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Eddy currents: Contactless measurement of electrical resistivity

Yaakov Kraftmakher
Department of Physics, Bar-llan University, Ramat-Gan 52900, Israel

(Received 24 November 1998; accepted 15 September) 1999

A simple and inexpensive student experiment is described, consisting of determination of the
effective magnetic susceptibility of a cylindrical conductor in an axial ac magnetic field and
contactless measurement of electrical resistivity. The experiment shows an important application of
eddy currents. ©2000 American Association of Physics Teachers.

[. INTRODUCTION tus for measuring maqnetic susceptibility and electrical resis-
tivity. MacLatchyet al*® have described a quantitative brak-

Eddy currents induced in a conductor by an external adng experiment. Cadwell has presented an analysis of the
magnetic field present an important topic in the course ofmotion of a conducting plate as it passes through a magnetic
electricity and magnetism and have many applications. Edd{éld- The magnetic damping was studied by means of an
currents cause losses in transformers and make it possible &track and a motion detector. Recently, Hattral.™ deter-
levitate a conducting sample. They create a torque in motordlined the damping of a magnet oscillating inside a conduct-
employing rotating magnetic fields and reveal metallic ob-ing tube. _ _
jects such as weapons or mines. An important application of Some comments Shoulqzbe_ made concerning the experi-
eddy currents is induction heating. Eddy currents are widelynent reported by Juret al.™* First, the effective magnetic
used for contactless measurements of electrical resistivitygusceptibility of a conductor is available using a much sim-
The latter is the subject of a student experiment describeBI€r setup consisting of an oscillator, a differential trans-
below. The concept of the effective magnetic susceptibilityformer, and an oscilloscope. Both parts of the susceptibility

of a conductof, y=x'+ix", is very useful in this respect. aré seen from the shape of the Lissajous pattern on the os-

The effective magnetic susceptibility depends on eddy Cur_g:illoscope’s screen. Second, if a lock-in amplifier is involved

rents in a sample and has no relation to usual magnetic prof? theé measurements, there is no need for a compensation of
erties. It depends on the frequency of the ac magnetic fieldn® Output voltage of the differential transformer. After
electrical resistivity, and the shape of the sample. The effec®OPer tuning, the lock-in amplifier that measures this volt-
tive magnetic susceptibility is a complex quantity becausé?d® immediately provides dc voltages proportional to the real
there is a phase shift between the electrical field induced b§"d imaginary parts of the susceptibility. Lastly, the electri-
the ac magnetic field and eddy currents in the sample. al resistivity of a cylindrical sample is available from a
Many classroom demonstratiéné and laboratory ~SiNgle measurement based on determination of the phase
experiment&™8 concerning eddy currents have been pub_angle of the effective magnetic susceptibility, instead of the

. 12 .
lished. An experiment described by MacDoufabnsists of ~Procedure recommended by Jetial™ As will be shown
two parts, the magnetic shielding by a conducting sheet anB€/0W. this phase angle depends on the radius and resistivity
distribution of current flowing through a wire bundle. Gos- ©f the sample and on the frequency of the magnetic field.

selinet al® measured the frequency-dependent impedance of A Simple and inexpensive student experiment consisting
a round copper wire. A lock-in amplifier measured the real0f determination of the effective magnetic susceptibility and
ff contactless measurement of electrical resistivity is de-

scribed below. In Sec. Il, the theoretical expressions are pre-

the frequency dependence of the skin depth in a conductosented which fit the effective magnetic susceptibility of a

In an experiment reported by Zimwska and Szydlowski cylindrical conductor in an axial ac magnetic field to the
conducting tubes of different wall thickness were placed cofrequency of the field and the radius .and electrical resistivity
axially between a solenoid and a detecting coil; one ther@f the conductor. Methods to determine the complex suscep-

measures the amplitude and phase of the voltage induced {[Pility are described. A simple and inexpensive setup is em-
the detecting coil. ployed in the student experiment. The results of the experi-

