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Eddy currents: Contactless measurement of electrical resistivity
Yaakov Kraftmakher
Department of Physics, Bar-Ilan University, Ramat-Gan 52900, Israel

~Received 24 November 1998; accepted 15 September 1999!

A simple and inexpensive student experiment is described, consisting of determination of the
effective magnetic susceptibility of a cylindrical conductor in an axial ac magnetic field and
contactless measurement of electrical resistivity. The experiment shows an important application of
eddy currents. ©2000 American Association of Physics Teachers.
a
o

dd
le
to
b

n
e

vit
be
lit
.
u
ro
el
fe
s
b

b

an
s-
e
ea
n

ing
to

co
e
d

of
de
a
e
re
t

th
s

ity
g
n
-
n

ra

sis-
k-
e
etic
an

ct-

eri-

m-
s-

ility
os-

ed
n of

er
lt-
eal
tri-
a
ase

the

ivity
.
ing
nd
de-
pre-

a
e
ity
ep-
m-
eri-
ive

c
f
d in

rical
ity.
t is
ty.

etic
the
I. INTRODUCTION

Eddy currents induced in a conductor by an external
magnetic field present an important topic in the course
electricity and magnetism and have many applications. E
currents cause losses in transformers and make it possib
levitate a conducting sample. They create a torque in mo
employing rotating magnetic fields and reveal metallic o
jects such as weapons or mines. An important applicatio
eddy currents is induction heating. Eddy currents are wid
used for contactless measurements of electrical resisti
The latter is the subject of a student experiment descri
below. The concept of the effective magnetic susceptibi
of a conductor,1 x5x81 ix9, is very useful in this respect
The effective magnetic susceptibility depends on eddy c
rents in a sample and has no relation to usual magnetic p
erties. It depends on the frequency of the ac magnetic fi
electrical resistivity, and the shape of the sample. The ef
tive magnetic susceptibility is a complex quantity becau
there is a phase shift between the electrical field induced
the ac magnetic field and eddy currents in the sample.

Many classroom demonstrations2–7 and laboratory
experiments8–18 concerning eddy currents have been pu
lished. An experiment described by MacDougall8 consists of
two parts, the magnetic shielding by a conducting sheet
distribution of current flowing through a wire bundle. Go
selinet al.9 measured the frequency-dependent impedanc
a round copper wire. A lock-in amplifier measured the r
and imaginary parts of the impedance. Wiederick a
Gauthier10 have described a simple method for determin
the frequency dependence of the skin depth in a conduc
In an experiment reported by Zio´lkowska and Szydlowski,11

conducting tubes of different wall thickness were placed
axially between a solenoid and a detecting coil; one th
measures the amplitude and phase of the voltage induce
the detecting coil.

A determination of the effective magnetic susceptibility
a conducting rod by a differential transformer has been
scribed by Juriet al.12 Using a compensation circuit with
lock-in amplifier as the null detector, they measured the r
and imaginary parts of the susceptibility versus the f
quency of the magnetic field. To fit the experimental data
the theoretical curves, the data were shifted along theX axis
by adjusting one parameter, the electrical resistivity of
sample. The authors recommended this procedure a
method for contactless determination of electrical resistiv
Wiederick et al.13 have presented a simple model of ma
netic braking in a metal strip and confirmed it by experime
tal tests. Marcusoet al.14 performed an experiment on mag
netic drag and compared the data with computer simulatio
Edgar and Quilty15 reported on a mutual inductance appa
375 Am. J. Phys.68 ~4!, April 2000
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tus for measuring magnetic susceptibility and electrical re
tivity. MacLatchyet al.16 have described a quantitative bra
ing experiment. Cadwell17 has presented an analysis of th
motion of a conducting plate as it passes through a magn
field. The magnetic damping was studied by means of
airtrack and a motion detector. Recently, Hahnet al.18 deter-
mined the damping of a magnet oscillating inside a condu
ing tube.

