominant contributions in (k./kg) are

2

Eer/N = [3 (1-1n2)ln (kc/kp)zJ — 4+ C. (10.13)
T 2ao

We give a heuristic estimate due to Raimes (3] for the constant C

g2
C = -0.0095—

2a0
So long as the value of k. is not determined, this result is not very useful.
The final determination of k. will be carried out in the next chapter, where
we will discuss the long-range correlation in terms of plasma oscillations.



Chapter 11

Long-range correlations in the
electron-gas: plasmons

A gas of charged particles, which move against the background of oppo-
sitely charged particles, is called a neutral plasma. It is known from clas-
sical physics, for example from gas discharge tubes, that such systems can
exhibit collective density oscillations, so-called plasma oscillations. The fun-
damental frequency of such oscillations can easily be derived from classical
considerations: let us assume that we displace a part of the total charge a
distance x. If n is the particle density of these charges, a polarization

P = nex
will arise. This polarization will in its turn give rise to an electric field
E = —47P.

This field acts as a restoring force eE on the displaced charges. Their motion
can then be described by Newton’s equation

mx = —4rne®x.
This is the equation of a harmonic oscillator with the frequency

47e?n

(11.1)

wp = -
which is generally called the plasma frequency.

One would then expect that the electron gas in metals can also display
such plasma oscillations, and there is indeed clear experimental evidence for
this: if the metal is bombarded with electrons of a fixed energy, the energy
loss spectrum, i.e., the fraction N(AFE)/N of the electrons which have lost

89
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an energy AFE, will show clear maxima at integer multiples of hw,. These
electrons have excited one or several quanta of plasma oscillation, which are
called plasmons.

If we use the definition equation (10.6) of the atomic radius rs, we can
write the plasma frequency in terms of this quantity:

3 e?
hwy = r:: 2o
For metallic densities, we obtain values of hw, between 3 and 30 eV. Com-
pared to thermal excitations of electrons at room temperature, which are
approximately of an energy of 0.02 eV, this is a very large value.
Since such plasma oscillations can occur in the electron gas, it is natural
to attempt to transform the Hamiltonian to a form which contains an explicit
harmonic-oscillator part of the form

= (BB +w20L k)

with suitable collective coordinates @y and corresponding momenta Fy.
Such a procedure was first suggested by Bohm and Pines [5]. The transfor-
mation of the Hamiltonian consists of several steps: first we find appropriate
collective coordinates

Qx = Qx(t1,...,TN)

which are written as functions of the electron coordinates. We do not gain
much so long as we merely express a part of the Hamiltonian in these col-
lective coordinates. Rather, the crucial point is to introduce independent
variables Q) , and impose the constraint that

Qy corresponds to  Qy = Qy (&)

We will see under what conditions we can replace the operators ék with the
operators Q. In principle, we are looking for a solution of the Schrodinger
equation

H(f;, p:)¥(r;) = E¥(ry)

such that ¥(r;) is independent of Qy, i.e.,

0
—¥ =0
0Qx
Expressed in terms of the canonical momentum f’k = —ihs&, this condi-

tion becomes
Pyy =0. (11.2)
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Under this condition, we can transform the Schrodinger equation by adding
zero to it: X _

(B Bi) + H(Be)) U(r:) = BY(r).
We will finally bring this transformed Schrodinger equation to the desired

form by acting on it with a unitary transformation U so that the resulting
equation

ot (A + ) 0] te] =& [0t9] (11.3)
v’ J U7
=H(Qx, Pic ri P;) =¥ (Qx i)

contains a harmonic-oscillator part. The transformed wavefunction depends
explicitly on the collective coordinates. We are, however, interested in a
solution such that it satisfies the transformed condition equation (11.2):

0 = (tﬁﬁkﬁ) Ot (¥(r;))

= (0Tﬁk[7) ¥(r;, Qx)-
We will solve the problem that we have obtained in this way by using per-
turbation theory. We will take the oscillator part and the remaining kinetic
energy of the electrons as the unperturbed Hamiltonian Hy. Thus, the ze-
roth order wavefunction will be constructed from the product of a Slater
determinant of plane waves and oscillator wavefunctions in the collective
coordinates. In what now follows, we will discuss the individual steps of the

transformation in detail.
To define the collective coordinates, we first consider the Fourier expan-

sion of the density:
_ éz o ek
k

where
Pk = /p(r)e_ik"dar.

If we interpret the density as matrix elements of the density operator j(r)
introduced earlier (c¢f. Chapter 6)

p(r) = (¥ | 4(x) | T)

and introduce the operators gy by

Px = (¥ | px | ¥)

we can also interpret the Fourier expansion as an operator equation:

p(r Qze1kr~
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Explicitly, the Fourier components are
- /ﬁ(r)e—ik-l‘d:;r
N .
= / S 6(r— ;)| etk
i=1

N k&
— e—t -r,'-

©
~
I

These momentum components correspond to small density packages which
execute oscillations according to the aforementioned classical considerations.
It is then natural to choose these as collective coordinates. For convenience
we will however include a constant and define

Qx () = iMypy

where

4re?
k2

M, =
We have

N N

-\t ik-d! ~i(=k)-E, _ ~

(B)T=) e i=)"e = p-k
=1 =1

which implies that

-~
~

Qx = —5-k

~
-~

in agreement with the property of @) that it changes the momentum of a
plane wave @, (r,) = exp(ik’ - ry)/\/fg by k:

iMke—iknr,, eik'-ru

5[(901/(1'1/) = \/ﬁ

T

- Va

Hence, the operators ék are not self-adjoint.
We can then formally rewrite the entire Coulomb interaction as
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N 9
B YA 33 et
1=1 l‘;—Jl k#0
N .2
_ _p_ 47re ok (Fi=F5) _ 4me?
$ vy
= L kWk — % .
i=1 2m k;eo 2 k30 ko

Since the plasma oscillations represent the motions of many electrons,
the oscillations are mostly due to the long-range part of the Coulomb in-
teractions. Therefore, it seems reasonable to perform the transformation
to collective coordinates only for this part of the interaction, and to leave
the short-range part as a function of the electron coordinates. With the
partition of the Coulomb potential interaction into a long-range part and a
short-range part that we derived in the previous chapter (equations (10.11)
and (10.12)), we obtain

N =2 At -
. p? 1 2t & .
H:Z-2—+§ ) (Qka-NM§)+vs,.

Up to this point we have merely rewritten the Hamiltonian. In the next
step we will introduce @y as independent coordinates. (In the end, these

will of course replace the ék) We demand that Qy satisfy
Qf = —Q(—k)-
For the canonically conjugated operators, Py, it follows from
[Qk,f’k'] = théy
that
5t pt 5 a1t : *
[Qk,Pk,] . [Qk,Pk,] = - (mak‘k,) = iRéy -
These commutation relations are consistent only if
AT _ -
Py = —F-x
since then

@ Al] = [0y Al = —ifdy

= —-Zhékl'(_k) = [Qk" (p(—k))l :
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We should also note that the collective operators Qk of course must commute

with one another just as the Qk.
For the additional term, we choose the operator

3 (1) a3 (1n i)

k<kc k<kec

e
N

which, in a field-theoretical language, describes a free field }?k and the inter-

action of this field with the electron field gy. The operator H is self-adjoint,
which one readily confirms from the remarks above and by renaming the

summation indices k — ~k (Qj and Py commute, since they act on differ-
ent sets of coordinates). Apparently H gives no contribution when acting

on the solution function that we are looking for (see equation (11.2). For
the transformation U we take

* [ 4 a
U = exp 'HhEQLQk

k<ke

1 A )
= exp|~¢ E QLMkPk] .

k<ke

The operator [/ defined in this way is unitary, since

0= oo |-i ¥ Bl
|7 k<ke
- o0 |4 T () (ew) | =0

By using the identity

exp(—S)Aexp(+5) = A+ [A, A]

provided
4.5 -0
we can quickly derive the following relations:
Utowl = Qi
OOl = Qx
80 = r;
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sttty pt t 3 5 5
UtAO = Pk+{P=ﬁZQEQR}

k<kc
= Pl+Q
AN R 2 a4
U'p,0 = pi+ I:Pisﬁ 3 QLM ek ”}
. k<k, 2
= Pi+ Y 7 kaMk Zh&,,(—k)e-* Fj
k<kc
= p‘--i- Z kMkQ};e 1k ‘T
k<ke
= b+ Z kM Oyt
k<ke

We write these relations once again in an abbreviated form:
Q(new) Q(old i.(new) — i‘(old) Pl((new) _ Plsold) 4 6£01d/new)
t K3

and

(old/new)
l?,f.new) - f)‘l(old) + Z QkkMkeik'f‘
k<ke
With the help of these relations we can immediately calculate the trans-
formed Hamiltonian (cf. equation (11.3)):

. [ g2
’H:[ 2"—;”+V,,} + B+ BD 4 B, (11.4)
v=1
where
. 1 4 - 2 At A 4re?
Hp] = § Z [Plipk'f‘prLQk—Nm]
"é’B‘
(] M
B, = Z Do Gk (2B — Bk) Qe
=1 0<k<kc

FUD _ Z > MMy, KOy Oy et EHE) 4

¢ 2m
t=1 o<kki<k,
—k#k!
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Thus, we obtain one part which only depends on the electron coordinates
p; and ¥; and which describes an electron gas with short-range interac-
tions. Furthermore, we have an harmonic-oscillator part in the collective
coordinates, which reproduces the plasma oscillations, and, finally, we have
two terms which contain both particle and collective coordinates and which
consequently describe an. electron-plasmon interaction.

To understand the individual contributions better, we go over to second
quantization. To do this, we first define the usual oscillator creation and
annihtlation operators (the non-hermiticity of the operators B, and @ can
easily be taken into account and does not lead to any complications):

I;L = —;ﬁw—p(wpéi—iﬁ'k)
i _2155; (wpQu +iP])

For these operators, we have
o4 = 1 At A . a4 oa A A
b = oo (w2QLQu + PcP] + iwpQL P — iwp Ay )
P
and furthermore, with [Qk, f’k] = if, we have
4 1 iy = A4 - _ At A
b by = T (w301 Qu + A A +iwp (QLA! - Quc) — hwy)
Analogously, we obtain the relation
.. 1 it s iy _ iy . . .
bibl = T (w2@L@x + Al A + iy (QLA] - Qi) + oy -
From these relations the commutation relation
[ék,i)u =1
follows. Thus, the plasmons are bosons, which is what we would expect of

oscillator quanta.
Furthermore, we have

Z hwp (Blék + %)
0<k<kc
= Y 5 [wB0L0u+ BlAu+ i (OLB - Q)]
0<k<ke
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In this last expression, we see that the part

—zwp S (QLA! - Quh)

0<k<ke

vanishes if we insert the relations QL = —Q_y and Pl = —P_ and take
into account that for each vector k in the sphere with radius k., the vector
—k is also contained in the sphere:

S aA = Y (04) (Pa) = T &k
0<k<ke 0<k<ke 0<k<k.

We can then write the part of the Hamiltonian that only contains the plas-
mons in the following form:

2
N 243 1 N 2mre
Ay = kz [hw,, (bkbk+ 5) - ﬁk_2] . (11.5)
<kc
k#0

We can now write the operator H ( )pl in second quantization with respect
to the electron coordinates. By using

<plo,l I eik-x‘ | pg‘) = 50’,0"6p',(k+p)

f{g)pl = 2 2 {;V,I: (2k '—hkz) Que'c™

i 0<k<ke

k3#0
M P .
k#0

We invert the definition of the plasmon creation and annihilation operators,

Qk=\/Z(Bk—bf )

and with this result we obtain

i, =Ty ok (2k .p — hk?)
"70<k<kc

x (el ypotpo - b*_kélt potpe) - (11.6)
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This operator describes processes in which the momentum of an electron
increases an amount k by absorbing (annihilating} a plasmon with momen-
tumn k (the first term), or by emitting (creating) a plasmon with momentum
—k (the second term).

I)l

The second electron—plasmon interaction operator f{éip
ted for the reason that it contains the sum over the phase factors

N
z ef(k'-l—k)-r.'

1=1

is usually omit-

which vanishes for a random distribution of the electron coordinates r;. This
approximation is known as the random phase approzimation (RPA). If we
write this operator in second quantization, we obtain

yUI) hwp (kY (K
He—Pl - Z Z 4N (k) (k’
o<k, k'<kc PO
~k#k/

Sh it Bt it b bt 1at ,
X [bkbk' + b—kb—-kl - b_kbkl - bkb—k'] C(k+k,+p)a0p'o.
(11.7)

Thus, when we neglect this part, we neglect all processes where the momen-
tum of an electron increases by an amount (k + k') either by absorbing two
plasmons (with momenta k, k') or by emitting two plasmons (with momenta
—k, —k’), or by absorbing and emitting one plasmons of cach momentum
+k and £k’

In summary, we have cast the original Hamiltonian into a form that con-
tains two different kinds of particles, electrons and plasmons, and where the
electrons interact both with the plasmons as well as with one another. How-
ever, the interactions between the electrons are now only short-ranged. The
question whether the transformation is useful can ultimately be answered
in more detail beyond the simple arguments given so far, if we can show
that the interaction term is small. This is indeed the case. The tedious
calculations will not be carried through in detail here. It suffices to say
that this can be proved by another unitary transformation, after which the
remainder is truly negligible. This transformation changes the up till now
large terms so that the electrons acquires an effective k-dependent mass and
that the plasmons acquire a k-dependent eigenfrequerncy, so that they both
show dispersion:

m —m*(k) and wp — w(k).

