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Gúıa 6 - Ejercicio 5

Demostrar que si cl(t) = exp

(
−i εlt

~

)
cl, los operadores fermiónicos de creación y destrucción satisfacen:

(a) c†k(t′)cj(t) = − cj(t)c†k(t′).

(b) ck(t′)cj(t) = 0 = c†k(t′)c†j(t).

(c) ψ(x; t)ψ†(y; t′) = −ψ†(y; t′)ψ(x; t).

(d) ψ(x; t)ψ(y; t′) = 0 = ψ†(x; t)ψ†(y; t′).

Preliminares

Orden temporal:

Si t < t′ =⇒ T [A(t)B(t′)] = s B(t′)A(t) / s = −1 para fermiones.

Orden normal:

N
[
Al(t

′)B†
k(t)

]
= s B†

k(t)Al(t
′) / s = −1 para fermiones.

N [Al(t
′)Bk(t)] = Al(t

′)Bk(t).

N
[
A†

l (t
′)B†

k(t)
]

= A†
l (t

′)B†
k(t).

Contracción:

A(t)B(t′) = T [A(t)B(t′)]−N [A(t)B(t′)].

∑
i

αiAi(t)
∑
j

βjB
†
j (t′) =

∑
i,j

αiβj Ai(t)B
†
j (t′) (linealidad que proviene de la linealidad de T,N).
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Resolución (a)

Caso εk, εj ≤ εF : c†k = bk ∧ cj = b†j .

c†k(t′)cj(t) = bk(t′)b†j(t) = T
[
bk(t′)b†j(t)

]
−N

[
bk(t′)b†j(t)

]
=


t < t′ : bk(t′)b†j(t) + b†j(t)bk(t′) = −T

[
b†j(t)bk(t′)

]
+N

[
b†j(t)bk(t′)

]
t > t′ : −b†j(t)bk(t′) + b†j(t)bk(t′) = −T

[
b†j(t)bk(t′)

]
+N

[
b†j(t)bk(t′)

]
 = − b†j(t)bk(t′) = − cj(t)c†k(t′).

Caso εk ≤ εF < εj : c†k = bk ∧ cj = aj .

c†k(t′)cj(t) = bk(t′)aj(t) = T [bk(t′)aj(t)]−N [bk(t′)aj(t)] = t < t′ : bk(t′)aj(t)− bk(t′)aj(t) = −T [aj(t)bk(t′)]− bk(t′)aj(t)

t > t′ : −aj(t)bk(t′)− bk(t′)aj(t) = −T [aj(t)bk(t′)]− bk(t′)aj(t)

 = −T [aj(t)bk(t′)]− bk(t′)aj(t).

Auxiliar:

bk(t′)aj(t) = c†k(t′)cj(t) = exp

(
i
εkt

′

~

)
exp

(
−i εjt

~

)
c†kcj = exp

(
i
εkt

′

~

)
exp

(
−i εjt

~

)(
δjk − cjc†k

)
=

−cj(t)c†k(t′), pues j 6= k =⇒ bk(t′)aj(t) = −aj(t)bk(t′).

−T [aj(t)bk(t′)]− bk(t′)aj(t) = −T [aj(t)bk(t′)] + aj(t)bk(t′) = −T [aj(t)bk(t′)] +N [aj(t)bk(t′)] =

− aj(t)bk(t′) = − cj(t)c†k(t′).

Caso εj ≤ εF < εk : c†k = a†k ∧ cj = b†j .

c†k(t′)cj(t) = a†k(t′)b†j(t) = T
[
a†k(t′)b†j(t)

]
−N

[
a†k(t′)b†j(t)

]
=


t < t′ : a†k(t′)b†j(t)− a

†
k(t′)b†j(t) = −T

[
b†j(t)a

†
k(t′)

]
+N

[
b†j(t)a

†
k(t′)

]
t > t′ : −b†j(t)a

†
k(t′)− a†k(t′)b†j(t) = −T

[
b†j(t)a

†
k(t′)

]
+N

[
b†j(t)a

†
k(t′)

]
 = − b†j(t)a

†
k(t′) = − cj(t)c†k(t′).

