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Abstract An analytical solution is given for a time-decay
Rankine vortex profile due to viscous effects. The vortex fil-
ament is assumed to be isolated, strong, concentrated and
having zero-meridional flow (i.e. radial and axial velocities
are equal to zero). Zero-meridional renders the governing
equations for an unsteady, incompressible and axisymmetric
vortex in a simple form. Based on the tangential momentum
equation, the spatial-temporal distributions of the swirl veloc-
ity are given in terms of Fourier-Bessel series by using sepa-
ration of variables technique. A general formula is derived by
total differentiation of the swirl velocity with respect to time,
depicting the viscous dissipation for Oseen and Taylor-like
vortex profiles. This analysis is validated by comparison with
previous experimental data.

Keywords Rankine vortex · Dissipation · Fourier series ·
Monopolar · Zero-Meridional

1 Introduction

Concentrated intense vortices appear in many of real fluid
motions, their life cycle consisting of vortex evolution and
decay phases. The dissipation of vortices is a subject that
is frequently visited by aerodynamicists, hydrodynamicists,
and fluid mechanicians. More than a century ago interest
in this topic was first expressed in connection with Lord
Kelvin’s vortex atomic model, Kelvin [1].

The diffusion of the vorticity and decay of concentrated
vortices are important in many of engineering applications.
For instance, the hazard associated with vortices shed by a
large, heavily loaded aircraft to an incoming smaller plane
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is well known. A safe separation distance assures that the
generated vortices have decayed to a level that is safe for the
following aircraft.

Steady state vortices are well predicted in the past, the
most prominent of the steady vortex formulations are refer-
enced to Rankine and Helmholtz [2]. The model assumes that
both radial and axial-velocity components are zero. The latter
produces a Caucy type differential equation for the azimuth-
ally momentum with two possible solutions for the tangen-
tial velocity. The first suggests a linear distribution (forced
motion) inside the core, while the second gives a hyper-
bolic variation outside. Burgers [3] model provides a smooth
transition of the velocity from forced to free-vortex modes.
Another theoretical model was proposed by Scully [4]. The
advantages of this model are: both radial and axial velocities
are finite and satisfy the general vortex boundary conditions.
The disadvantage of this model is: it underestimates the max-
imum swirl velocity, see Leishman & Bhagwat [5]. Vatistas
et al. [6] proposed an alternative formulation that gives rise to
a family of smooth velocity distributions having the
Rankine-Helmholtz free and forced modes as asymptotes.

The decay of eddies possesses highly complicated proper-
ties, nevertheless a simplified time-dependent solutions might
capture some of their fundamental physical characteristics
involved during the energy dissipating phase. Two exact
asymptotic solutions to the Navier-Stokes equations that de-
scribe the decay of line vortices have been given previously.
The first solution dealt with the diffusion of an initially poten-
tial (free) vortex in the absence of a meridional flow, this work
was accomplished by Oseen [7], Hamel [8], and Lamb [9]. In
this case, the initial vorticity is zero everywhere except at the
origin where it is singular, both tangential velocity and static
pressure are also singular at the origin. As time evolves, the
velocity begins to diminish, the vorticity diffuses outwards,
and the core dilates. The second solution was brought about
by Taylor [10], a decaying vortex with remarkable properties
was derived by noting the similarity of vorticity diffusion to
that of heat conduction equation, where the solution is well
known, and the resulting class of vortices was later known as
monopolar type of vortices.
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Neufville [11] presented a solution in terms of Laguerre-
polynomials based on similarity transformation of time and
space for the diffusion term only in the tangential momentum.
Kirde [12] also reported a solution in terms of the hyper-geo-
metric series to further elaborate in the same phenomenon.
Both series solutions are restricted to the potential vortex as
their initial condition. A theoretical study with regard to the
time decay of different types of vortex profiles has developed
by Aboelkassem [13], while Bennett [14] has experimentally
studied the decay of Rankine’s vortex, where a typical forced-
free vortex was generated by spinning a single thin walled
cylinder inside a larger water tank for long period of time, the
instantaneous decay of the tangential velocity are recorded.