In the following considerations, we will totally ignore these small effects and
calculate the ground state energy in first-order perturbation theory.
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We choose the interaction-free term as Hy:
L A
Ho = Y+ H
0 Z om +
=1
The wavefunction is then to zeroth order given by

¥o(Qxk, z:i) = i(Qk)®(z;)

where the collective part is a prociuct of oscillator ground state functions

W(Qk) =C H e_(1/2)(wp/h')Q)‘¢Qk
0<k<k,

(C is a normalization constant), while the electron part is the usual Slater
determinant of plane waves;

&(z;) = _\/=k<dket [eikf'r‘ xgj(s.-)] :

The zeroth-order energy is
‘°>—<wor2—+11|wo> <1>|Z +{e | Al | 9).

The kinetic energy has already been calculated in the previous section (cf.
equation (10.8)), with the result

HRATRLE SR

For the plasmon contribution, we use the fact that since we are calculating
the ground state energy, we only need the energy of the zero-point motions:

. hwp N 2me?
(vl Aptlp) = 2[2 B kz]
k<ke
k#0
Q ke hw N 2rxe?
= k2dk | —£ ~ —
@l T [2 Q ki’]
_ Qhwpkd  Nek.
T 1272 T

With k:},- = 3#% and the definition 8 = k./kg, this expression takes the
form

(30 l le l ‘P) _thpﬂa - —Nezkpﬂ
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We regard the short-range part of the electron—electron interaction as a
perturbation and obtain the first-order correction to the ground state energy.

The operator A ii)pl! which we can readily express in second quantization,
changes the plasmon number; thus, any matrix element betweer states of
equal plasmon number will vanish. In particular, this holds for the expec-
tation value involving | ¥g), so that this part of the Hamiltonian does not

contribute to E(1),

EQN = (Wo | Vir | o) = (&) Vir | B)

4re 1

= - > iTuwm
{2 kki<kp Ik k|

[k=k!|>kp
‘ 2 2 kp kp

- e 2 / d%k R

Q| (27) k-k|>kp k=K

This integral can be evaluated by elementary integrations (see, for example,
Raimes [4]. The result is

3Ne?k 2 1.
EM) = _.4.;_1‘“ (1 + % - %) + ;Nezkpﬂ.

With hw, = \/ﬁ/rf/z [e2/a,], we then oblain in all

2 48

£O 4 B _ N {2.21 L 0.88665° 0916 (1 32 54)} ;2 |
o

- —. (11.8
r2 r_?/2 rs (11.8)

Thus, we have calculated the energy as a function of the so far unknown
quantity 3, or, equivalently, k.. The following considerations will show that
we may determine 8 by minimizing the encrgy £ ©) + E(1) with respect to
3. We have

£ 4 g(1) (P | Te + f{pl + Var + ﬁg—)pl | ¢2)
I

o~ A, e (I
= (p0 | T+ Ay + Var + A+ B, | o)
st (LB - (I X ERY
= (90| 010 (T + A+ AD + 8D, + V) 010 | p@)
= (Up®| A+ H|Up)
= (Upd | B | Upd).

After integrating over the plasmon coordinates, the expectation value of the
original Hamiltonian in the electron part of the wavefunction remains. This
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part is not the exact ground state, but only an approximation of it. In
particular, this wavefunction in this approximation depends on k.:

E® 4+ M) = (W(k,) | H | ©(kc))-

By Ritz’ theorem, we will obtain an upper bound for the ground state en-
ergy when we minimize with respect to k.. The very small contribution
proportional to 4% in equation (11.8) will then be negligible (a more carsful
consideration will show that this term is of the same order as contributions
already neglected in the present approximation), and we obtain

ke = 0.677rs /% = 0.353r 7V 2k

which gives
8 = 0.353r3/2.

As an example to illustrate the order of magnitude, we consider sodium,
for which r; &~ 4a,. This yields 8 = 0.71 and Icc'1 = 2.95 ao, so that the
remaining short-range forces are indeed limited to only a few neighboring
electrons.

With 8 fixed in this way, the energy, equation (11.8), is then finally
determined. In this calculation, the constraint equation (11.2) was however
disregarded. One can easily convince oneself that the transformed constraint

0 = (UTP(Old) )UT‘I’(Old) (:L‘J')
- (A E) s

is not satisfied by the above wavefunction ¥g (Qy, ;) = ¢(Qx®(z;). How-
ever, it can be shown [6], that a small change in the wavefunction so that it
satisfies equation (11.9), has a ncgligible eftect on the ground slale energy.
However, a corresponding statement does not necessarily hold for other ob-
servables of the system.

It should be emphasized that the energy, equation (11.8), obtained by
this projection contains part of the long-ranged correlation energy due to
the transformation to collective coordinates that was carried through. To
isolate this contribution, we subtract the Hartree-Fock cnecrgy, equation
(10.8). Using the value determined above for 3, we obtain per particle

EGIN = (EO+BW - B58%) /N
_ 0.458 0.866 o5 0019 4 e?
- ( s B + 3/2ﬂ rg ﬂ)an
2

(4
200
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We can now finally give a definite value for the short-ranged correlation
energy, equation (10.13), that was calculated in the end of the previous
chapter. We obtain per particle:

2
EED /N = (0.06221n(r,) ~ 0.139) eT +0(rs).
[o]

If we add the long-range and short-range contributions, we obtain in total
for the correlation energy per particle:

2
Ecore/N = (0.06221n(rs) ~ 0.158) —ea— (11.10)
[o]

We will later derive this approximation for the correlation energy of the free
electron gas by using the perturbation theory of Gell-Mann and Brueckner
(Chapter 22).



Chapter 12

Phonons

We have in the last two chapters approximated the ion lattice in a metal by a
constant charge distribution. This is obviously a very rough approximation
which only leads to semi-reasonable quantitative results for a few simple
metals. A better approximation is obtained by using the Hamiltonian

where
9 g N
- D e 1 -
¢ ; 2m .,;1 r; = r;] ©
1 3
. o1
=1 7 k=1
2#k
) N J
Veai = Z Z Ve—i (rn — Rj) .
n=13=1

This is also an approximation, since we are treating the ions as particles
without inner structure with a fixed interaclion potential W. We abbreviate
the set of electron coordinates by

r=(ry,...,rN)
and the set of ion coordinates by
R=(Ry,....,Ry)
so that we can write the Hamiltonian as

H = H(r,R) = Hi(R)+ He(x) + Vei(n, B).

103
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We will search for solutions of the full Schrodinger equation
A¥o(r,R) = En¥a(z,R)

where the ionic motion is coupled to the electronic motions. A partial decou-
pling can be obtained by the so-called Born-Oppenheimer approzimation.
This approximation is based on the large mass difference between the elec-
trons and the ions. Because of this mass difference, the ions move much
more slowly in their oscillations about their equilibrium positions than the
electrons. Consequently, the electrons are approximately in a stationary
state for each instantaneous configuration of the ions. Conversely, for each
instantaneous configuration, the electron cloud will slightly modify the ion-
lon interactions by screening them.
Thus, we first of all solve the electronic Schrodinger equation

[ffe(;) + Ve—i(ﬁﬂ)} ¥m(z,R) = ¢n(R)Ym(x, R) (12.1)

for each fixed set of ion coordinates R. For each fixed R, {¢¥m(r,R)} is a
complete system in the electron many-particle Hilbert space. For fixed R,
we can then expand the exact many-body wavefunction:

‘I’n(E, E) = Z Xnm(ﬂ)‘/’m (L 3)
m=1

We obtain a set of expansion coefficients xpm for each R. We insert this
completely general representation of ¥, (r, R) in the full Schrodinger equa-
tion to obtain

> ¥m(®R) [ + WER)| xum(B) + 3 xnm (R) [T (R} (x, R)]

+ 3 xom(B) [Te + V 4 Veus| $m(,B) = Bn 3 xom (R)9m (1, R).

=t (R)¥m(r,R)

If we multiply this equation by ¥, (r, R), intcgrate over the electron coordi-
nates d3¥r, and use the orthogonality of v¥,,, we arrive at

[f} +W(R)+ ek(ljg)} Xrk(R) + ) Xnm (R)(¥x | TH(R) | ¥m)

= ‘ank(E)'

Here, the matrix elements (i, | Ti(R) | ¥m) are functions of R, since
we integrated only over the electron coordinates. We result is a system of
infinitely many coupled equation. The Born-Oppenheimer approximation
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consists of neglecting the off-diagonal matrix elements (¥ | Ti(R) | ¥m)-
In this way, we obtain the approximate equation

T+ W(R) + x(R) + (%5 | TH(R) | 9)] xnk(R) = Enxar(R)  (122)

where the electron eigenvalues ¢ and the matrix elements (¥ | T} | ¥p)
act as potential terms for the ionic motions. We can solve the Schrodinger
equation (12.2) for the ionic motion and the electron Schrodinger equation
(12.1) separately. If the conditions for the validity of the Born-Oppenheimer
approximation, which were described in the beginning of this chapter, are
satisfied, we can assume that the neglected matrix elements are small. This
assumption can be shown to be correct at the end of the calculations.

The electronic Schrédinger equation must in principle be solved for each
set of fixed ion coordinates R. This is of course not possible, but it is
not even necessary for solids. We know from experie~ce that in practice,
only the equilibrium position of the crystal lattice is 1. iportant. Therefore,
it is natural to expand all the occurring potentials about the equilibrium
positions. Before we do this, however, we make a brief digression to discuss
the equilibrium positions themselves, i.e., the crystal lattice.

An ideal crystal lattice is a periodic arrangement of points, which are
invariant under so-called primitive translations

Rr(n?) = myay + maag + mzas, m; € 2

where Z is the set of integers. The choice of the linearly independent vectors
a; is not unique, which is clear from figure 12.1, The set of these points is

. . . . o O . © e O
0O (o] o]
* ® ° . 00 .O 4 O
O (o] o]
° . . °
a a a
2‘ 2 Z . oo:Basis
a, a, a,

Figure 12.1 For this diatomic crystal, the basis contains two atoms. A few
choices for primitive translation vectors are shown.

also known as a Bravais lattice. The individual Bravais lattices are classified
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according to additional point symmetry operations, such as rotations or re-
flections. Because of the simultaneous constraint of translational symmetry,
the number of geometrically different point lattices is severely reduced; for
example, there are five in two dimensions, and in three dimensions there are
14 different Bravais lattices.

If each point in the Bravais lattice is assigned a basis, which can consist
of one or several atoms or ions, we obtain the real crystal. It should be em-
phasized that the point symmetries of the Bravais lattice are not necessarily
point symmetries of the crystal, since the basis can break these symmetries,
if it consists of several atoms. For example, the right-angle Bravais lattice
pictured in figure 12.1 is symmetric under reflection in horizontal and verti-
cal lines cutting the unit cells in half, whereas the crystal! with the indicated
basis is not.

The parallelepipedes spanned by the vectors a; form the unit cells of
the lattice. The unit cells completely fill the entire space. However, most
frequently one uses other unit cells, the so-called Wigner—Seitz cells. These
are constructed by drawing all lines which are perpendicular bisectors of the
lines from a particular lattice point to all its nearest neighbors, as shown
in figure 12.2. The unit cells constructed in this way have the advantage

Figure 12.2 Construction of the Wigner-Seitz cell for a hexagonal lattice.

that they are invariant under the poinl symmetry of the lattice. These
symmetries are clearly seen, as in the hexagonal Bravais lattice illustrated
above.

We now define new basis vectors by

a; X a2
(ay -ag x a3)’

a2 X as _
72 =
(a1 - a3 x a3) (a7 - az x a3)

az X a3

b]E b3.=_

The components of any vector in one or the other basis are called contra
and covariant components, respectively, in vector calculus.
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Given any vectors x = zja; + z2a2 + z3az and y = y1 by + y2b2 + y3bg,
it follows that the scalar product of them is

Xy =z151 + z2y2 + Z3Y3.
The union of the points
G, = n;(27b;) + n3(27b3) 4+ n3(27b3) with n; € 2

is called the reciprocal lattice (of the original lattice). The origin of the
name comes from the fact that the basis vectors b; have the dimension of a

reciprocal length. As is easily verified, the lattices Rg,?) and G, are mutually
reciprocal, so that the reciprocal lattice of Gy, is the original (real-space)
lattice R(mo).

The Wigner-Seitz cell of the reciprocal lattice Gy, is called the Brillouin
zone. The scalar product of a lattice vector and a reciprocal lattice vector
follows from the general scalar product above:

We will frequently use this relation.

Let us now consider a macroscopic volume 2 with sides Lya;, Loas and
L3ag, so that the volume contains Lj - L9 - L3 unit cells. For the sake of
simplicity, we will in the remainder of this section consider only monatomic
crystals, in which the unit cell only contains a single atom or ion. The
number of ions, J, is then equal to the number of unit cells:

J=1Ly Ly-Ls.