Caso εF < εk, εj : c†k = a†k ∧ cj = aj .

c†k(t′)cj(t) = a†k(t′)aj(t) = T
[
a†k(t′)aj(t)

]
−N

[
a†k(t′)aj(t)

]
=


t < t′ : a†k(t′)aj(t)− a†k(t′)aj(t) = −T

[
aj(t)a

†
k(t′)

]
+N

[
aj(t)a

†
k(t′)

]
t > t′ : −aj(t)a†k(t′)− a†k(t′)aj(t) = −T

[
aj(t)a

†
k(t′)

]
+N

[
aj(t)a

†
k(t′)

]
 = − aj(t)a†k(t′) = − cj(t)c†k(t′).
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Resolución (b)

q.v.q ck(t′)cj(t) = 0.

Caso εk, εj ≤ εF : ck = b†k ∧ cj = b†j .

ck(t′)cj(t) = b†k(t′)b†j(t) = T
[
b†k(t′)b†j(t)

]
−N

[
b†k(t′)b†j(t)

]
=


t < t′ : b†k(t′)b†j(t)− b

†
k(t′)b†j(t)

t > t′ : −b†j(t)b
†
k(t′)− b†k(t′)b†j(t) = −

{
b†j(t), b

†
k(t′)

}
 = 0.

Caso εk ≤ εF < εj : ck = b†k ∧ cj = aj .

ck(t′)cj(t) = b†k(t′)aj(t) = T
[
b†k(t′)aj(t)

]
−N

[
b†k(t′)aj(t)

]
=


t < t′ : b†k(t′)aj(t)− b†k(t′)aj(t)

t > t′ : −aj(t)b†k(t′)− b†k(t′)aj(t) = −
{
aj(t), b

†
k(t′)

}
 = 0.

Caso εj ≤ εF < εk : ck = ak ∧ cj = b†j .

ck(t′)cj(t) = ak(t′)b†j(t) = T
[
ak(t′)b†j(t)

]
−N

[
ak(t′)b†j(t)

]
=


t < t′ : ak(t′)b†j(t) + b†j(t)ak(t′) =

{
ak(t′), b†j(t)

}
t > t′ : −b†j(t)ak(t′) + b†j(t)ak(t′)

 = 0.

Caso εF < εk, εj : ck = ak ∧ cj = aj .

ck(t′)cj(t) = ak(t′)aj(t) = T [ak(t′)aj(t)]−N [ak(t′)aj(t)] = t < t′ : ak(t′)aj(t)− ak(t′)aj(t)

t > t′ : −aj(t)ak(t′)− ak(t′)aj(t) = −{aj(t), ak(t′)}

 = 0.

Luego, por idéntico razonamiento, podemos ver que: c†k(t′)c†j(t) = 0.
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Resolución (c)

ψ(x; t)ψ†(y; t′) =
∑
i

αici(t)
∑
j

βjc
†
j(t

′) =
∑
i,j

αiβj ci(t)c
†
j(t

′) = −
∑
i,j

αiβj c
†
j(t

′)ci(t) = −ψ(y; t′)†ψ(x; t).

Observación:

Como 〈φ0|N [...] |φ0〉 = 0, luego:

ψ(x; t)Hψ
†(y; t′)H =

1

〈φ0|φ0〉
〈φ0|T

[
ψ(x; t)Hψ

†(y; t′)H
]
|φ0〉 = iG(0)(x, t; y, t′).

Resolución (d)

ψ(x; t)ψ(y; t′) =
∑
i,j

αiβj ci(t)cj(t
′) = 0.

ψ†(x; t)ψ†(y; t′) =
∑
i,j

αiβj c
†
i (t)c

†
j(t

′) = 0.
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