Some comments should be made concerning the exp
ment reported by Juriet al.12 First, the effective magnetic
susceptibility of a conductor is available using a much si
pler setup consisting of an oscillator, a differential tran
former, and an oscilloscope. Both parts of the susceptib
are seen from the shape of the Lissajous pattern on the
cilloscope’s screen. Second, if a lock-in amplifier is involv
in the measurements, there is no need for a compensatio
the output voltage of the differential transformer. Aft
proper tuning, the lock-in amplifier that measures this vo
age immediately provides dc voltages proportional to the r
and imaginary parts of the susceptibility. Lastly, the elec
cal resistivity of a cylindrical sample is available from
single measurement based on determination of the ph
angle of the effective magnetic susceptibility, instead of
procedure recommended by Juriet al.12 As will be shown
below, this phase angle depends on the radius and resist
of the sample and on the frequency of the magnetic field

A simple and inexpensive student experiment consist
of determination of the effective magnetic susceptibility a
of contactless measurement of electrical resistivity is
scribed below. In Sec. II, the theoretical expressions are
sented which fit the effective magnetic susceptibility of
cylindrical conductor in an axial ac magnetic field to th
frequency of the field and the radius and electrical resistiv
of the conductor. Methods to determine the complex susc
tibility are described. A simple and inexpensive setup is e
ployed in the student experiment. The results of the exp
ment are the real and imaginary parts of the effect
susceptibility as functions of the quantityAa2f /r, whereA
is a numerical constant,f is the frequency of the magneti
field, anda andr are the radius and electrical resistivity o
the sample. The second part of the experiment is describe
Sec. III. It presents contactless measurements of elect
resistivity based on the effective magnetic susceptibil
Lastly, in Sec. IV, an optional extension of the experimen
described allowing a direct digital readout of the resistivi

II. DETERMINATION OF THE EFFECTIVE
MAGNETIC SUSCEPTIBILITY

When a conductor is positioned in an external ac magn
field, eddy currents appear in it. This leads to changes in
375© 2000 American Association of Physics Teachers
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magnetic field inside the conductor. According to Land
and Lifshitz,1 the magnetizationM per unit length of a cy-
lindrical conductor of a radiusa in an axial ac magnetic field
H is

M5pa2xH. ~1!

The effective magnetic susceptibilityx of the conductor
has been deduced to be

x5x81 ix952J1~ka!/kaJ0~ka!21. ~2!

Here J0 and J1 are Bessel functions of the first kind
k5(11 i )/d, d5(2r/m0v)1/2 is the skin depth,r is the
electrical resistivity of the conductor,m054p31027

T.m.A21 is the permeability of free space, andv52p f is
the angular frequency of the magnetic field. As is seen fr
the above equation, the susceptibility is a complex quan
that depends only onka, i.e., on the ratioa/d. Bothx8 andx9
are negative. The goal of the experiment is to determine
dependence and to compare it with theory. It is useful
introduce a new variable,X5a2/d2. From the above defini-
tion of the skin depth,

X54p231027a2f /r5Aa2f /r, ~3!

whereA53.9531026.
Using numerical values of the Bessel functions, one

evaluate the effective magnetic susceptibility. This has b
done by Chambers and Park.19 They have tabulated bot
parts of the susceptibility versusX. The authors expresse
the susceptibility through Bessel functionsJ2 and J0 , but
their relation is equivalent to Eq.~2!. In the range 1,X
,10, the calculated absolute values ofx8 and x9 can be
approximated by polynomials

x8520.08810.1503X10.01566X220.00737X3

17.75531024X422.67831025X5, ~4a!

x9520.04810.378X20.12207X210.017973X3

20.0012777X413.54231025X5. ~4b!