To describe the extensive properties of the crystal, we will apply periodic
boundary conditions in all three directions a; so that we imagine the system
continued periodically in these directions. (We recognize this procedure from
the discussion of translationally invariant systems.) Each group of transla-
tions along a; (4 = 1,2,3) then becomes a cyclic group of order L;. Because
each such group then is an abelian group, it has only one-dimensional irre-
ducible representations, i.e., the representations are numbers in the complex
plane. From the fact that cach group is cyclic, it follows that these numbers
are the L; roots of unity, i.e., complex numbers whose L;th power is unity.
These numbers lie on the unit circle in the complex plane. The irreducible
representations of each group can then be written exp(ig;b; - a;), where
g; = 2wn;/L; with n; € Z. The irreducible representations of the element

Rg,?) of the full translation group of the crystal, which is a product of the
cyclic groups, are then

(0)> _ iqRQ . q = ¢1b1 + ¢2b2 + ¢3bs
Tq (Rm =e7m  with g; = 2wn;[L; with n; € Z.
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Since this representation matrix is one-dimensional, it is identical to its
group characters. From the orthogonality of characters we readily obtain
the following two results:

L,
) SRS _ {J for R = 0
ni=1 0 otherwise
L; : .
z eiq.Rﬁ,‘Z) _ [ J for q a reciprocal lattice vector G
; 0 otherwise.
mi=
In the first of these two equations, the summation over n; = 1,...,L; in-

cludes all g-vectors which lie in the unit cells spanned by the vectors b;.
Instead, we can of course sum over the Brillouin zone (BZ). If we also use

Rgr?) = mja) + maaz + mgzaz =0

only if m = (mj,mg, m3) = (0,0, 0), we can use the shorter notation

. (9
Y eBm = g (12.4)
q€BZ

. w(0)
Yo frBm = JAq. (12.5)
R®en

In equation (12.5), we have used A to denote a Kronecker-delta modulus
reciprocal lattice vector G.

That concludes the short digression on crystal lattices.

We will now further analyze the Schrodinger equation, equation (12.2),
for the ionic motion. To do so, we begin by collecting all potential energy
terms into one total potential, W(R;,..., R J)_Land for ease of notation we

will not explicitly indicate the dependence of W on the electronic state ;.
The Schrodinger equation then becomes

[f‘i + W(B_)] Xe(R) = Egxe(R).

Because the ions in a solid body essentially stay at the lattice sites, we can
expand W about these equilibrium positions. With R; = Rgo) + u;, we
obtain

W(R1,...,R;) = WERD, .. RO
J
+ Z Um VRMW
m=1 &(0)
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J 3
[T,
D, D umunAln
'm‘nzlp.,uzl
J

3
|
t L 2 uhuwnwBh+
"mnl=1pw =1

The coefficients are derived from the ion-ion potential, for example
82w
ORmOR;, R(®) '
The linear term in this expansion vanishes, since each coefficient is precisely
the sum of all forces acting on each ion, and this force must be zero from

the definition of the equilibrium position. Thus, we can approximately write
the Hamiltonian for the ionic motion as

j} + W(E) = W(B_(o)) + f[ph + ﬁph—ph

uyo _
Amn -

where
2 W 5 Z 2 uh un Ay (12.6)
= ~
and
: A
th—ph— Z Z b ulu)} B, (12.7)

'mnl =1pw,A=1

The first term, 1717(3(0)), 1s constant and is not interesting for the discussion
on ionic motion.

We will now examine f{ph a little more closely. To do so, we will, just
as we did for the plasmons, make a transformation to collective oscillator
coordinates, so-called normal coordinales:

- 1 . . 'R(o)
U E\/_ Z b et EM  =1,2 3.
R{Yen

Here the sum extends over all lattice points in the system volume Q. This
definition holds for arbitrary vectors q. From cquation (12.3), however, we
see that for any reciprocal lattice vector G

Ug+a = Uq

so it is customary to discuss the normal coordinates only for vectors q in the
first Brillouin zone. Furthermore, it is convenient to restrict the discussion
to the discrete set of vectors q

ny

q =q;b; + g2bas + g3bz with ¢g; = ‘ZWF, n; € 2.
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This set of vectors is quasi-continuous. We can with the help of the theorem
(12.4) derive the inverse relation

@ _ La 1 iq- (RO R (O A
ZU" ARm = 3T a5 Y R R o

quz RO q€BZ

»)

=6m,n

We introduce the operators

- 0
Py =- —ih——p
q
Ug
which are conjugate to the normal coordinates U & - The momentum operator
p; can then be expressed in terms of P

9 8 3. oUy
p¥ = —ih = —th—— = —th
Pm aRE 5P, qul; Bul, aUv
. buv © 8
= —ik Z Z Yuv —iq-Rs,
qEBZ2 v=1 8Ug
= L Z e ' Rsn)pq
VI 55

The inverse relation can be obtained from equation (12.5) as

Z ezqRS,,)pm - Z pu_ Z e+i(‘l"l')'R$3)

R(O)EQ q’'€BZ ng) 39

_  pw
= P
Yor the coordinates defined in this way, we apparently have

5t

Ug=U_q and f’L =P_q.

Next, we express the kinetic energy, equation (12.6), in the new coordinates:

1 ' (0) B
._2: P = }: E: -#q+a")-Rm :
M & Pm Pm = 2M 7T ' Pa
m qQ'€BZ_ m

7

-
=Ag q

1 ~ . t =
537 2 P-a-Pa= Z Pq - Py,
q€B2 qEBZ
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Instead of summing over all R,(,?) = mya; + moap + mgzas in 2, we have
here surnmed over all integer vectors m = (my, ma, m3).
An analogous calculation for the potential energy yields

pEene EES T, e

m,n u,Vv mmnapuy - q',qeBZ
: (0] (pi®)_Rrlo)
} X Uy T -2 gy
QEBZ 2314 n

We can simplify this expression by writing
0
R£°’ - RSn) = mia) + nzaz + nzaz — mia; — Mmaaz — M3a3 = Rio_)m
for the difference between lattice vectors. To further simplify the expression
for the potential energy, we examine in which way the matrix
255w (C 0 0 0
on_ WEP. RO RO R
e OR2OR} Ra=Rj

Ry=R{")

displays the translational invariance of the problem. For a constant vector
C and X,;, = R,, — C we have (‘)/(91?#n = 8/8X}, and because of the
translational invariance of the ion—ion potential

W(Rs,...,Ry) = W(Xy,...,Xy)
we also have
2 w(x{” ... X, ... X,... XDy

axeax® X=X
@~ (0)
x,,=xb

A% —

ab —

In particular, if we choose C = R,(IO), we obtain
oW
Af = ——— = Af . (12.8)
0XgoX, =0 '
Xym R(o) RON R(®).

We can then sum the expression
R _R(®
Z (R AR
n

over the difference k = n—m for each fixed m by using the periodic boundary
conditions:

. (0) (0) {0)
Ze1Q'(Rn —Bim’) gy — Z Ry AS“; = AL (12.9)
X
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With equations (12.8) and (12.9), the potential energy can be written

Z SO0y E ifata’)RiD) puv

qq 'eBZ uwW .
=A a.q'
I v H»V
D IPMUNAY:
qEBZ Ky

If we use a matrix notation, this expression can be written

qEBZ

We now proceed to show that the 3 x 3-matrix Aq is symmetric for each q.
First of all, we have

AR = 4%8 (12.10)

—a,—b
since —_ - —
2w 8w 8w
OR2OR]  8(-R2)d(—-RY) oOR*, 6R",
Furthermore, we can interchange the order in which the two derivatives are
taken, so that

A5 = AfS (12.11)
If we combine equations (12.11), (12.8) and (12.10), we oblain
ALl = AT = ALK, = AT,
so that we finally arrive at

uv _ iq- R o iqR®) 4uu _ pvp
Ag _Zeq k A Zeq k Ao,k‘AQ‘
k

The matrix Aq is symmetric, so we can diagonalize it with an orthogonal
transformation Yg:

Ag 0 0
YaheYq=| 0 A2 0
0 0 A3

We now define new coordinates through

Ug

= | v 0%
-3

q

O £ O
PP P
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In terms of these, the potential energy takes the form

1 ~ 1 - 1 ~ 1 -
52 UgAqUq = §ZUqYJYquYJYqu
q
1 3 tyu
- STy e
2 q p=1

It 1s easy to confirm that the kinetic energy remains invariant under the
coordinate transformation Yq. For

Pu(new) —ih 9

QY
we have
3
A 0 Qs 8
Pu(old) = —sih = —ih q
4 duk £ 0U4 0Qq
3
— f1(new)
= —zih E Y&”’ 5Qq ME=1 Yq“”Pq

so thatl 1n matrix notation we can write
new)

P(o]d) — YJP(

Since the scalar product is invariant under the orthogonal transformation
Yy, it follows that

1 = t{old) (old) 1 - t(new) 2 (new)
2 Pa Pa =g Pe P
q Q

The Hamiltonian for the lattice motion then finally becomes

Z E [——P(‘I‘TPQ _wq quTQq] (12.12)

w=1qeB2

where we have defined

%
We have then succeeded in showing that the ionic motion can be approx-
imately transformed to a system of independent oscillators with eigenfre-
quencies wq,,. The quanta of these oscillators are called phonons. The only
approximation that we have done in this, is to omit the higher order terms
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in the Taylor expansion about the equilibrium positions. We will, however,
briefly discuss these terms later.

The eigenvalues satisfy wq,, = w_q,.. This follows from combining the
definition (12.9) with equation (12.10):

. g (0) . (0)
wy iq-R. py o _ iq-R Ry
AR =) et Agt = Y e RALY
k

. 0
— Ze—twR(_l)‘Ag'u_k — Agu.

k
The matrices Aq and A_q are thus identical, hence also (by suitable enu-
meration) the eigenvalues w4q,,. It also follows directly from the definition
equation (12.9) of the matrix Aq that wq , = wqig,,. Consequently,we
only need to calculate the dispersion relation w(q) in the first Brillouin
zone. The exact calculation of such a dispersion relation is quite tedious,
since the matrix Aq, from which we obtain the eigenvalues wq,, by diago-
nalization, consists of the Fourier transform of the second derivative of the
interaction potential of all ions. In most cases, it suffices to take into ac-
count only nearest neighbors or next nearest neighbors. Typically, one then
obtains the picture shown in figure 12.3.

A wig)

/—%‘

Acoustic

9
—

First Brillousn zone

Figure 12.3 The optical and acoustic phonon branches are depicted schemat-
ically.

If the basis consists of only one ion, one obtains a dispersion curve which
is linear in ¢ for small ¢: w(g — 0) = cq. Small ¢ means large wavelengths,
so these modes are the usual sound waves in condensed matter. This means
that
_ dw

dg |,=o
is the sound velocity of the medium. Phonons with a dispersion curve of
this kind are called acoustic phonons.

S
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If the crystal contains several different atoms, optical phonon branches
will appear in the dispersion curve. The quanta are called optical phonons
because they can be excited by photons in the visible region.

We have up to this point not said anything about the polarization, 1t.e.,
the direction of oscillation of the three different modes wq,,, # = 1,2,3.
However, we have already calculated these implicitly. The three vector com-
ponents Q}l, Qg, Qg of the oscillations with frequencies wq,1, wq,2, Wq,3. are
precisely the projections of the original displacement vectors Uq of the par-
ticles on the row vectors of the orthogonal matrix Yg:

Y11Q + ¥21Q? + Y3 Q3 R
U=Y'Q=( Yi2Q' +... = Q¢ + Q%3 + Q%¢s.
Yi3@Qt + ...

Thus, the column vectors of the matrix YT, which are the row vectors of
the matrix Y, give the polarization directions §, of the three modes wgq .
The polarization directions depend, of course, on q, just as the frequen-
cies do. Depending on the direction of oscillation £q . relative to the direc-
tion of propagation q, one distinguishes between transverse and longitudinal
phonons:

_JO for purely transverse phonons
qu-a= |€q,.| - la| for purely logitudinal phonons.

We cast flph in second quantization by introducing creation and annihi-
lation operators (analogously to how we did with the plasmons):

baw = (2hMuq,)T? (Muwq,uQf +iP%T)
511.# = (2"qu,u)_1/2 (qu,“Qﬁf-iﬁ(‘l‘).

It can be shown that these operators satisfy the boson commutation rela-
tions, and that Hpp can be written in the form

3
. o3 1 1
Hpn= D ) I, (bg,,‘bq,“ + 5) : (12.14)

q€BZ u=1

This is the Hamiltonian of a system of non-interacting bosons. The an-
harmonic terms, i.e., the higher terms in the Taylor expansion about the
equilibrium positions, which we have neglected up to this point, can also
be interpreted in terms of creation and annihilation operators. In order to
write these terms explicitly, we use the inverse transformation

. R 11/2 . )
T t
Qo = [2qu,,‘] (b‘“‘ + b-w) .
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This yields

i, = E e’ R('?‘)U“
quZ
3
R n
= E R S O3l
qEBZ a=1

so that

PHONONS

- 2 1M R (s .
w=3 3 e T tha (baa+blqa).  (1215)

qQ€EBZ =1

Here, 53,0 denotes the uth component of the polarization vector {qqo-

If we insert these expressions in the third-order term
J

: 1
Hpnph =35 D

m,n.f=1 u,r, =1

and also use

J

; {0) 1 o) # nl0)

iq-Ry;7 iq/ R, aq R, B
Z € e anl
m,nf=1

A puvA
E:k umu uleml

= Ze"(q+q'+q")'R$-2) Z eq"(R("O)_ng)) Z eiQ"-(R(to)-ng))

A
X By (22 m) (=)

_ iq' R\ iq" R puvA
= A(q+q'+q").OZe k Ee 8 BO.k,g

k g
and finally define
'y T
I‘gf-:l Olq = Z &’;‘,aff{ affén ol Ze'q Rk
ﬂvV‘ k
e R Bt

we obtain for the phonon—phonon Interaction:

L

. 17 » 132 T3
Hen—pn = 3_![2MJ] =

aal a’

qq’q’’ VwQ|awara‘qu|0"

XA(Q+ql+qH)lo (bq.a + bT—q.a) (bQ'.Ot' + bT"'q'va‘)

X (Squ’an + bf_qn’an) .