A determination of the effective magnetic susceptibility of M€Nt are the real and imaginary parts, of the effective
a conducting rod by a differential transformer has been deSusceptibility as functions of the quantifyaf/p, whereA
scribed by Juret al}? Using a compensation circuit with a 1S & numerical constant,is the frequency of the magnetic
lock-in amplifier as the null detector, they measured the reafi€ld, anda andp are the radius and electrical resistivity of
and imaginary parts of the susceptibility versus the frethe sample. The second part of the experiment is described in
quency of the magnetic field. To fit the experimental data to>€C- !l It presents contactless measurements of electrical
the theoretical curves, the data were shifted alongdiagis ~ resistivity based on the effective magnetic susceptibility.
by adjusting one parameter, the electrical resistivity of the-astly, in Sec. IV, an optional extension of the experiment is
sample. The authors recommended this procedure as dgscribed allowing a direct digital readout of the resistivity.
method for contactless determination of electrical resistivity.

Wiederick et §|.13 have presented a simple model of mag-|. DETERMINATION OF THE EFFECTIVE

netic braking in a metfi\‘I1 strip and confirmed it by experimen-\iAGNETIC SUSCEPTIBILITY

tal tests. Marcuset al.”* performed an experiment on mag-

netic drag and compared the data with computer simulations. When a conductor is positioned in an external ac magnetic
Edgar and Quilt}? reported on a mutual inductance appara-field, eddy currents appear in it. This leads to changes in the
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Fig. 1. Hartshorn bridge for determination of magnetic susceptibility. .IEI_ r

Fig. 2. Simplest setup for determining magnetic susceptibility.
magnetic field inside the conductor. According to Landau
and Lifshitz! the magnetizatio per unit length of a cy-
I|1|n_dr|cal conductor of a radiua in an axial ac magnetic field conducting sample is put inside the main coil, an output volt-

1S age appears due to eddy currents in the sample. Because of
M=maZyH. (1)  the complex nature of the effective magnetic susceptibility of
the sample, adjustment of the variable mutual inductdvice
and of the potentiometeR are necessary to balance the
bridge. The two parts of the effective magnetic susceptibil-
x=x'+ix"=2J3;(ka)/kaJy(ka)—1. (2) ity, ¥’ andy”, are proportional tawnAM andR, respectively,
wherew is the angular frequency of the current feeding the
B . = 179 : . primary windings, andAM is the change in the mutual in-
k_(l.ﬂ)/&’ 5._.(.2’)/'“0“’) is the skin depthyp is tﬁf’ ductance necessary to compensate the effect of eddy currents
electrical resistivity of the conductoruy=4m7X10 in the sample.
T.m.A"!is the permeability of free space, ang=27f is Nowadays, the effective magnetic susceptibility can be de-
the angular frequency of the magnetic field. As is seen froMermined using a differential transformer and a lock-in am-
the above equation, the susceptibility is a complex quantityjifier. The voltage induced in a coil by eddy currents in the
that depends only okg, i.e., on the rati@/é. Bothx" andx”  sample is small in comparison to the main voltage induced
are negative. The goal of the experiment is to determine thigy the current creating the ac magnetic field. A differential
dependence and to compare it with theory. It is useful taransformer consisting of two similar mutual inductance coils
introduce a new variableX=a? 5°. From the above defini- serves to cancel this main voltage. Without a sample, the
tion of the skin depth, output voltage of the transformer is zero. The phase of the
) 7 0c) A 2 output voltage that appears after a conducting sample is put
X=4m"x10""a%t/p=Aa"tlp, ) inside one coil of the transformer thus depends on the phase
whereA=3.95x 107 °. angle of the effective magnetic susceptibility. When a two-
Using numerical values of the Bessel functions, one carthannel lock-in amplifier measures the output voltage of the
evaluate the effective magnetic susceptibility. This has beedifferential transformer, one immediately obtains dc voltages
done by Chambers and PdrkThey have tabulated both proportional to the two parts of the susceptibility. For this
parts of the susceptibility versus. The authors expressed purpose, one has to use a reference voltage for the amplifier,
the susceptibility through Bessel functiods and J,, but ~ whose phase coincides with that of the current passing
their relation is equivalent to Eq2). In the range X  through the primary windings of the transformer. Under such
<10, the calculated absolute values gf and ¥’ can be conditions, two dc output voltages from the lock-in amplifier
approximated by polynomials are proportlpnal toy andX_ . With a s!ngle Iock-_ln amplifier,
one determineg’ and y” in turn. This is possible due to a
x'=—0.088+0.150% +0.01566K*— 0.0073 %> calibrated phase shifter incorporated in the amplifier. The
a4 5.5 Hartshorn bridge or a lock-in amplifier are the best tools to
+7.755<107"X"=2.678< 107°X", (4a) determine the effective magnetic susceptibility. However,