The polynomials allow one to compare experimental
sults with the theory. The authors19 have described an exper
mental setup for measurements of the effective magnetic
ceptibility by the mutual inductance method. A convenie
compensation circuit, the so-called Hartshorn bridge, w
used~Fig. 1!. An oscillator feeds the primary windings o
two mutual inductance coils. The secondaries are conne
in opposition. The potentiometerR is set at zero. Without a
sample, the variable mutual inductanceM is adjusted to bal-
ance the voltage induced in the secondary winding of
main coil. The output voltage thus becomes zero. Afte

Fig. 1. Hartshorn bridge for determination of magnetic susceptibility
376 Am. J. Phys., Vol. 68, No. 4, April 2000
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conducting sample is put inside the main coil, an output vo
age appears due to eddy currents in the sample. Becau
the complex nature of the effective magnetic susceptibility
the sample, adjustment of the variable mutual inductanceM
and of the potentiometerR are necessary to balance th
bridge. The two parts of the effective magnetic suscepti
ity, x8 andx9, are proportional tovDM andR, respectively,
wherev is the angular frequency of the current feeding t
primary windings, andDM is the change in the mutual in
ductance necessary to compensate the effect of eddy cur
in the sample.

Nowadays, the effective magnetic susceptibility can be
termined using a differential transformer and a lock-in a
plifier. The voltage induced in a coil by eddy currents in t
sample is small in comparison to the main voltage induc
by the current creating the ac magnetic field. A different
transformer consisting of two similar mutual inductance co
serves to cancel this main voltage. Without a sample,
output voltage of the transformer is zero. The phase of
output voltage that appears after a conducting sample is
inside one coil of the transformer thus depends on the ph
angle of the effective magnetic susceptibility. When a tw
channel lock-in amplifier measures the output voltage of
differential transformer, one immediately obtains dc voltag
proportional to the two parts of the susceptibility. For th
purpose, one has to use a reference voltage for the ampl
whose phase coincides with that of the current pass
through the primary windings of the transformer. Under su
conditions, two dc output voltages from the lock-in amplifi
are proportional tox8 andx9. With a single lock-in amplifier,
one determinesx8 and x9 in turn. This is possible due to a
calibrated phase shifter incorporated in the amplifier. T
Hartshorn bridge or a lock-in amplifier are the best tools
determine the effective magnetic susceptibility. Howev
the equipment necessary to assemble the Hartshorn br
includes a variable mutual inductance, which is rarely av
able for student laboratories, as well as a lock-in amplifi
An alternative approach is described below.

A differential transformer is employed in the measur
ments. The Helmholtz coilsL1 andL2 form the primaries of
the transformer and create a homogeneous magnetic
~Fig. 2!. They are about 14 cm in diameter, each contain
320 turns. A low-frequency oscillator feeds the coils. A
important requirement is a good waveform for the feed
current, with a small harmonic content. A resistorr 510V
connected in series with the Helmholtz coils provides a vo
ageUx ~for the X-input of an oscilloscope! that is propor-
tional to the current passing through the coils, i.e., to the

Fig. 2. Simplest setup for determining magnetic susceptibility.
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magnetic field. Two secondariesL3 andL4 are connected in
opposition, so that without a sample the output voltage of
transformer is zero. The secondaries are 2 cm in diam
and 2 cm long, each containing 2500 turns. The neces
number of turns depends on the magnetic field and on
radius of the samples. Too many turns are undesirable
cause of the inherent capacitance of the coils. To obta
stronger signal, it is better to use thicker samples, up
1.5–2 cm in diameter. In our case, a copper sample is 1
in diameter and 10 cm long.

The output voltage of the transformer is fed to theY-input
of the oscilloscope. The secondaries are fixed on a com
base whose position between the Helmholtz coils can be
justed slightly. Since the magnetic field is somewhat inh
mogeneous, such adjustment serves to finely balance
transformer in the absence of the sample. An additional
connected in series with the secondaries and properly pla
near the Helmholtz coils provides another possibility
such balancing. A small quadrature component in the ou
voltage also may appear. As a rule, it is small enough to
neglected. Otherwise, this component can be balanced
shunting one of the secondaries by a variable capacitor.