FUNDAMENTALS AND EXAMPLES 117

When this expression is multiplied out, it yields a sum of three-phonon
processes which are subjected to momentum conservation q+ q’ +q" = G.
Such processes obviously play an important role when many phonons are
excited, as is the case at high temperatures. They are important for the
description of thermal conductivity and thermal expansion of crystal lattices.

After these remarks on the ionic motion, we now continue with the elec-
tronic problem. The Taylor expansion of the electron—ion potential leads to
first order to

N J
Vesi @ R)= D D ve_i(rn — Rj)

n=1 ;=1
N J o
= Z:l Z;”e—i("n - Rg' V- u;)
n=1j=
N J
= Z E {ve—i(l‘nRg.O)) —u; - Vg, [ve—i(rn — Rj)] Rgo) +.. }
n=1j=1
T e () £ T [Frt -]
no noj

We then arrive at the following expression for the total Hamiltonian for the
electronic problem, equation (12.1):

~

He + Ve—i = I:Iéo) =+ f{e—ph

where
0 _ 7 Ln € 53 (0)
e =Te+ 2 Z i; — 1] + Ezve—i(rn_RJ‘ )
1,8=1 n=13=1
Ry
and N
f}e—ph = Z v(ry).
n=1

In this expression, we have only kept the first-order term of the higher-order
terms in the Taylor expansion:

() = 2]: u; - [(vue_; ) (r - R§°’)] .
Jj=1

The solution of the I?e(o)-problem, i.e., the calculation of the electron states
in a fixed potential which is periodic with the lattice, is usually done with
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the so-called pseudo-potential method. The electron~electron potential is
then usually regarded only as a screening of the ion potential. The electron
states calculated in this way are called Block states. They are of the form

Yro(2) = %e"k"xa(sm(r),

where
ex(r+RY)) = gy (r)

for all lattice vectors RS‘O). In what follows, we will assume that these

single-particle functions are known. If EL » and éx, are the creation and
annihilation operators of these one-electron states, we can write the operator
He_ph, which eventually will have the form of electron—phonon interaction,
in second quantization as

f{e—ph = z: E('/’k'a' K2 '/’ko’)él'aéka'

k,k'eBZ ¢

Since the Bloch functions satisfy

Yko = Y(k+G)o

it suffices to carry out the double sum over the first Brillouin zone.
To proceed, we expand the electron—ion potential in a Fourier series:

1 2
'Ue—i(y) = § Zve—i(Q)e‘ 1
q

and

i .
Vyte-i(¥) = 5 > que-i(q)erY.
q

This yields
-~ 7 J iq‘(r~R(-°))
) = 3w Y@t
j=1 q

7 . . (.0)
= FT e | S
q J

By using equation (12.15) we obtain
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J

Zuje"q'Rg'o)
j=1
A 1/2
2 [m} doetTYR 5‘1 “(q’“'*'b—q .a)

q’€BZ J
=JAq‘qI
A RS
= 5 [oitogs) e (laetileo)
so, in total

/2 i A
ir) =g Z [2qu a] i@ fao (baa+8laa)

Here we see that the electron-phonon interaction apparently vanishes for
purely transverse phonons, since for these we have q - £ = 0.

It should further be remarked that the sum over q, which stems from
the Fourier transform of the electron—ion potential, extends over all vectors
q, and is not restricted only to those in the first Brillouin zone. However,
the phonons created only have momenta which are contained in the first
Brillouin zone, since

nf - -~ ~ _ ~
bq’a - b‘(rq-{-G),a a.nd bq,a = b(q+G),0‘

This follows immediately from the definition of the normal coordinates U

and 13(‘1", from which the creation and annihilation operators were formed by
linear combinations.

Since each allowed vector q can be written unambiguously as the sum
of a vector in the first Brillouin zone and a reciprocal lattice vector, we can
split up the sum over q in the following way:

dofl@= > ) fa+G)
q q€EBZ G
With
Wqo = W(qt+G)e 314 §q.0 = §(q+G),a
we then finally obtain

1/2

q€EBZ o
X(Q+ Q) -€q,a (bq a +b_q Q) .
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The only part in this expression that depends on r is the exponential. To
write H,_ ph in second quantization, we need the matrix elements of the
exponentlal and the Bloch functions:

. 1 . ,
(1/),‘:'6 |et(Q+G)-r { ¢ka) = Z:X;(S)Xa(s) 7 /d3re‘(k“”q+G—k )®

A= >4

i gt

=1

X ¢ (r)ek(r).
In the calculations of the integrals, we can use the fact that the functions
¢k(r) are periodic with the lattice and that the lattice constants are small
compared to the scale with which the exponential functions change appre-
ciably. Consequently, it is a very good approximation to substitute the unit
cell average value i,y for the product wi,cpk in each unit cell (and thus
for the entire volume 2). The matrix element then becomes

1_ . —k’y. Q""_‘_
_J.(p;,<pk-/ﬂdsre'(k+q+G k)r — 7‘;0k150k6k'.k+Q+G'

In particular, for the case k! = k + q + G we have the exact result

1 1 —E )T,
deare:(HwG k') Tor(r)ek(r)

1 3 *
= 7/(;(1 1'¢k+q+G(r)¢k(r)=[1.

d3r o (r)px(r)
nit cell k+a+G

= {¢k+q+G | k)

where the overlap integral is evaluated over one unit cell. Hence, the unit
cell average above is for the case k' = k+ q + G exactly equal to the overlap
integral:

- _ (#k+q+G | k)

Pk+q+GPk = QJJ

normalized with respect to the unit cell volume.
We then obtain in total

(Wrro 1€ 9) = (Priqic | PRI ks qra-

Due to the Kronecker-delta, not only does the surn over k’ reduce to a
single term, but the sum over reciprocal lattice vectors G is also reduced.
For k,q € BZ there can only be a single reciprocal lattice vector G(k, q)
such that k’ also lies in the first Brillouin zone. This is clearly illustrated in
figure 12.4. We have

_J0 k4 qisinthe first BZ
G(k.q) = {Go otherwise
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q
/
/&
/
\ k
First B2 First B2
k'skeg k'=k +q+G,

Figure 12.4 Ifk + q is not in the first BZ, we can write k' = k + q + Go,
where k’ is in the first BZ, and Gyq is a reciprocal lattice vector.

The entire electron-phonon interaction is then

) 1/2
He_ph = Q Z ZZ[QMw ] (Pk+q+G | Pk)ve-i(a + G)

.QEBZ o =1
x(q+ G) - §q,0 (bq,a + E’?_q‘o,) Cf(k+q+g)aéka (12.16)

The interaction thus consists of processes in which the momentum of an
electron changes by q+ G, either by absorption of a phonon of momentun ¢
or by emission of a phonon of momentum (—q). If also G = 0, the process is
called a normal process, and if G = Gg (see figure 12.4), the process is called
an Umklapp process. (Such a distinction between normal and Umklapp
processes can also be made for the case of the phonon-phonon interaction
discussed previously.) The electron phonon interaction cquation (12.16)
plays a role for example in the description of the electrical conductivity.






Chapter 13

Superconductivity

The most striking consequence of the electron-phonon interaction is super-
conductivity: below a certain temperature, the transition temperature, the
electrical resistivity of many materials disappears. We cannot here go into
the phenomenology of superconductivity, and can only address the basic
concepts of the theory of Bardeen, Cooper and Schrieffer (BCS){7] and of
Bogoliubov [8] and of Valatin [9]. Our goal is just to show how helpful many-
particle theory is to the understanding of superconductivity. Furthermore,
we should get a hint of the importance of symmetry-breaking and anomalous
expectation values. We will in this chapter only discuss phonon-mediated
superconductivity within the weak-coupling BCS theory.

The first clue as to the nature of the phenomenon is offered by the fact
that the transition temperature is different for different isotopes of the same
material. This means that the motion of the nuclei, i.e., the phonons, plays
a role. The system of electrons and phonons will be described as in Chapter
12 by a Hamiltonian of the form

H=00 4 He_op+ .

Here

~ (0 ~t
ko

already contains the effect of the rigid, periodic lattice. Hence, we will in
this chapter by ‘electrons’ mean Bloch states. For later use, we introduce

the ground state of ffﬁ") : all states with single-particle energies ¢; below the
Fermi energy ez, which depends on the number of electrons, are occupied;
all others are empty (we will assume that ¢, = e_):

| ¢,) = H élfw | vac) = H (élréikl) | vac). (13.1)

ex<ep e <ceF
[- 4

123
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The operator
. o4 - 1
Hpp = Z Wy (bcflbq + 5)
q€BZ

describes the phonons, which we assume do not interact with one another.
For simplicity, we also restrict ourselves to one polarization. The electron—
phonon interaction, He_pp, results in an effective electron-electron interac-

tion by the exchange of phonons. We write H, -ph as

e-—ph = Z Z Vq (bq +b ) 6{k+q)aék0

k,geBZ ¢
where we for simplicity have ignored Umklapp processes and have taken the
interaction V; to depend only of the magnitude of q. The operator He_y
does not commute with the phonon-number operator, Eq 5Ili>q, but does

commute with the electron number operator, >~} éLa Cxo- Hence, a state

with a fixed number of phonons cannot be an eigenstate of H. To get some
understanding of how this affects the time-evolution of a single electron
under H, we consider a small time-increment § from an initial time ¢ = 0
and Taylor-expand:

[(to+ )= F(t0) + 69 lemsy

At time g = 0, the initial state is

|6(t=0)) = & |vac)

and at t = §, the state is

(#(t=8) = (1-i64)|6(t) =0
= {(] — ibey) 61 zéz Vi b_q (k+q)o [ vac).

This time-evolution shows that the electron will emit a phonon with a cer-
tain probability, and V, gives the corresponding probability amplitude. In
the further time evolution, the possibility of reabsorbing phonons enters in
addition to the possibility of emitting a second phonon. This simple argu-
ment demonstrates that:

(1) the clectron is surrounded by a phonon cloud due to the interaction
He_ph;
ph

(2) as a consequence, the properties of the electron, in particular its dis-
persion relation ¢;, will be changed.
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We can treat the electron—phonon interaction as a perturbation and cal-
culate the electron energies using perturbation theory. In second order we
obtain a reduction in the electron energy. We use the standard formula

(AE)(2) — Z <¢1 0 | He —ph | ¢‘Z|th)$nenn;’: l He—ph ' ¢1 0)
Neqtp

Tle,Nph

The sum runs over all eigenstates | ¢ne.nph) of (f]éo) + flph) with ne elec-
trons and np}, phonons, respectively. If we set

| ¢1’0) = é{w | vac) W1'0 =€

we obtain
f{c—ph | ¢1'0) = Z Ve (l;q + alq) Ip-}-q) épuaéla | vac )

q.po ot
=6p'k6°a—ckaépa

and since Bq | vac) = 0 = ¢pq | vac), we furthermore obtain
e~ph = Z VQ —-q (IH- Yo |va.c>.

In the sum

E I¢ne.7lph)(¢'ne.nph l

e Nph

only the state
it &t

~a8(k+q)o | vac)

with energy
Wi = €xpq +w-g = €hyq T g

leaves a non-vanishing contribution. The energy shift then becomes

(2) — 1 g it 4t
(AE) Z Ve Ve — (€ktq +wq) (61,0 | He—phb—qc(k+q)a | vac)

=3 Vs

q €k — (fk+q + ‘-"q)

. (i ~t . 3t s
X Z Vyr{vac | éqe (bq: + b ) Cip'+a)a ,Cplalbt_qcl(rk_*_q)a | vac)
q',p'a’

=3 Ys

p €k — (5k+q + "‘"q)
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X Z t/ql<vac | bqlblq ékaézp’+q’)0" ép’a,égk'f'q)a | vaC)
qlplal — . . — v
=8 +b?_q6qr

_ - «t A
9,—q —6a’cbp’,(k+t1)'"c(k+q)acp'a’

V,V_ o
= E vac | égo &y . | vac).
o €k — (kg +wq)£ | avk"! )

=1

Finally, we use V_, = V*, which must hold for any potential which is real
in coordinate space, and obtain

e =y b

q ¢k~ (€ktq +wg)

What we obtain is a modified dispersion relation for the electron under
consideration. One says that the electron properties are renormalized.
If one calculates second-order energy-shift of a two-electron state

Ck O‘éL’a’ | vac), a contribution which consists of the exchange of a phonon
with momentum q appears in addition to the energy-shift above for each

electron. The phonon-exchange term is

Val? Val?
A3 = Ve + g
( )k,k Xq: €k — (5k+q +“’q) Cpr — (fk'-q + ""'q)

1
+) 1V
;l ] [(€k+€k')“(6k+q+fk'+wq)

1
+
(€ +€xr) — (epr—g + €k + wq)]
x (vac | ék’a’ékaCT(k+q)aCt(k’—q)a’ | vac)
The matrix element in the last term vanishes unless q = 0 or ¢ = ¢/ and
k' =k + q, i.e., unless k = k’ — q. Note that the phonon-exchange term

has the form of a contribution in firsi-order perturbation theory with an
effective electron—electron potential

1 AT .t -t . -
5 Z Z qu (k, k )C(k+q)ac(k’—q)a’ck'a‘qw
q kl;:’
where

1 1
+
€ — (€xpq +wg)  €xr — (Cprog +wy)

Vel k) = Wl | | as

It is also clear that such a term (among many others) appears if the initial
state in addition to (ko) and (k’o’) contains other electrons and possibly
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other phonons, and that such a term also appears as an intermediate state
in higher order perturbation theory. In these cases, processes for which

€hgg — € N €1 — €pr_g (13.3)

are particularly important (in the example above, equation (13.3) holds

exactly in second order perturbation theory for the non-vanishing contribu-

tions). Equation (13.2) becomes with the approximation equation (13.3)
2(4.19

(fk+q - Ek)z - wg.