In this paper, the vortex flow solution that belongs to
a particular class, in which the velocity field has the general
form qqq = (0, Vθ , 0), is given. This category represents a sub-
set of viscous vortices that are decaying in a zero-meridional
field. The present analysis is a natural extension to Batchelor
[15].The solution to the problem is achieved by using Fourier-
Bessel series to solve the conservation of tangential momen-
tum. The series solution is firstly applied to predict the decay
of initially potential vortex, where a similarity solution is
known, refer to Oseen [7] that gave us the chance to gauge
the effectiveness of the method. The solution is then used
to study the decay of the Rankine’s vortex profile as well
as to generate a family of monopolar-like vortices by total
differentiation of the swirl velocity expression with respect
to time.

2 Formulations and mathematical analysis

Two concentric cylinders are used to represent theoretically a
class of columnar vortex filament under consideration here,
i.e. Rankine’s-vortex profile. A schematic plane normal to
the axis of rotation is shown in Fig. 1. Let the vortex core

Fig. 1 Schematic of the Rankine-vortex velocity profile

(defined as the radius where the tangential velocity attains its
maximum) initially located at the inner cylinder radius R∗

c .
Since we are interested in modeling the dissipation of line
vortex within unconfined domain, therefore, the outer radius
R∗

o should extend theoretically to infinity. In other words, β
parameter attains a sufficiently small value where β is defined
as the ratio of the core radius to the outer radius. Since there is
no energy supplied to the vortex, therefore it supposes to dis-
sipate under the action of viscosity consequently and the haz-
ards will diffuse outward. The general boundary conditions
require that, at the center of rotation the tangential velocity
and the gradient of the pressure and vorticity are also zeros.
Far away from the axis of rotations, theoretically infinity, all
the flow properties completely dissipate and vanish.

2.1 Equations and solution

Consider the motion of pure swirling, incompressible, and
axially invariant line vortex. According to these assumptions,
the continuity is identically satisfied while the radial and
tangential momenta in addition to the vorticity transport are
given respectively as follows:

V 2
θ

r
= ∂�

∂r
, (1)

∂Vθ

∂τ
= ∂2Vθ

∂r2
+ 1

r

∂Vθ

∂r
− Vθ

r2
, (2)

�z = 1

r

∂(rVθ )

∂r
, (3)

where,

r = r∗

R∗
c

,

τ = νt

R∗
c

2 ,

Vθ = V ∗
θ

Vθc

,

� = p − p∞
ρV 2

θc

,

Vθc = 	∞
2πR∗

c

.

	∞ is the vortex circulation, p is the pressure, p∞ is the pres-
sure far from the vortex center (r → ∞), ν is the kinematic
viscosity and t is the actual time. The subscript c denotes
value of the parameter at the core.

The required initial and boundary conditions are:

i. Vθ(τ = 0, r) = F(r),
ii. Vθ(τ ≥ 0, r = 0) = 0,

iii. Vθ

(
τ ≥ 0, r → 1

β

)
= β.

An analytical solution to the above tangential momentum
equation is feasible under the separation of variable tech-
nique. However, it is difficult to obtain explicit formula for
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the tangential velocity because the second boundary condi-
tion is non-homogenous. Here, we propose a proper veloc-
ity transformation in order to make the boundary conditions
homogenous and achieve an expression for the Eigen val-
ues and consequently the swirl velocity distribution. Let the
tangential velocity be given as:

Ṽθ (r, τ ) = β2r − Vθ(r, τ ), (4)

where β = R∗
c /R

∗
o .

One can notice that, Eq.(4) satisfies the original momen-
tum equation. In this case, the initial and boundary conditions
are:

i. Ṽθ (τ = 0, r) = F̃ (r) where, F̃ (r) = β2r − F(r),
ii. Ṽθ (τ ≥ 0, r = 0) = 0,

iii. Ṽθ

(
τ ≥ 0, r → 1

β

)
= 0.