With a conducting sample inside one of the secondar
an output voltage appears due to eddy currents in the sam
Its phase angle relative to the ac magnetic field,a, is comple-
mentary to the phase angle of the magnetic susceptibilityw.
It is obtainable from the shape of the Lissajous pattern. T
features of the measuring circuit can be explained by me
of a vector diagram~Fig. 3!. The vectorOA represents the a
current in the primaries and the created magnetic field.
vectorOB is the emf created in the sample. The vectorOC
shows the eddy currents and the magnetization of
sample. The magnetization contains two components,OD
and OE. The first one is opposite to the external magne
field and relates tox8. The second one relates tox9. Its phase
coincides with that ofOB, which means that the Joule hea
ing of the sample is due tox9. The ac magnetization of th
sample causes an additional emf in the corresponding
ondary winding, represented by the vectorOF perpendicular
to OC. Since the main emf was compensated, just this v
age is fed to theY-input of the oscilloscope. With opposit
polarity of the output terminals, the output voltage should
represented by the vectorOG52OF. The phase shift be
tween the voltages applied to the oscilloscope’s inputs
obtainable from the well-known relation

sina56a/A56b/B. ~5!

The output voltage of the transformer,Uy ~for theY-input
of the oscilloscope!, is also proportional to the amplitude an
frequency of the current feeding the primary windings. T
parts of the effective magnetic susceptibility, in arbitra
units, thus are given by

Fig. 3. Vector diagram of the circuit and determination of the phase a
from the Lissajous figure.
377 Am. J. Phys., Vol. 68, No. 4, April 2000

Downloaded 17 Apr 2013 to 157.92.4.71. Redistribution subject to AAPT lic
e
er
ry
e
e-
a
o
m

on
d-
-
he
il
ed
r
ut
e
by

s,
le.

e
ns

e

e

c

c-

t-

e

is

e

x85~Uy / f Ux! sina, ~6a!

x95~Uy / f Ux! cosa, ~6b!

whereUy , Ux , and sina are available from the Lissajou
pattern.

The resistivity of copper at room temperature, 1.731028

V.m, was used to calculate the quantityX5Aa2f /r for the
experimental points. To evaluate absolute values ofx8 and
x9, the experimental data were fit to the theoretical curve
the point of intersection of the two curves. According
Chambers and Park,19 the theoretical values at the interse
tion point arex85x950.377. An appropriate scaling facto
is determined from this fitting and then applied to the abo
equations,~6a! and ~6b!. After the fit, all the experimenta
data can be superposed on the theoretical curves avai
from Eqs.~4a! and ~4b! ~Fig. 4!.

III. CONTACTLESS MEASUREMENT OF
RESISTIVITY

In many cases, contactless measurements of resist
have important advantages. By using samples in sealed
poules, interaction between the samples and the environm
is completely avoided. One particular use is to check on
quality of metals through their low-temperature resistivi
At liquid-helium temperatures, scattering of conduction ele
trons by impurities and physical imperfections of the crys
structure gives the main contribution to the resistivity of m
als. The residual resistance ratio, the ratio of the resistivi
at room and liquid helium temperatures, is a commonly
cepted criterion of chemical purity and physical perfection
a metal. For pure metals, this ratio may amount to 104– 105

and even more. At low temperatures, contactless meas
ments are preferable because the diameter of the sample
be made larger than the free path of electrons. Such meas
ments thus immediately provide correct values of the re
tivity. Otherwise, one has to perform contact measureme
on wire samples of various diameters and extrapolate
data to an infinite diameter.