A RIAL (13.4)

For the two electrons to affect one another through this indirect scattering
process, the final states (k+q, ) and (k’—q, ¢/) must be unoccupied. Right
at the Fermi energy er, occupied and unoccupied states lie closely together
and can therefore easily be mixed, and the effective interaction equation
(13.4) becomes relatively large and attractive:

off o _|Val?

€kr €1y €ktq) Ehi—qg S €p = Vo = -—-—“—);—-.

The picture of the superconducting mechanism is hinted at in this attractive
interaction. An electron deforms the crystal lattice in its surrounding, which
implies that the electron emits phonaons; the deformation and polarization
acts as an attraction on other electrons.

The elementary calculations above can be more elegantly formulated with
the methods that we will discuss in later chapters. Here, we only wanted
to demonstrate that the electron—phonon coupling can lead to an effective
electron—electron interaction. To understand superconductivity, it is impor-
tant to realize that a weak attractive interaction between two fermions alone
does not necessarily lead to a bound state. We can illustrate this fact by
the following example. If we transform to center-of-mass and relative co-
ordinates for the two particles under consideration, we obtain the problem
of a single particle in an attractive potential. In three-dimensional space,
this potential must have a certain minimum strength to lead to a bound
state. A thorough discussion on the connection between density-of-states,
dimensionality of space and the appearance of bound states can be found
in Economou [10]. As a model, we consider a three-dimensional potential
well with a characteristic length R of the range of the potential, and an
effective depth V4. The spatial extent of the wavefunction is characterized
by a length a. The potential energy is approximately

P —[g]SVO for R<a
Tpot =

~Vo fora<R
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Figure 13.1 A wavefunction of extent a/R in a potential well of depth Vg
and width R.

and the kinetic energy is

R]? 1
Ekiﬁ[aJ om’

The total energy is depicted as a function of a in figure 13.2.
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a/R

Figure 13.2 Total energy as function of a for the simple model above.

With this simple estimate we obtain a bound state, t.e., Epot+Eyiy < 0, only
for Vo > h2/(2mR?). In this case the extent of the wavefunction is approx-
imately equal to the extent of the well (R = a). Thus, for Vo < h%/(2mR?)
the reduction in interaction energy does not make up for the increase in
kinetic energy, and it is energetically favorable for the two fermions to move
independently in states with small kinetic energy.

We now consider two electrons on the Fermi surface. They would like to
lower their energy by forming a bound state of a relatively large extent from
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the states available to them. Such states only have momenta at least of the
order of kg, because of the Pauli principle. This is a many-body effect in so
far as the other electrons are necessary to occupy states with lower momenta.
If the effective interaction is attractive even only over small distances, the
two electrons will arrange their spins to be parallel (otherwise, they cannot
come near each other) and form a spin singlet. The understanding of this
so-called Cooper instability of the electron gas by the formation of pairs in
the presence of a weak particle—particle interaction at low temperatures (we
consider here 7" = 0 and start out from a sharp Fermi surface at ¢r) will of
course not entirely clarify the question of the nature of the superconducting
state. First of all, we have inadmissibly distinguished the two electrons from
all the others. Secondly, we have extrapolated the concept that ‘every two
electrons form a Cooper pair’ to the paradoxical situation that eventually
no unperturbed electrons will remain within the Fermi surface, i.¢., below
the Fermi energy. Therefore, the argument for the pair formation becomes
questionable. However, from this discussion we can understand that the
electrons tend to form singlet pairs in the presence of a weak attractive
interaction. However, in a many-electron system, this picture is complicated
by the fact that we have to consider how electron form pairs in the presence
of other electrons, which also form pairs. Hence, the problem have to be
solved self-consistently, with the electron pairing and the background of the
other electrons determined simultaneously.

It is impossible to calculate the coupled electron—phonon system so pre-
cisely that we can obtain the tiny energy difference between superconducting
and normal states as differences between total energies. (The energy scale
of the transition temperaturexBoltzmann’s constant ~ 5 x 104 eV, which
sets the scale for the desired energy differences.) We are not interested in
attempting to calculate details such as the dispersion relation ¢, of the Bloch
electrons and the electron-phonon interaction to such an -accuracy. Rather,
it is important to understand the difference between the normal-conductor
and the superconductor phases. For this, it suffices to consider the piece of
the Hamiltonian which is responsible for the difference between these two
phases. We investigate the situation which is associated with Cooper pairs
at rest. We imagine that we can cast the phonon degrees of freedom in
the form of an effective electron-electron interaction, and that we in this
interaction only keep the part which contains two Cooper pairs:

Hea = epthobpe + Y Vpalhodl 6 g éqr. (13.5)
po Pq

We optimize the wavefunction of Bardeen, Cooper and Schrieffer with re-
spect to this Hamiltonian. This wavefunction is written as

| Upes) = H (“k + vké{cTéikl) | vac). (13.6)
k
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We quickly see something new and surprising in this harmless-looking ansatz.
The particle number is not a good quantum number for the general BCS
function; parts with different particle numbers will be mixed. It should be

remarked that the limiting case
lg|=1 and wur=0 fore, <ep

ve =0 and |ug/=1 otherwise

leads to the ground state of the unperturbed problem f!éo) (cf. equation
(13.1)).

We can determine the following expectation values by using the anti-
commutation relations for fermions:

(¥acs | Yaes) = H (’u;up + 'v;vp)

(‘I’BcslNI‘I’BCS> = Zkavk X H u UP+'U Up)

p¥k
(¥es | Hyea | ¥acs) = 22‘“’1:”’: X H (u up + v vp)
p#k
+ Z Vik' ULV U Vpr X H (upup + vpup)
k,k’ P#k

p#k!

The requirement of a determined particular particle number can only be
satisfied on the average. This is accomplished as usual by the introduction
of a chemical potential g (= ep). To normalize the state, we choose

g+ o2 =1
and uy real and positive for all k. This constraint can be satisfied by taking
U = sin G, Vg = e'®* cog 0
in the expression which is to be minimized:
(¥scs | Hred - IIN | ¥nes).

The result is

QZ(fk — p)cos? Oy + = ZZka4 (2sin 0 cos 6y )

k K
X (2sin B cos By ) e*(Prt —9k)
= ) (e — 1) (1 + cos(26;)) + > %ka' sin(26).) sin( 26 )c*(¢x —9k),

k kk’
(13.7)
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The condition of stationarity can be satisfied by

¢r = a (13.8)
with o an arbitrary constant, independent of k, and
tan 20 = — (e“i“Ak) [(ex — 1) (13.9)
where
Ak = - Z ka;u}:,ka
kl
= = Vik(¥sos { é_y &yt | ¥ncs). (13.10)
kl

Hence, we have to investigate the equation
: 1
— e—iOA, — _ = :
|Ak] = eT'"*Ag = -3 kE' Viek' sin(264)

where we have assumed that Vit < 0. This equation has the form of an
integral equation in the continuum limit of k and k’:

1 X | A ]}
A = —= Vit sin ¢ arctan [—
| Ak 2%: kk { [ Py
_ _lzvkk |Ax
VAR [2 + (e — p)?
1 |Ag|
- Vipr—21 13.11
2; kKR (13.11)

with the abbreviation Ex = /|Ag|? + (¢4 — p)?. The solution of equation
(13.11) is particularly simple if we take into consideration the fact that the
effective interaction is particularly strong near the Fermi energy (e = u)
and can be modeled by the simple approximation

— [-V/Q ifle—pl <wp and | — pl <wp

Vigr = 13.12

kk {0 otherwise. ( )

Here wp is a cut-off parameter of the order of a typical phonon energy,

a few meV. With this model interaction, the k-dependence of A; and 6§,
simplifies:

A for | —pl<w
Ag = k—HSYD 13.13
k 0 otherwise ( )

: A|/Ey for e —p| <w
90,y = { |Al/ £y k—H <wp
sin(20%) { 0 otherwise
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1 for ¢, —p < —wp
1 -
|vk|2 =3 [1 4 cos(26;)] = { -é- [1 — 5%;3] for ez — u <wp (13.14)
0 for e — p > wp.

Then A is the solution of a single equation

1

Viek— )7 +1AF (1315

1=

RO =
]I

lex—ul<wp

The phase factor A/|A| = ' remains undetermined.

In the so-called weak-coupling limit, which means that the product of
the strength V of the effective interaction with the density-of-states at the
Fermi energy v(0) = glfd—d}ci[e:# is small compared to the Fermi energy, and
that the denisty-of-states in the energy range of the integration can be taken
to be ©(0), the sum in equation (13.15) can be replaced by an integral which
yields

1 utwp de
1 = —-VV(O)/
2 a—wp V(€= p)?+|A2

= Vy(0)sinh~(wp/|A])
or
wp -l
|A| = ——— = 2wpe” GOV, (13.16)

sinh [V (} V]

The difference in total encrgy (see equations (13.7), (13.1), and the definition
(13.10)) between the BCS state and the normal state is then

8E = (VUges | ﬁmd — uN | ¥pes) — (Va | f{red — pN | ¥,)
= 3 [(ex = ) (0 con(2) - 3 sin(200) [84]] = 3 2ck - )
k 5.9

which in weak-coupling limit becomes, with equations (13.10), (13.13),
(13.14) and finally equation (13.16)
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— = 21(0) /:-WD (e — p)de

stwp o —(e—p)de Al
+v(0) e (€ #)\/(e_#)”wz u(o)IAI——u(O)V
2
= (Od — w02 w3+ A7 + 20(0) 4 sinn-! D _ |@|’
= 0- Luoar +volap—L - 180
- _EV ) l +V() V(O)V - V
= —éV(O)lAPZ- (13.17)

In summary, we conclude that in the formation of the BCS-state

(1) energetically deep-lying states remain occupied,

vl =1 for e <p—|Al

(2) energetically high-lying states remain unoccupied,

v 20 for € > u+|Al

Thus, the occupations differ appreciably from those of the normal-
conducting state ¥, (see equation (13.1)) only in a very small region of
order |A|. This leads to a reduction in the total energy of the order of
exp {—2/(¥(0)V)}, from equation (13.17) with equation (13.16). This ex-
pression is not analytic in the strength V' of the potential and cannot be
obtained from usual perturbation theory, i.e., a power series in V. In view
of this fact we will now make a digression and discuss this fact in some
detail.

If we examine the calculations above in some detail, we will see that they
lead to the following possible interpretation:

For each k, (ug+ vkéfq étkz) 1s optimized with respect to the operator

H(k) =€ [éi-rékréf_klé—kl] - éirqéf_klAk - é—klékTAZ

and the expectation value
E kal kIleI )

is determined self-consistently.
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This is analogous to the Hartree-Fock operator (here expressed through field
operators in the shorthand ¥, = ¥(z)):

. . K2 .
Hyr = /dl"ﬁ; [—%Vz + u(x)] Yz
+/dw/dyp(y,y)v(y,z)v3£d3z - /dr/dyp(y, z)v(y, )9} s
with a self-consistently determined expectation value

ply,z) = (1),

Just as the direct Coulomb potential and the so-called exchange field of all
other electrons enter as an effective potential in the Hartree-Fock approxi-
mation, the so-called anomalous ezpectation values of two creation or anni-
hilation operators, i.e., (¢_x;¢x¢), plays the role of an effective mean-field in
the theory of superconductivity . The similarity with the Hartree-Fock ap-
proximation becomes clearer if we form the following effective Hamiltonian
by taking expectation values of the field operators above in the extremely
short-ranged model interaction

//(_V) 6(1' - r’)d;;r(r)‘[;I(r’)‘l;l(r’)J)T(l‘)dsr d3r’

(ordinary expectation values and constant terms will be ignored, since they
are uninteresting). This yields

Het = Z / &rpl(r) [‘;:2] Po(x)

- [ a9 - [ A @@

with the expectation value

A(r) = = (V) ($(x) ¥y (r)) (13.18)
to be determined self-consistently. It should be emphasized that the expec-
tation value of H eq in the state ¥pcs is not a simple sum of the expectation
values of H (k). The relation between them is shown most quickly by rear-
ranging (momentum- and spin-indices are suppressed):

cletee = (ctet - (ctet) + (c‘fc‘f)) (66 — (é6) + (¢8))
= ctet(ee) + (ctet)ée — (ctet)(éd)

+ (ctet = (etety) (e~ (@) .
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The first two terms are the same as with the operator (k). The third
term is a real number: it is the ubiquitous term which must be present in
the calculation of the total energy in order to avoid a double-counting of
the interaction energy (cf. the discussion of the Hartree-Fock total energy
in Chapter 7). The expectation value of the fourth term vanishes for the
Wgcs-ansatz; this term is bilinear in the difference of the expectation values
and will henceforth be ignored.