Now, the standard separation of variables technique is
used, and the swirl velocity is given as:

Ṽθ (r, τ ) = [AJ1(mr) + BY1(mr)]e−m2τ , (5)

where, J1 is the Bessel function of first kind first order, Y1
is the Bessel function of second kind first order and A,B are
arbitrary constants. Owing to the fact that lim

r→∞Y1(mr) = ∞
and the swirl velocity must be zero at the origin, the constant
B must be zero, i.e. the first boundary condition is now sat-
isfied. Application to the second boundary conditions gives
AJ1(m/β) = 0, since A can not be equal to zero, therefore
J1(m/β) = 0. Let λn = m/β be the Eigen values of J1, which
are given by following expression:

λn = π
{
n + 0.25 − 0.151982

4n + 1
+ 0.0151399

(4n + 1)3

− 0.245275

(4n + 1)5

}
(n = 1, 2, 3, 4, . . . ). (6)

Therefore, the general solution for the velocity is then,

Ṽ
θ
(r, τ ) =

∞∑
n=1

AnJ1(λnβr)e−λ2
nβ

2τ , (7)

or

Vθ(r, τ ) = β2r −
∞∑

n=1

AnJ1(λnβr)e−λ2
nβ

2τ . (8)

The constant An is evaluated by employing the initial con-
dition; different initial profiles of the velocity will produce
distinct velocity time distributions. By using the orthogonal
boundary condition of the Bessel functions, the constant An

is given by

An =

∫ 1/β

0
F̃ (r)J1(λnβr)rdr

∫ 1/β

0
J2

1(λnr)rdr

= 2β2

J2
0(λn)

∫ 1/β

0
F̃ (r)J1(λnβr)rdr, (9)

where J0 is the Bessel function of first kind zero order, F̃ (r) =
β2r − F(r), and F(r) is an initial vortex’s velocity profile
such as the potential or Rankine vortex profiles. The other
flow properties such as the static pressure distribution and
the axial vorticity can be evaluated by using Eqs.(1) and (3).
One may note that the pressure requires the standard numer-
ical integrations.

2.2 General decay model

In this section, we extended the solution to include the decay
of other class of vortices, monopolar (Taylor)-like profiles.
A general decay expression is derived based on the remark
made by Neufville [11], that all the temporal differentiation
of swirl velocity is also a feasible vortical flow,

V1 = d

dτ
Ṽθ (r, τ ) =

∞∑
n=1

AnJ1(λnβr)

×e−λ2
nβ

2τ (−λ2
nβ

2),

V2 = d2

dτ 2
Ṽθ (r, τ ) =

∞∑
n=1

AnJ1(λnβr)

×e−λ2
nβ

2τ (−λ2
nβ

2)2, (10)
...

Vk = dk

dτ k
Ṽθ (r, τ ) =

∞∑
n=1

AnJ1(λnβr)

×e−λ2
nβ

2τ (−λ2
nβ

2)k.

From Eqs.(8) and (10), a general expression for the decay
problem is found as follow,

Vθ = β2r −




∞∑
n=1

AnJ1(λnβr)e−λ2
nβ

2τ

k = 0, Oseen’s-like,
∞∑

n=1
AnJ1(λnβr)e−λ2

nβ
2τ (−λ2

nβ
2)k

k = 1, 2, . . . , Tylor’s-like .

(11)

The above formula combined the decay phase for both Oseen-
like and Taylor-like velocity profiles. In addition, since the
tangential momentum is a linear partial differential equation,
therefore the superposition principle for Eq.(11) is applica-
ble. One can sum up all the above feasible solutions to provide
an expression that holds for linear combinations of a single
Oseen and single/multiple Taylor-like vortices, the formula
is give as:

V = β2r −
∞∑

n=1

AnJ1(λnβr)e−λnβ
2τ

× [1 + (−λ2
nβ

2) + (−λ2
nβ

2)2 + · · · (−λ2
nβ

2)k]︸ ︷︷ ︸
Geometric series
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or

V = β2r −
∞∑

n=1

AnJ1(λnβr)e−λnβ
2τ

×1 − (−λ2
nβ

2)k+1

1 − (−λ2
nβ

2)
(k = 0, 1, 2, . . . ). (12)

The proposed methodology is kept as general as to accom-
modate any initial swirl velocity distribution provided that it
satisfies the original steady state governing equations.

3 Results and discussion

In order to test the accuracy of the present solution; firstly,
we deal with the decay of the potential (free) vortex model,
where the similarity solution is known. Upon verifying the
results, we go further to study in details the decay of initially
Rankine’s vortex and its derived monopolar-like subset of
vortices, refer to Eq.(11).