Three main techniques are known for contactless meas
ments of electrical resistivity~see a review by Delaney an
Pippard20!, namely,~i! determination of a torque applied to
sample due to a rotating magnetic field,~ii ! observation of
the decay of eddy currents in a sample after terminating

le

Fig. 4. Absolute values of the real and imaginary parts of effective magn
susceptibility versusX5a2/d2.
377Yaakov Kraftmakher
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external magnetic field, and~iii ! measurement of the effec
tive magnetic susceptibility of cylindrical samples in an ax
ac magnetic field. Such measurements are now widely
ployed ~see, e.g., Ref. 21 and references therein!.

From Eq.~3!, the electrical resistivity of the sample is

r5Aa2f /X. ~7!

The simplest way to determine the resistivity is to expr
X through the phase angle of the effective magnetic sus
tibility, w5tan21 (x9/x8). Hereafter, we will use the phas
anglea5tan21 (x8/x9) complementary tow. The anglea is
determined directly from the Lissajous pattern. HereX is a
unique function ofa and vice versa. This approach requir
no determination of the absolute values ofx8 and x9. The
relation betweenX and tana5z may be approximated by
polynomial based on numerical values ofx8 and x9. For
0.1,z,2.5, a sufficient accuracy is achievable with the
lation

X520.0113.06z20.105z210.167z3. ~8!

The measurements of the resistivity thus reduce to
determination of the phase anglea. To evaluate the resistiv
ity, one measuresz5tana and then calculatesX from Eq.
~8!. Then the resistivity is available from Eq.~7!. A simple
compensation circuit~Fig. 5! enhances the accuracy of th
measurements. The same differential transformer is
ployed as before but now the output voltage is compens
by a circuit including a potentiometerr, a decade resistanc
box R, and a capacitorC540 nF. The voltage across th
capacitorC is added to the output voltage of the different
transformer, and an oscilloscope serves as the null dete
The RC circuit provides the necessary phase angle of
compensation voltage while its amplitude is adjusted by
potentiometerr. To simplify the measurements, only th
phase anglea is determined, which is sufficient to evalua
the sample’s resistivity. The phase shift introduced by
RC circuit equals tan21 (vRC). Hence tana5z5vRC. The
resistancer is much smaller thanR, and its contribution is
negligible. Only one calibrated variable resistor,R, is thus
necessary, whereas the potentiometerr needs no calibration
Instead of the decade resistance box, one may use a si
variable resistor and measure its resistance by a multim
every time after compensation.

Contactless measurements are most accurate in a de
frequency range depending upon the radius and elect
resistivity of the sample. Very low frequencies lead to
weak signal, whereas at too high frequencies the phase a

Fig. 5. Compensation circuit for contactless measurement of resistivi
378 Am. J. Phys., Vol. 68, No. 4, April 2000
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a is close to 90°. In both cases, the error in the resistiv
may become unacceptable. In our case, the frequency o
magnetic field ranges from 0.2 to 2 kHz.

Two samples are used in the measurement: the same
per rod as before, and an aluminum-alloy rod. The results
presented versus the frequency of the magnetic field. Us
the compensation circuit, the scatter of the data is of ab
1% ~Fig. 6!. The resistivity of copper at room temperatu
was found to be 1.7331028 V.m. The resistivity of the alu-
minum alloy is 4.0431028 V.m. The independence of th
results on the frequency confirms the validity of the meth

Measurements are performed also at liquid nitrogen te
perature. A dewar filled with liquid nitrogen is positione
between the Helmholtz coils. The secondaries are imme
in the liquid. The frequency range is 0.1–1 kHz. Besid
measurements of the resistivity of the two samples, the
dents observe the signal due to a high-temperature super
ductor. In this case, the phase angle of the output voltag
the differential transformer cannot be distinguished fro
90°, which means zero electrical resistivity.

To determine the effective magnetic susceptibility, o
measures, in addition to the phase anglea, the output voltage
of the differential transformer before compensation and
amplitude and frequency of the current passing through
Helmholtz coils. The values ofx8 andx9, in arbitrary units,
are then available from Eqs.~6a! and ~6b!.