We obtain a meaning of A as a ‘gap-function’, ¢.e., the energy gap in
the excitation spectrum, if we consider the elementary excitations in the
BCS-state. This is most elegantly shown, if one convinces oneself that the
operators defined by

Yko = uklyr — vkéf{—ki 5/;20 = uzé;fq - ”:é—kl
(13.19)
Y1 = vké;r‘T + upC g ‘5’11 = v:ékf + uzéT—kl
so that
el = wsl e,
k1 = YkTko T YkTK1
(13.20)
E_gy = —ViYkot Uk'i’{d
satisfy
ko | ¥Bes) = 0
(13.21)

Yk1!¥pcs) = 0

The newly introduced operators satisfy the usual anti-commutation rela-
tions, even though these operators are mixtures of fermion creation- and
annihilation-operators:

{Hoitn} =0= Groiwn)
{o5tn} =0= {fu,3h} (13.22)

{’rko,’rl'o} =y = {‘?kl,‘?lrl}

By means of equation (13.21) and equation (13.22), these operators can
then be interpreted as creation and annihilation operators of fermion quasi-
particles on the ground state or on a new ‘vacuum state’, | ¥gcg). Using
the definitions equations (13.5), (13.19) and (13.20), one can easily calculate
the result

-~

Hped = Eyormal +6E + Z Ej (?;o‘?ko + :711 ’?kl) .
k
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[The relation is not exact in the absence on the right-hand side of the terms
discussed above bilinear in the fluctuations (6767 — (éféf)) and (é¢ — (éé)),
respectively.] The smallest possible excitation energy is for the simplified
interaction equation (13.12) thus

miny (Ey) = mi"k\/fAl2 + (e — p)? = 4.

The excitation spectrum of the BCS-state thus exhibits a gap. The Hamil-
tonian which, for example, contains the interaction of one electron with an
electromagnetic field has the structure

: .t X
(electromagnetic field) € final state Cinitial state -

(i) (i)

Since no quasi-particles are present in the ground state, the factors which
contain at least one 4 vanish when they act on | ¥gcs), so the mean-field
must then excite two quasi-particles; in experiments on optical absorption
one finds stronger absorption only for photon energies larger than 2|A|. This
absorption lies in the far infrared (101° — 1012Hz).

The spatially homogeneous state | Wgcs), which we calculated within
the approximation equation (13.12), is characterized by a complex order
parameter, which is the expectation value

A(r)y = V{¥ges | ¥y (x)%1(r) | ¥acs).

If we insert the transformation to momentum-annihilation operators and use
the adjoint equation of equation (13.20), we obtain furthermore

1 W . - ”
Alr) = Vg e 6 Upos | & k& | Tacs)

kk'
L= i, o
= VaZe 1(k k) rquk:S\I!Bcs l ")’kl‘y;';,l | \I,BCS)J
kk’ —

=6k

= Z %uivk = A = €A,
k

Different valucs of the phase factor e'® are degenerate in energy. It is ob-
vious that we cannot start with a wavefunction for the normal state where
(Y1) = 0 (in this state the symmetry of a is not broken) and do a per-
turbation expansion in an operator which is invariant under this symmetry
and then obtain a state in which the symmetry is broken. This means that
the perturbation series cannot converge for an arbitrary o. This clarifies
the breakdown of usual perturbation theory when it is used to try to obtain
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the result equation (13.17) for the gain in energy. The problem of particle
number conservation of the BCS wavefunction can be removed by superpos-
ing wavefunctions with fixed phases to obtain a wavefunction with a fixed
particle number:

2r

| ¥) NV fixed = A da e N2 | ¥, fred

2 N/2 o st
- /0 dareoN/ I;‘I(fuk1+1vk|e‘°‘ék16_k1)|Vac)

with |ug| and |vg| given by equation (13.14).

By this argument one does however easily overlook the following point,
which is essential for a deeper understanding of superconductivity. For ex-
ample, we can imagine a piece of copper cut into two pieces and our ex-
perience tells us that both pieces can be described by independent electron
distribution. The number of electrons in one piece is not obtained exactly.
The situation can be described in the grand canonical ensemble, calculated
with a common electrochemical potential. In this way, density matrices of
different particle numbers add. Correlations between electrons in the dif-
ferent pieces are restricted to at most a small boundary layer. If we apply
an electrostatic potential, charge conservation will enforce a correlation be-
tween the two pieces: the total current through both pieces is the same.
Thesc long-range correlations thus originate in a conservation law, the law
of charge conservation.

In the BCS theory, a new macroscopic variable emerges with the complex
phase A(r). We cannot imagine simply cutting a homogeneous supercon-
ductor with a fixed phase into two independent pieces, since both pieces
have the same phase. Besides conservation laws, breaking of a symmetry
can thus also lead to long-range correlations. The situation is similar to
a ferromagnet, in which a piece with homogeneous magnetization cannot
be thought to be cut into two independent pieces, but in both pieces the
full rotational symmetry is euqally broken by singling out a magnetization
direction. Energetically, states with different magnetization directions are
degenerate in the absence of external fields, just as the functions ¥pgs of
different e!® are degenerate in energy.

All the above considerations concern the case associated with Cooper-
pairs ‘at rest’. We will here do without the discussion of ‘moving’ Cooper-
pairs and the connected (rather tedious) proof of the statement that the
BCS wavefunction really is a superconducting state. Another limitation of
the discussion here was the restriction to spatially homogeneous systems. It
is plausible that we can discuss a situation of a spatially inhomogeneous, but
slowly varying, system through a local BCS-picture with a local, spatially
slowly varying complex gap-parameter A(r) and that many phenomena pro-
duce macroscopic equations for A(r). This is preciesly what is done in the
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theory of Ginzburg and Landau [11] and Gorkov [12]. As a representa-
tive example of several other effects, we will discuss here the effects of the
fact that zﬁ; (r)J)I(r) is closely related to fermion operators, but possesses a
macroscopic expectation value. In the presence of a spatially slowly-varying
vector potential A(r), the wavefunction of the electrons changes to lowest
order only through a space-dependent phase factor:

ie [T
exp [_ﬂfro A(r)- ds] .

This factor drops out of the density n(r) = 3", (113,; (r)¥,(r)), but not from
the order-parameter/gap function A(r) ~ (1/31(1')1/3T(r)), where it enters
twice. Thus, the order parameter A behaves in many ways like a macroscopic
wavefunction. If we follow the wavefunction and A around a homogeneous
superconducting ring, A can only change by a factor

1 = exp[27if] = exp [—2;‘—2 f A(s)- ds] with £ € Z,

because of the single-valuedness of the expectation value. Thus, the line
integral § A - ds and also the enclosed magnetic flux [ [ B - dS can only
change by integral numbers of ‘lux quanta’ (2wrhc/2e). This is the origin of
the Josephson effect.

We will with this digression of the phenomenology of superconductivity
end this part on the overview of the most important many-body effects and
quasi-particles of solid state physics. Next, we will turn to the development
of a systematic, and, above all, diagrammatic method of calculation of many-
particle systems.
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Green’s Functions






Chapter 14

Pictures

The observables of a quantum mechanical system are characterized by linear
operators in a Hilbert space. The fact that these operators themselves do
not represent any measurable quantities is crucial to the definition of the
so-called pictures. One can merely measure the expectation values of the
operators in addition to the square of the absolute value of sums of transition
amplitudes

(¥10]¢)

(For ease of notation, we will hereafter only write operators with the caret
when the context requires an unambiguous distinction.) Let A(t) be in
gencral a tiune-dependent operator, which is unitary at each time ¢:

Att)A@) = 1= A@)At ).
We then have for a general matrix element

(W1O|¢) = (v]ANRAROANR)A(®) | ¢)
= (A(t)y | A()OAT(2) | A(t)9).

Thus, if we transform all wavefunctions and all operators according to

[e(tha = A@Q¥)
O)a = A@)0AN )

all measurable quantities will remain unchanged:

($10]¢)={(ba |04 ¢a)

Such a transformation is called a picture transformation. FEach time-
dependent unitary operator defines a particular picture. In each picture,

141
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the ‘normal’ wavefunctions and operators have what we may call an addi-
tional artificial time-independence. However, the structure of the stationary
Schrédinger equation as an eigenvalue equation is retained in every picture:

Ht)a | 9(t)a=E[¥(®)a.

We now consider a few examples:

(1) The Schrodinger Picture: A(t) = 1.

We denote by the Schrodinger picture the usual quantum mechanical
picture in which the operators and wavefunctions have their ‘natural’ time-
dependence. We will hereafter for the sake of clarity denote by a sub-
script S operators and wavefunctions in the Schrédinger picture. The time-
dependent Schrodinger equation is in this notation

iﬁ% | W(t))s = Hs | ¥(t))s.

We will now discuss the so-called time-evolution operator in the
Schrodinger picture. This operator is defined by the equation

| ¥(ths = Ult,to)s | ¥(to)) (14.1)

for an arbitrary initial function | ¥(tg)} in the Hilbert space of the problem
in question. Inserting equation (14.1) into the Schrodinger equation yields

ih-(%U(t,to)s | ¥(to))s = HsU(t,to)s | ¥(to))s-

Since this holds for any initial function, the operator differential equation
ih%U(t,to)S = HgU(t,to)s (14.2)

together with the initial condition U(tp,tp) = 1 follows.
We will now prove that the operator U(t,1g)g is unitary. If we use the
defining equation (14.1) twice, we arrive at

| B(t))s = U(t,t')s | ¥(t'))s = U(t.t'")sU(¥, t0)s | ¥(to))s.

It follows that
U(t) tO)S = U(ta t’)SU(t,) tO)S'

For t = tp we have
1 =U(to, t’)sU(t’,to)S.
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Hence

U(t,to)35! = Ulto,t)s.
Furthermore, from the operator differential equation (14.2) and its adjoint
equation

oUg 1
B - TrisUs
6U§- z 1
ot = #UsHs
it follows that '
9 [t _0Ug 10Us
= [USUS] = 2Us+UL=E =0

which implies that
Uf(t, to)sU(t,t0)s = constant.

Since U(to,l0)s = 1, we have Ul(tg,t0)s = 1, so Ut(t,20)sU(¢,t0)s = 1.
We already have shown that Ug is invertible; hence, the unitarity follows:

Ut to)s = U1(t, %0)s.

If the Hamiltonian is explicitly time-independent in the Schrodinger picture,
we can readily solve the operator diflerential equation (14.2). The solution
is

U(t,tg)s = exp [—%Hs (t —‘tg)] . (14.3)

(2) The Heisenberg picture

This picture is defined by choosing
A(t) = U'(t, t0)s = Ulto,t)s.
The wavefunctions are constant in time in the Heisenberg picture:

900 = AW | ¥(0)s = Ulta s | (s =| Blalls = comsant.
14.4
The operators in the Heisenberg picture are given by

Ot = U'(t,10)sO(t)sU(t, to)s- (14.5)

If Hg is explicitly time-independent, we have from equation (14.3) (if we
also fix tg = 0)

O(t)y = et kHstO(t) g~ wHst, (14.6)
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Since the wavefunctions are constant in the Heisenberg picture, the entire
dynamics is contained in the operators. We now derive an equation of motion
for operators in the Heisenberg picture.

d . d
ih—Ot)y = ih= (viosus)
. f8Ul , 80g oUs
= ih (6—{5') OSUS + ‘th; (_(91—) US + th;OS ( Y] ) .

If we then use
s
h—2 = H sUs
ot
and

oU}

-zﬁ—at

=ULHs
we can write
d
s d
= —UlHsUsUiOsUs +inU} <—) Us + UL0sUsULHsUs

ot

. 0
= —HyOy+OpHpg+ th} (70—) Us.

80 + (803
[79?] = S(at)Us

we finally obtain the so-called Heisenberg equation of motion:

If we furthermore set

ot

The formulation of quantum mechanics in the Heisenberg picture for-
mally resembles classical mechanics. To realize this, we consider two canon-
ically conjugated variables q and p. For these, we have

O(t);{— Oy, Hy)+ ik [aO]H. (14.7)

[9j,pk] = iR6;y.
It follows that
(¢;,PR] = 4¢Pk —PRga; = (ajpr)P} " — PRg;
= peg;pp ! + k65T — pRg;
= ... =pRq; +nikbpR T - pRe;

: 8
= zhéjk 8—pkp2 .
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Analoguously, we obtain
d
0B = —iB6. n
[p;.9k] = —iRs;y, Bax U

If an operator has the form of a general Laurent series

O(a,P)= Y apiiams. o a5?q3° T py?py?

nynzng
mymams

it follows that P
[9,0(a, p)] = ih3—0(q,p)
p;

and

[p;,O(q,p)] = —iﬁg%O(q, p)-

In particular, we have in the Heisenberg picture

d |2 o
iha; () = [4;(t)n, H] + it [gqa(‘)ﬂ] =
=0
so that
de;(t)y _ OH
dt Op;(t)H
and, analogously
dp;()g _ __OH
dt 8q; ()

Thus, Hamilton’s equations of motion of classical mechanics hold formally
for canonically conjugate Heisenberg operators.

(3) The interaction picture

Here, we start by partitioning the Hamiltonian according to
Hg=Hg+Vs Hp# Ho(t)

where we assume that the time-independent problem given by Hy is solved.
We choose the unitary operator

Al = e Hot
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as the transformation to this picture. This yields
| W) = en ol | w(t))s (14.8)

and .' ‘,
O(t); = enfotQ(t)ge~ ntlo?, (14.9)

In particular, the operator Hp is the same in both the Schrodinger picture
and the interaction picture:

[Hol = enHot [Ho)g e % Hot = [Ho]g = Ho.