The effective magnetic susceptibility of the conductor
has been deduced to be

Here J, and J; are Bessel functions of the first kind,

X"=—0.048+0.378—0.1220K?+0.01797%3 the equipment necessary to assemble the Hartshorn bridge
. eus includes a variable mutual inductance, which is rarely avail-
—0.001277K"+3.542< 10" °X>. (4b)  able for student laboratories, as well as a lock-in amplifier.

The polynomials allow one to compare experimental re-An alternative approach is described below.
sults with the theory. The authdPhave described an experi- A differential transformer is employed in the measure-
mental setup for measurements of the effective magnetic su§2ents. The Helmholtz coils1 andL 2 form the primaries of
ceptibility by the mutual inductance method. A convenientthe transformer and create a homogeneous magnetic field
compensation circuit, the so-called Hartshorn bridge, wasFig. 2). They are about 14 cm in diameter, each containing
used (Fig. 1). An oscillator feeds the primary windings of 320 turns. A low-frequency oscillator feeds the coils. An
two mutual inductance coils. The secondaries are connectédportant requirement is a good waveform for the feeding
in opposition. The potentiometd is set at zero. Without a current, with a small harmonic content. A resister 10}
sample, the variable mutual inductarieis adjusted to bal- connected in series with the Helmholtz coils provides a volt-
ance the voltage induced in the secondary winding of theage U, (for the X-input of an oscilloscopethat is propor-
main coil. The output voltage thus becomes zero. After aional to the current passing through the coils, i.e., to the ac
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magnetic field. Two secondarié8 andL4 are connected in ° 5 s " L L m

opposition, so that without a sample the output voltage of the
transformer is zero. The secondaries are 2 cm in diameter X= 02/8
and 2 cm long, each containing 2500 turns. The necessary o ) )
number of turns depends on the magnetic field and on th ig. 4. Ab_s_olute values 02f tr12e real and imaginary parts of effective magnetic
radius of the samples. Too many turns are undesirable b&uScePtbility versuX=a®/s-.
cause of the inherent capacitance of the coils. To obtain a
stronger signal, it is better to use thicker samples, up to
1.5-2 cm in diameter. In our case, a copper sampleis 1 cm x'=(U,/fU,) sina, (6a)
in diameter and 10 cm long. n_

The output voltage of the transformer is fed to feput X"=(Uy/1U,) cosa, (6b)
of the oscilloscope. The secondaries are fixed on a commowhereU,, U,, and sina are available from the Lissajous
base whose position between the Helmholtz coils can be agattern.
justed slightly. Since the magnetic field is somewhat inho- The resistivity of copper at room temperature, 4708
mogeneous, such adjustment serves to finely balance the m was used to calculate the quantity= Aaf/p for the
transformer in the absence of the sample. An additional coibyperimental points. To evaluate absolute values/oénd
connected in series with the secondaries and properly placeg "the experimental data were fit to the theoretical curves at
near the Helmholtz coils provides another possibility forihe point of intersection of the two curves. According to
such balancing. A small quadrature component in the outputhampers and ParR, the theoretical values at the intersec-
voltage also may appear. As a rule, it is small enough to bggn, point arey’ = y”=0.377. An appropriate scaling factor
neglected. Otherwise, this component can be balanced BY yetermined from this fitting and then applied to the above
shunting one of the secondaries by a variable capacitor. equations,(6a) and (6b). After the fit, all the experimental

With a conducting sample inside one of the secondarieSyais can be superposed on the theoretical curves available
an output voltage appears due to eddy currents in the samplg, . Eqs.(4a and (4b) (Fig. 4).