IV. DIRECT READOUT OF THE RESISTIVITY

HereX5a2/d2 is the only quantity that governs the effe
tive magnetic susceptibility of a cylindrical conductor in a
axial ac magnetic field. For a given radius of the sample
depends only on the ratiof /r. This suggests a possibility to
express the resistivity through the frequency of the magn
field and thus to immediately obtain the resistivity in digit
form. Such a possibility has been already explored.21 The
phase angle of the compensation voltage can be set be
hand to make the compensation possible only at a freque
of the magnetic field that, with a known decimal coefficie
equals the resistivity of the sample. According to Eq.~7!, this
phase angle must satisfy the relationX5Aa2/10n, wheren is
an integer. With such a phase angle, after compensation
obtainsr510nf , i.e., the resistivity numerically equals th
frequency of the magnetic field. The necessary phase shi

Fig. 6. Electrical resistivity at room temperature versus frequency of m
netic field:j—copper,d—aluminum alloy.
378Yaakov Kraftmakher
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the compensation voltage equalsa5tan21 z and depends
only upon the sample’s radius. It is available from the fitti
polynomial

z520.00910.353X20.0093X222.931025X3. ~9!

By choosingn5210, for a sample of 1 cm in diamete
one obtainsX50.987, andz50.33. The corresponding phas
angle is 18.3°. The resistivity of the sample~V.m! equals
10210f (Hz). The resistivity range 1028– 1027 V.cm thus
corresponds to the frequency range 0.1–1 kHz. Ifn5211,
thenX59.87,z52.54, and the proper phase angle is 68.
In this case, the same resistivity range corresponds to
quencies of 1 to 10 kHz.

The simplest method to obtain digital readout of the res
tivity is to employ a lock-in amplifier~Fig. 7!. The primary
windings of a differential transformer are connected in se
with a resistorr and fed by an oscillator of variable fre
quency. A lock-in amplifier measures the output voltage
the transformer. The voltage drop across the resistorr serves
as a reference for the amplifier. The phase shifter in
amplifier is set at a phase angle complementary toa. This
means that the dc output voltage of the amplifier becom
zero when the frequency of the current feeding the tra
former numerically equals the resistivity of the sample. B
fore the measurements, it is necessary to check that
lock-in amplifier itself does not introduce additional pha
shifts. If the input voltage and the reference are of the sa
phase, the dc output voltage must become zero when
phase shifter in the amplifier is set at 90°.

The resistivity of the copper sample was measured
means of a modern lock-in amplifier, Stanford Research S
tems model SR830. This two-channel amplifier immediat
provides the modulus of the input voltage and its phase a
relative to the reference. In our case, the reference is
voltage drop across the resistor connected in series with
primary windings of the differential transformer. After th
sample is put inside the coil, one varies the frequency of
current feeding the transformer until the phase angle of
output voltage amounts to values calculated above. For b
values of n, the results obtained are within (1.7060.04)
31028 V•m.

Another possibility21 is based on employment of an osc
lator with auxiliary outputs providing voltages with th
phase shifts 90°, 180°, and 270° relative to the main volta
The amplitudes and phases of these voltages are indepe
of frequency. With such an oscillator, a compensation v
age is obtainable with any desired phase shift that does
depend on frequency and meets the requirements for
measurements. Probably, such voltages could be also g
ated by means of a computer.

Fig. 7. Simplest setup to obtain digital readout of the resistivity.
379 Am. J. Phys., Vol. 68, No. 4, April 2000
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V. SUMMARY

The student experiment described above shows an im
tant application of eddy currents, the contactless meas
ments of electrical resistivity. The measurements are p
formed in a simple and straightforward manner. T
determination of the effective magnetic susceptibility yiel
results that are in good agreement with the theory. The c
tactless measurement of electrical resistivity on bulk samp
demonstrates the capabilities of a technique that may no
widely known. The experiment is inexpensive and could b
come a useful addition to student works in the field.
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