The partitioning of the full Hamiltonian into Hg and V is in principle
completely arbitrary (so long as Hy is time-independent). We will, however,
hereafter always let Hp describe a system of independent particles (if nec-
essary in an external potential), and V denote the interactions between the
particles. As an example, we will now transform the creation and annihila-
tion operators to the interaction picture. We assume that we have solved the
problem given by Hg and that c} and ¢; are the creation and annihilation op-
erators in the Schrodinger picture of the corresponding single-particle states.
We will show that only a phase-factor is added in the interaction picture:

cj(t)] = ejehe?
(14.10)

)y = clers
For proof, we use the operator Hg in diagonal form
(e o]
Ho = E c,-c;rc,-
1i=1

and then show that the usual representation of the opcrators in the interac-
tion picture

;) = ei's'H“‘c]-e_iH“
c;(t)l = ei—I{otce hHot

on the complete system of Slater determinants

(a)

|¢a)=ﬁ(c!)"‘ 10), n{®=0or1

1=1

leads to the result equation (14.10).
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First of all, we have

Hyp ’ ¢a) = Wy ' ¢a> where W, = Z n,('a)fz'-

=1

But ¢; | ¢o) is of course also an eigenfunction of Hy for arbitrary j and a:

Hoe; 1 éa) = ch!cw]’ | dar)-

i=1
From
c;«rc;c]' = —c;-rc_,'c,' = —b;¢c + Cjc;-rc;
we obtain
Hocj | ¢a) = =€ | ¢a) + chO l ¢a)

= (Wa—¢)cjlda).

From this the statement to be proved follows:

i _s
¢j(t)r | da) = enHoteiemwHot|g,)
= emwWalehfoto | g)
= e"FWatek(Wamsi)tc |4,

= e“%‘ftcj | da).

The proof for c; runs analogously.

Both the operators as well as the wavefunctions are time-dependent in the
interaction picture. It follows that there are equations of motions for both
quantities. For the operators, this equation is (the derivation is completely
analogous to the derivation of the Heisenberg equation of motion):

. d . |00
zh-&O(t)I = [O(t)r, Ho) + ik [W] , (14.11)
with
80 = iHot 603] —lHot
[3t]1_eh [(% e

Next, we will derive the equation of motion for the wavefunction in the
interaction picture. We start with the Schrodinger equation
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zh— | ¥(t)ys = Hg|¥(t))s
- ,ﬁa e~ (/M) Hot | g(1)), = e—(i/R)Hot [Ho | ¥(t))r + ih%f‘l’(t»IJ
= Hge (/MHot | g (1)),
= Ih— | \I/( )) = e(i/ﬁ)HotHse_(i/ﬁ)Hot | \Il(t))[ - HOl‘I’(t))I

= [H(t); — Ho) | ¥(1));
:ih%!\l’(t))] = V)| @) (14.12)

The second-quantized representation of the particle—particle interaction is,
with equation (14.9)

1 .
Vith =3 (ijlv] ke)el ()1 () rea(t) rer(t)s (14.13)
5).74
and with equation (14.10), this can be written
V(t)r = -;;Zw | v | kg)eli/B)eter—cemelteleleyo
ijke

Equation (14.12) is known as the Tomonaga—Schwinger equation. It is in
its structure similar to the Schrodinger equation. The part due to the Hg-
motion, which is assumed from the outset, is separated out so that only the
particle—particle interaction is left (hence the name ‘interaction picture’).
Analogous to the Schrodinger picture, we now define a time-evolution oper-
ator in the interaction picture through

| (1)) = U t") | ¥(t'))s- (14.14)
Just as for Ug, we can prove the following properties:

U@ty = U@, tu",t)
utie,ty = v, t') = U@ 1).

Furthermore, we have
| U(t)); = enHol| g())s = enFoly(s,¢)s | B(2))s
= enfoty(,t')ge ot |yt

Consequently, we have the following relation between the time-evolution
operators in the Schrodinger picture and in the interaction picture:

U(t,t') = e/MHot(y 4y ce—(i/R)Hot", (14.15)
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Here we have to be a little careful - a moment’s thought shows that this
is not a picture transformation, since the time arguments are different in
the two exponential functions. Thus, U(2,t') is not U(t,t') s transformed to
the interaction picture. If Hg is explicitly time-dependent, we obtain from
equation (14.3)

U(t,t') = eli/R)Hote—(i/ )Hs(t=t")o—(i/R)Hot'

Equation (14.15) yields a simple relation between operators in the inter-
action picture and in the Heisenberg picture: if we use equation (14.5) and
set tg = (0 we obtain

O(t)H = U(O,i)SO(t)SU(t,O)S
= U(0,ts)e” /WHoto () li/W Rty (2, 0)
= O(t)g = U(0,t)0(t)[U({,0). (14.16)
We will now further investigate the time-evolution operator. If we insert

the definition equation (14.14) in the Tomonaga-Schwinger equation, we
obtain an equation of motion for U:

ih%U(t,t’) = V(U (t,t) (14.17)

with the initial condition U(t',t') = 1. This differential equation with its
initial condition is equivalent to the following integral equation:

. rt
U, ) = 1-%/ V() U, 1) dty (14.18)
t’

which is readily shown by substitution. This integral equation is suitable
for successive approximations:

Uo(t,t') =1
: t
het) = 1- [ Vi
h t
;rt
U2(tstl) = 1_%/ V(tl)IUl(tl)t’)dtl
tl

i 1 i 2 t 13}
= 1= —/ V(t1)d + (——) / V(h)]/ V(t2); dtadty.
h t! h 14 t

Correspondingly, we obtain for the N*# approximation

N
Un( )y =1+ UMt

n=1
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where

s\ N t t1 tn-1
v, ¢') = (%) / dt dtg.../ dtn V(1)1 ... V(ta)1.
t! t!

t'
By construction, we always have

' <th <tp1 <. < <t

If the successive approximations converge, we finally arrive at

Uit,t'y=1+ i U, ). (14.19)

n=1

This series can be interpreted as a perturbation expansion in the potential
V. We will now make an additional simplification of the formula for U (n),
We will show it here in detail for

h 2 pt 131
U(z)(t,t') = (—E) /t‘ dt, dtV(t1) 1V (ta)r.
! tl

The simplification consists of removing the variable integration limit #; so
that both integrations will run over the interval [t/,#]. This clearly means
that we will replace the triangular integration region shown in figure 14.1
by the entire square. If the V(¢;); were c-numbers, we could without any
problem evaluate the integral over the square and finally divide the result by
2. However, since we are dealing with functions of operators, the potentials
at different times will in general not commute, t.e.,

V(t1)1V({t2)1 # V(t2)1V(t1)1.

Hence, the evaluation of the integral is somewhat complicated. We start by
setting

4 t
-/; dtl / dizV(tl)IV(t2)f
14 t'

1 t t) 1

t
= 2 d¢y dtaV(t1)1V(te)r + -1-/ dt, dey V(t1)rV(t2)s.
7 ¢ 2 Ju t2

The two expression are identical, as one can see in figure 14.1. In the first
expression, the integration over {; runs from ¢’ to ¢, and for each ¢y, ?;
runs from t' to the the bisectris (¢2 = t1). In the second expression, on the
other hand, only the sequence of points of the integration is changed. The
integration over t3 runs from ¢/ to t and for each 29, the integration over ty
runs from the bisectris (t; = ¢2) to ¢. By renaming the integration variables
in the second expression, the integral can be written

1 t 11 1 ¢ t
2 [ at [ awven v+ [ an [ aveamvan
t! t! t! t1
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Figure 14.1 The integrals in U2 over t1 and ty can be divided into two
separate integrals; one over t; first, the other over tq first.

For further formal simplification we define the time-ordered product of two
operators through

o= {50 3

Thus, we finally arrive at

—(i/h)2
Uty = _..(_g_"_)_./: dt, /; dt; T[V(t1)rV (t2)1)-

The time-ordered product is not defined for t; = t;. However, this causes
no problem in our case, since for ¢; = #; both operators are identical and
thus commute with each other.

With an analogous definition of the time-ordered product of n operators
we obtain

—i/BY? ? t t
U (e, ¢ = ﬁ..{.l/.‘_)*/ dy [ dtp.. / ATV ()] ... Vta)i.
. tl t' t'
(14.20)
This is the central equation for perturbation calculations on many-particle
systems. In all, we obtain for the time-evolution operator
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Uty = Z( 2/"')"/ dt; . /' At TV (t1)r ... V(tn)1)
n=0

tl

= Tz( ’/h)" (/ﬂtdw(r)j)n

n=0

_ TZ:O( :{!")" dt; ... /t dtnV(t)s ... Vita)r

We can formally write the expression for U(t,t') as

U(t,¥) = Texp [%’ /t Farv(n) ,] .



Chapter 15

The single-particle Green’s
function

Let | ¥g) denote the ground state in the Heisenberg picture of an interacting
many-particle system. In particular, | ¥g) is then time-independent, and we

have
H| ¥g) = Ep| ¥o).

Furthermore, let 1(z,t)y denote the field operator in the Heisenberg picture.
This operator annihilates a field quantum at space-spin point z at time {,
and ¥1(z,t) is the corresponding creation operator. Occasionally, we will
consider the spin-dependence separately, in which case we write

Yz, )y = Ys(r.t)H
and

Viethy = vl g
The definition of the single-particle Green’s function is

1

)= m(‘l’o | Tlw(z, t) vz, ') ]| To) (15.1)

iG(xt, 2"t

or, if we want to emphasize the spin-dependency

Gy (xt, ') = (\1«)11—\1«;)(% | Tla(xt) g0, ('t 5]l o).

We define the time-ordered product of two creation or annihilation operators
by

naoper- {4980, E20 g

153
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with plus-sign for bosons and minus-sign for fermions. This is an exten-
sion of the definition given in equation (14.20). The definition equation
(15.2) contains an additional minus sign for fermions. However, this makes
no difference in equation (14.20), since the interaction potential always is
represented by an even number of creation and annihilation operators (cf.
equation (14.13)).

The definition given here for the single-particle Green’s function holds
both for bosons and fermions. In the following considerations we will how-
ever restrict ourselves to fermions. The single-particle Green’s function is in
this case

1 { (Vo | Y(z, Ot (et g ¥o)  t> ¢
iG(zt,:c't') =

(Yo ¥o) —(Wo | 1", t)(z, )5 To) >t
1

= g [~ | ¥ie, 0, | )

—8(t' — t)(Wo | $1(z', ) g ¥ (2, )| Wo)] (15.3)

where

1s the standard step-function.

Up to this point, we have only considered the Green’s function in space—
spin representation. If we transform to creation and annihilation operators
of momentum eigenfunctions by a basis transformation (c¢f. equations (4.7)

and (4.8))

I

Z Tekalt)H
d)f (r’, t')H — _1_ —ik’.y’ T (t )
8 ; \/— H

’!Pa(l‘,t)H

the Green’s function becomes

iGaﬂ(rt,r't') — Z%ei(k-r—k'.r;)
kX’
1
* oy 0 | Tlora(eps ()l o).

It is then natural to define the momentum Green’s function by the quantity

iCoplt, Kt) = rgmromslo | Tlewa (el ®nll ¥o). (154
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In general, the Green’s function in any single-particle basis representation
is defined by

. 1
iGNt = M_\I'o)(% | Tlea®)rrel (¢ gl o).

We will now derive a number of properties of the single-particle Green’s
function. First, we will prove that if the Hamiltonian is explicitly time-
independent in the Schrodinger representation, and therefore also in the
Heisenberg representation, the single-particle Green’s function depends only
on the time-difference (¢ —t'), i.e.,

H#HE) = GOt Nt') =GOt —-1),N0).

We will prove this only for the spatial Green’s function, since the proof is .
quite similar for other representations. First, we transform the Heisenberg
operators with equation (14.6) to the Schrodinger picture

¢(3-'t)H = e:'Ht'b(z)Se—th
1I)T(::t)H = e"Htt,bf(:n)se_"Ht.

(From here on, we will always use units in which A = 1.) For t > t/ we then
have

(Vo | e y(a)se™HreH gl (a') s e HY | wy) .
Ny o S—— ——
(Wole‘EO‘ e“"EO"]\Ilo)

Together with the corresponding expression for t’ > t we obtain in all for
the Green’s function:

iG(xt, 2't")
- (_—‘I’ofl Foy 19 = )P Wg | pla)se =yt (a!)s] W)

—8(t' - 1) B~ (Wg | Y (a") e H '~ y(2) 5| Fo)| .
From this expression, we see that the Green’s function depends only on

(t—1t) if H is time-independent. If we use the transformation of the ground
state to the Schrodinger picture,

| ¥o) s = e~ E0| o)
we obtain
iG(xt, z't')
1

= W[ Ya) [0(t — t)(Fo(t)s | ¥(z)se~ HE-)yt(@g | Yo(t))s

—6(t' — 1)(To(t')s | ¥ (2")se T H =y (2)s | ‘I(o(t))s] :
(15.5)
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This form of the Green’s function allows for a clear interpretation: for ¢ > ¢/,
we add a particle at space-spin point z’ to the ground state | ¥o(t'))g by
the action of ¥f(z')g. The (N + 1)-particle state created this way then
propagates from / to 7 under the influence of the Hamiltonian H (cf. equa-
tion (14.3)) and then forms the overlap with the (N + 1)-particle state
¥1(z')s | ¥o(t))s. Thus, the Green’s function for ¢ > t' is precisely the
transition amplitude for the propagation from z’ to z in the time interval
(t —t') of a test particle added to the many-particle ground state. Similarly,
for t/ >t an (N — 1)-particle state propagates. In other words: for #' > ¢
the Green’s function describes a particle propagation and for £ > t’ a hole
propagation. The interpretation of a general Green’s function G(At, At’) is
completely analogous.