Its phase angle relative to the ac magnetic fields comple-
mentary to the phase angle of the magnetic susceptibity,
It is obtainable from the shape of the Lissajous pattern. Théll. CONTACTLESS MEASUREMENT OF
features of the measuring circuit can be explained by meanRESISTIVITY
of a vector diagran(Fig. 3). The vectolOA represents the ac L
current in the primaries and the created magnetic field. The N many cases, contactless measurements of resistivity
vectorOB is the emf created in the sample. The vecig ~ ave important advantages. By using samples in sealed am-
shows the eddy currents and the magnetization of thgoules, interaction between the gamples and the environment
sample. The magnetization contains two compone@f, IS cqmpletely avoided. One partlcular use is to check on the
' . . . quality of metals through their low-temperature resistivity.
"’_meE' The first (?ne is opposite to the external magnetica liquid-helium temperatures, scattering of conduction elec-
field and relates tq’. The second one relates {8, Its phase  yons by impurities and physical imperfections of the crystal
coincides with that 0DB, Wr}'Ch means that the Joule heat- gy,cryre gives the main contribution to the resistivity of met-
ing of the sample is due tg". The ac magnetization of the 5i5 The residual resistance ratio, the ratio of the resistivities
sample causes an additional emf in the corresponding seg; room and liquid helium temperatures, is a commonly ac-
ondary winding, represented by the vec@¥ perpendicular cepted criterion of chemical purity and physical perfection of
to OC. Since the main emf was compensated, just this volta metal. For pure metals, this ratio may amount t3-110°
age is fed to ther-input of the oscilloscope. With opposite and even more. At low temperatures, contactless measure-
polarity of the output terminals, the output voltage should bements are preferable because the diameter of the samples can
represented by the vect@G=—OF. The phase shift be- be made larger than the free path of electrons. Such measure-
tween the voltages applied to the oscilloscope’s inputs ignents thus immediately provide correct values of the resis-

2

obtainable from the well-known relation tivity. Otherwise, one has to perform contact measurements

sina=+a/A=+b/B. (5 ©On wire samples of various diameters and extrapolate the
data to an infinite diameter.

The output voltage of the transformé, (for the Y-input Three main technigues are known for contactless measure-

of the oscilloscopg is also proportional to the amplitude and ments of electrical resistivitysee a review by Delaney and
frequency of the current feeding the primary windings. ThePippard®), namely,(i) determination of a torque applied to a
parts of the effective magnetic susceptibility, in arbitrary sample due to a rotating magnetic field) observation of
units, thus are given by the decay of eddy currents in a sample after terminating an
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Fig. 5. Compensation circuit for contactless measurement of resistivity.
Fig. 6. Electrical resistivity at room temperature versus frequency of mag-
netic field: B—copper,@—aluminum alloy.
external magnetic field, an@dii) measurement of the effec-
tive magnetic susceptibility of cylindrical samples in an axial
ac magnetic field. Such measurements are now widely emq is close to 90°. In both cases, the error in the resistivity

ployed(see, e.g., Ref. 21 and references thgrein may become unacceptable. In our case, the frequency of the
From Eg.(3), the electrical resistivity of the sample is magnetic field ranges from 0.2 to 2 kHz.
p=Aa?fIX. @) Two samples are used in the measurement: the same cop-

per rod as before, and an aluminum-alloy rod. The results are
The simplest way to determine the resistivity is to expresresented versus the frequency of the magnetic field. Using
X through the phase angle of the effective magnetic suscephe compensation circuit, the scatter of the data is of about
tibility, ¢=tan *(x"/x’). Hereafter, we will use the phase 1% (Fig. 6). The resistivity of copper at room temperature
anglea=tan *(x'/x") complementary tap. The anglea is  was found to be 1.7810 8 Q. m. The resistivity of the alu-
determined directly from the Lissajous pattern. H¥ré&s @  minum alloy is 4.0& 10 8 Q.m. The independence of the
unique function ofa and vice versa. This approach requiresresults on the frequency confirms the validity of the method.
no determination of the absolute values dfand x". The Measurements are performed also at liquid nitrogen tem-
relation betweerX and tarnw=z may be approximated by a perature. A dewar filled with liquid nitrogen is positioned
polynomial based on numerical values pf and ¥'. For  between the Helmholtz coils. The secondaries are immersed
0.1<z< 2.5, a sufficient accuracy is achievable with the re-in the liquid. The frequency range is 0.1-1 kHz. Besides
lation measurements of the resistivity of the two samples, the stu-
B 2 dents observe the signal due to a high-temperature supercon-
X=-0.01+3.06z0.105°+0.16 %" ®) ductor. In this case, the phase angle of the output voltage of
The measurements of the resistivity thus reduce to théhe differential transformer cannot be distinguished from
determination of the phase angle To evaluate the resistiv- 90°, which means zero electrical resistivity.
ity, one measureg=tana and then calculateX from Eq. To determine the effective magnetic susceptibility, one
(8). Then the resistivity is available from E(7). A simple ~ Measures, in addition to the phase angléhe output voltage
Compensation Circui(Fig_ 5) enhances the accuracy of the of the differential transformer before Compensatlon and the
measurements. The same differential transformer is em@Mmplitude and frequency of the current passing through the
ployed as before but now the output voltage is compensateldelmholtz coils. The values of’ and x”, in arbitrary units,
by a circuit including a potentiometer a decade resistance are then available from Eqé6a and (6b).
box R, and a capacitoC=40nF. The voltage across the
capacitorC is added to the output voltage of the differential
transformer, and an oscilloscope serves as the null detectd. DIRECT READOUT OF THE RESISTIVITY
The RC circuit provides the necessary phase angle of the S ]
compensation voltage while its amplitude is adjusted by the HereX=a®/4" is the only quantity that governs the effec-
potentiometerr. To simplify the measurements, only the tive magnetic susceptibility of a cylindrical conductor in an
phase angler is determined, which is sufficient to evaluate axial ac magnetic field. For a given radius of the sample, it
the sample’s resistivity. The phase shift introduced by thedepends only on the rati/p. This suggests a possibility to
RC circuit equals tan' (wRC). Hence tam=z=wRC. The express the resistivity through the frequency of the magnetic
resistanca is much smaller thafR, and its contribution is field and thus to immediately obtain the resistivity in dlglta|
negligible. Only one calibrated variable resist8y,is thus ~ form. Such a possibility has been already expldre@he
necessary, whereas the potentiometaeeds no calibration. Phase angle of the compensation voltage can be set before-
Instead of the decade resistance box, one may use a simgi@nd to make the compensation possible only at a frequency
variable resistor and measure its resistance by a multimet&f the magnetic field that, with a known decimal coefficient,
every time after compensation. equals the resistivity of the sample. According to Efj, this
Contactless measurements are most accurate in a defindase angle must satisfy the relatdr Aa?/10", wheren is
frequency range depending upon the radius and electrica@n integer. With such a phase angle, after compensation one
resistivity of the sample. Very low frequencies lead to aobtainsp=10"f, i.e., the resistivity numerically equals the
weak signal, whereas at too high frequencies the phase andiequency of the magnetic field. The necessary phase shift of
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sample 10— V. SUMMARY
oscillator amplifier
The student experiment described above shows an impor-
%_7 tant application of eddy currents, the contactless measure-
reference ments of electrical resistivity. The measurements are per-
formed in a simple and straightforward manner. The
.El.r determination of the effective magnetic susceptibility yields

results that are in good agreement with the theory. The con-
Fig. 7. Simplest setup to obtain digital readout of the resistivity. tactless measurement of electrical resistivity on bulk samples

demonstrates the capabilities of a technique that may not be
widely known. The experiment is inexpensive and could be-
come a useful addition to student works in the field.

the compensation voltage equals=tan 'z and depends

only upon the sample’s radius. It is available from the fitting
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