Next, we will prove that for systems for which the Hamiltonian commutes
with the total-momentum operator

P=3 / &r gL (x) (=iV) da(r)

the Green’s function depends only on the difference (r — »/) between the
space coordinates:

[3,15]:0 = Gop(rt,x't') = G ((r —r')t,01).

The translationally invariant systems discussed in Chapter 5 are examples
of systems of this kind. It is clearly plausible that the Green’s function,
with the interpretation given above as a transition amplitude, should only
depend on the coordinate difference for such systems. The explicit proof
1s nevertheless somewhat long. For the proof, we will use the following
commutator identities, which we will also use later:

[4,BC] = ABC-BCA
= ABC + BAC — BAC — BCA
= [4,BC] = {A, B}C-B{AC} (15.6)
[A4,BC] = [4,B|C ~ B[C, A (15.7)

and, similarly
{A,BC} = {A,B}C- B[A,C]. (15.8)

With the use of equation (15.6) and with A = wﬁa(r), B = 1/»T,(z), and
C = (—iV3) %(2), we readily obtain
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ale) Bl = 3 [ & [Ja®), 90) (-i9,) s (o)
“y

S [ @2 (b0 940} (=iVa)bo(2)

Sayb(r—2)
-3 [ #2940 {ate), (-iV2) ()}

~ V2 {Pa(r) i ()}=0

Thus

[;Za(r),f’J = —iVida(r). (15.9)

This equation represents an operator differential equation for v, (r). It can
be formally integrated with the result

o (r) = e P TP, (0)e T, (15.10)

This can be proved by inserting

~iVia(r) = —f’g“'p"nf»a(O)e‘P": + S_.-f».,- J»a(O)e‘f"”f’J
Jalr) o)
= [l‘ﬁa (r)s P] .

We now return to the the expression equation (15.5) for the Green's function.
To show that it depends only on the coordinate difference, we write the field
operators in the Schrodinger picture:

iGgp(rt, r't')
- 1 — "\t EBo(t—t' i —iH(t-t') 71/
= (ol %o) [9(1 the N @o | alr)e )%(1‘ ) ¥o)

~0(1' — 1) Eot=t) (g | () F =¥y (x)] o))
Here we insert the completeness relation in Fock space

1=fvacy(vac | + 3 [ ¥NED |+ 4+ 1My 4. s
n n

where | \II;N)) denote the eigenfunctions of a system of N particles. This
yields
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. ’ 1 ! -1 E('\N+1)—E0 (t—t")
iGap(rt,r't’) = [Tol Ty [9(1 -1 )Ze ( )

x(¥g | Palr) | ¥V I ve) V195" o)

—i (Eo-Eg” ‘”) (t—t')

—o(t' ~ 1) Z e
(o [ 95 (e8I @ | due) o)

The only non-vanishing contribution comes from the states with (N £ 1)
particles, since the Fock space scalar product between wavefunctions with
different particle numbers vanishes. Under the assumption that Hand P

commute, we can choose | \Ilg 1 )) as eigenfunctions of P:

B ‘pgNtl)> _ p(N£1) | Q%Nﬂ))'

If we then insert equation (15.10) and also choose the coordinate system so
that P| ¥g) = 0, it finally follows that

iGop(rt, r't')

1 '
- W[o(t—z);e

x (%o | $a(0) | TN WY | g (0)] o)

i N+1) _ — .
4(E‘n Eo) (t t)etPS,N“)-(r*r')

_ _m(N=-1) 42 . -
A R
n

x(¥o | 95(0) ¥ D | Ga(0)] 0o

This equation proves the statement that the single-particle Green’s function
only depends on the coordinate difference if [H,P] = 0. We can then form
the Fourier transform with respect to this coordinate difference:

Gaplk,1,t') = / B —r')eF G p(xt, 1),

The inverse transformation is
d3k
(2r)°

Gap(rt,x't') = e* =Yg 5k 1,t). (15.12)



GREEN’S FUNCTIONS 159

We will now show that for translationally invariant systems, the mo-
mentum Green’s function defined earlier in equation (15.4) is diagonal and
that the diagonal elements correspond to the simple Fourier transform of
the space Green’s function:

[A,B]=0 = Gup(kt,k't) = b Gap(k,t,t).  (15.13)

To prove this, we insert the explicit Heisenberg transformation into the
definition of the momentum Green’s function

iGop(kt, k't") = Z;I,oll—%)(‘l’o | T[Cka(i)HCLlﬁ(t')H]l Yo)

and insert the completeness relation equation (15.11) of the exact system of
eigenfunctions of H. This yields

iGap(kt, k't")

1 i
= m[o(t-z)ze (

n

ESsN“)—-Eo) (t—t')

x(Wo | exa | Y Y@V | ol ) o)
—i _AN=1)Y
6t -1)Y e (Bt D) -1

x (o | cfyp | WV | epa| Wo))]

tl
k'B
Since cl, ﬁ' Vo) is an eigenfunction of P with eigenvalue k', and furthermore

(wﬁ,”“) | can be chosen as cigenfunctions of P with eigenvalue P,(;N'H) , the
overlap vanishes:

(@MY (e w0y =0 for K 2PV,
Correspondingly, we have
(o leka | TNy = (b wo [WNTy =0 for kg PIVTY,

Furthermore, ¢y, | o) is an eigenfunction of P with eigenvalue —k. Hence,
the overlap

N-1
(| eyl Wo)
vanishes for —k # P, (N — 1), and the corresponding overlap

(o | cf,125 1)
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vanishes for —k’ # P&N_l). Altogether, all the terms for which k # k’
vanish, which yields

Gaﬁ(kt, k't') = 6kkIGaﬂ(kt,kt').

It is then only left to show that these diagonal elements correspond pre-
cisely to the above Fourier transform of the spatial Green’s function. This
follows from the construction of the momentum Green’s function by a basis
transformation:

Gaﬁ(rt, rltl) — % Z Z ei(k-r—k‘,rl)Gaﬂ(kt, k’tl)
k¥

I

% E eik.(r-r‘)Gaﬂ(kt: kt').
k

Thus, in the continuum limit

we obtain 13
Gop(rt,x't) = | —e*(=")G 5(kt, kt').
(27)
In comparison with equation (15.12) and the uniqueness of the Fourier trans-
form, the relation
o T
iGopalk,t,t’) =1 kt, kt') = ———(¥ t ¢ v
iGap(k,,t") = iGap( ) (Wl gy Yo Tlexa(t)Hey(t)H]l ¥o)
follows. The procedures which have led us here to the diagonal momentum
Green’s function in a translationally invariant system is typical of the use
of symmetries: one makes an effort to choose a representation in which the
Green'’s function is diagonal. Hence, the Green’s function is sometimes in
the literature defined in its symmetric form

L1
(Yol Yo)

If the Hamiltonian commutes with the total momentum, and is in addi-
tion explicitly time-independent, we have for the spatial Green’s function

Gop(rt, 2't) = Gop ((r — ¥')(t - ¢'),00) .

iG\ 1) = (%o | Tlealt)rrel () x)] o).

In this case, we can form the four-dimensional Fourier transform

Goplkw) = / B(r—r') / d(t — t')e~ R (r—r)iwt=t)G_(rt,r't').
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A formalism which is manifestly covariant can be constructed with this
Green’s function. This formalism has obvious special importance for rela-
tivistic many-particle systems (see Chapter 24). The inverse transformation
1s

Goplrt, r't') = / &k / dw e (=g~ (=) G 4 (ku).

(2m)*

The single-particle Green’s function contains a great deal of information
about the system under consideration. We will prove that with the help of
the Green’s function we can calculate

(1) the ground state expectation value of any single-particle operator,
(2) the ground state energy of the system,

(3) the excitation energies of the system.

Thus, given a single-particle Green’s function of a system, we can obtain
the most important physical properties of the system. We will first show
property (1). For the sake of simplicity, we will show this property for
a single-particle operator which is local in the space-coordinates, but non-
diagonal with respect to the spin-coordinates (thus, the most common cases
are included). Such an operator is in second quantization

= [ & E ) Apatr)tate
P
and the ground state expectation value is

= grag [ 1 200 | Vo) Aap(e)bo(0)] Vo).

If Aga(r) is a differential operator, it will also act on the space-dependence of
the field operators. In order for such a case not to complicate the expectation
value, we use the trick of writing the expectation value as

— 1 ; 1o
(4) = gy [ 4 Jim, 32 Aaa ol ()0t o

where it is understood that A,g(r) acts before we perform the limit. We
then transform the field operators to the Heisenberg picture
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(T | p}(x") Yo lx)! Yo)
= lim e™Fo(t=t) (g { wh(r')e H -ty (r)] W)

1/t

= lim(¥o| %(r t')H¥alrt)n| Yo)

= lim (¥ | T[ya(r) y ) (x't)n]| ¥o)
t'>t

- — 1int,+ iGop(xt, r't')(¥o| To).
t'—

Thus, the statement follows:

(A) = —i/d3r lim hm [EAga(r)Gaa(rt rt)}

r'—rt—

= —z/dsr lim Tr (A(r)G(rt, rt+)) (15.14)

r'—r

In the short-hand notation of the last part, ‘Ir’ means the trace over the
spin variables, and t* implies the limit ¢/ — t+.
We will now consider a few examples.

(i) The kinetic energy is in first quantization

T = Z--ﬁ

=1

According to the formula above, we then have
(T) = —i [ &3 lim ¥ Tr (G(rt, ¥'tt))
- r/—r 2m T .
(i) The density operator (see Chapter 6) is in first quantization

N
pRY=D §(R—r).

1=1
From the formula above, it follows that the ground state density of
the system is

p(R) = (B(R)) = —i / d®r lim §(R — r)Tr (G(rt, 't 1))

N / &3r (R — r)Tr (G(rt, 't ))
= _iTr (G(RL, RiH)).

Simnilarly, we obtain
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S o a v?
(iii} The kinetic energy density #(R) = Zf\_’__l §(R —r;) (_.2_7:1.);

2
r(R) = (f(R)) = —i lim (— Z—m) Tr (G(Rt,v't')),

r!—r

and

(iv) the spin density #(R) = Zfil 6(R —r;)o;, where & denotes the vector
whose components are the three Pauli spin matrices:

(F(R)) = —iTr (FG(Rt, RtT)) .

We conclude this discussion by investigating the relation between the single-
particle Green’s function and the density matrix discussed in Chapter 6. The
general space-spin density matrix is in second quantization (see equation
(6.5)):

p(z,z') = 91(2)(z) (= = (r,5)).

Thus, the ground state density matrix is obtained by

pae) = rgay(¥olee =) wo)

1

= v )(‘I‘o | ¥1(2")¥(z)| To)

L 1 teoaq
= tl'lint m(‘po | %' (z'¢) g (zt) | o)
= —iG(zt,z'tT)

where we have omitted the individual steps in the proof. For Hamiltonians
which in addition are explicitly time independent, so that

G(zt, z't') = G(20,z'(t' - t))

the ground state density matrix expresses precisely the Green’s function at
the origin of time:

p(z,2') = —iG(z0,2'0%). (15.15)

Hence, the Green’s function can be interpreted as a time-dependent exten-
sion of the density matrix. Indeed, this time-dependence contains a great
deal of information, since one cannot calculate the exact ground state energy
from the single-particle density matrix — for this, the two-particle density
matrix is required. According to the statement (2) above, which we will
now prove, the ground state energy can nevertheless be calculated from the
single-particle Green's function. We will carry out the proof for the case of
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a particle—particle interaction which is local in space, but non-diagonal with
respect to the spin indices, so that it does have a genuine spin-dependence.
The Hamiltonian is then

H = T+V=Z/d3r¢l(r) (_;,i:) Yo

1 / /
+§ g//dsr 43 l(r)’l{)}(r’)vggr (r,r )’gbﬂl(r Yo (x).

ss’
(15.16)

For the kinetic energy contribution, we have

2
Wa(6),T] = 5 va(r).

The proof runs completely analogously to the proof of equation (15.9). For
the commutator of the field operators with the interaction potential

[Ya(r), V]

S—

va!
1] A B —~
88 c

1
= — daz 3 x(T), fz T ~a! z, [] a'{Z
22/ /d y | ¥alr), ¥3( )iﬁg(y)Vw( Y)bp (¥)¥ar( )

we obtain with equation (15.6)

3 o [ & [i¢a(r),¢x(z)}c
73;’ =6°,3r(r-z)
0} { o ). W)V (2, ) b (Y )r()}|
1

= = d3 1 Vao (T, ' o VA
20%, / YYp(Y)Vaet (5, 3) o (Y Mor () +

where, with equation (15.8), we furthermore have

Z= %;/dsz/dsy (—w.t(z))

sp’
X {d;a(r), 1/)23(}')} sz: (z1 y) 'l,{)ﬁ'()')d)a'(z)

=8ap(r—y) ==Y, (2)bg(¥)