3.1 Decay of potential vortex

Here, we considered the decay of the potential vortex. Its
mathematical description constitutes one of the exact solu-
tions of the Navier-Stokes equations tackled by Oseen [7].
For this type of problem, the following known similarity solu-
tion is available from the literature:

Vθ(r, τ ) = 1

r
(1 − e(−r2/4τ)). (13)

The equivalent form in terms of Fourier-Bessel functions is
derived by using the potential vortex as an initial velocity
distribution, which yields

F(r, τ = 0) = 1

r
or F̃ (r, τ = 0) = β2r − 1

r
. (14)

Using Eq.(9), an expression for determining the coefficients
of An with the help of the integral table is given as follows:

An = −2β

λnJ2
0(λn)

.

The velocity distribution as functions of the space and time
is then,

Vθ(r, τ ) = β2r + 2β

∞∑
n=1

J1(λnβr)

λnJ2
0(λn)

e−λ2
nβ

2τ . (15)

The purpose of comparing the series results with the exist-
ing solution from the literature at this point is firstly to serve
as a guide in deciding the value of β that will render the calcu-
lations of the unconfined vortex hypothesis reliable and sec-
ondly to gauge the effectiveness of the present method before
using it to study the decay of Rankine profile problem where
there is no exact solution existing in the literature. Based on
the boundary condition that as β → 0, the flow approaches
the condition of decaying vortex in a fluid domain extending

to infinity. The predicted swirl velocity from the series solu-
tion was compared with the exact solution at the same decay
time and for three values of β = 1/25, 1/50, 1/100, as shown
in Fig. 2.

We found that, when R∗
o = 100R∗

c or β = 0.01, the
two methods of solution produced no differences up to and
including the fifth decimal place, therefore we decided to use
the latter value of β in our calculations. All the previous and
subsequent calculations were carried out by taking n = 1000
terms from the Bessel function.

3.2 Decay of Rankine’s vortex

Rankine’s vortex has been used extensively in various stud-
ies. For instance, to predict the tangential velocity of trailing
vortices, to estimate the noise level produced by vortexes
and vibrations, to model the natural phenomena such as hur-
ricanes and tornados, and others. Here, we applied the pro-
posed method to study the time-decay of Rankine’s vortex
profile. Consider the standard velocity distribution for
Rankine’s vortex,

F(r, τ = 0) =



r, 0 ≤ r ≤ 1,
1

r
, 1 < r ≤ 1

β
,

or

F̃ (r, τ = 0) =



β2r − r, 0 ≤ r ≤ 1,

β2r − 1

r
, 1 < r ≤ 1

β
.

(16)

The correspondingAn coefficients in Eq.(9) and an expres-
sion for the tangential velocity are given respectively in
Eqs.(17) and (18).

An = −4J1(λnβ)

λ2
nJ2

0(λn)
, (17)

Fig. 2 Solution validation at different β
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Fig. 3 Time-decay of (a) velocity, (b) vorticity and (c) pressure

Vθ(r, τ ) = β2r + 4
∞∑

n=1

J1(λnβ)

λ2
nJ2

0(λn)

×J1(λnβr) exp(−λ2
nβ

2τ). (18)

The time decay distributions of the induced tangential
velocity, axial vorticity and static pressure for k = 0 are
shown in Figs. 3(a)-(c).

It is clear that, as the time progresses, the swirl veloc-
ity diminishes and the maximum velocity is seen to decrease
monotonically and tend to zero asymptotically as τ → ∞.
As the vortex core enlargement is accompanied by a rapid
vorticity decrease, as shown in Fig. 3(b), the static pressure
property diminishes by an outwards viscous diffusion in the
radial direction. This response of the system is in accord
with the entropy principle, which requires every disturbance
to diminish by, in this case, dispersion. The static pressure
develops in such a way as to balance the generated centrifu-
gal force field. As time goes on the tangential velocity of the
eddy decreases, the sides of the inverted bell-like pressure
profile become less steep and the central depression gradu-
ally increases, as shown in Fig. 3(c). The present solution is
compared with the experimental data given by Bennett [14] at
three different times, which describe the early stage of decay.
The results are found in fair agreement as shown in Fig. 4(a).

The maximum values of the tangential velocity core radius
are predicted adequately and compared fairly well with the
experimental maximum values as shown in Fig. 4(b).

In Fig. 4(b), the divergence of Vmax and rmax between the
potential and Rankin vortices is given. Results show large
difference during the initial stages of the decaying process,
however, for τ >∼ 2.5, the maximum velocity and core
radius curves merge and tend asymptotically to those of the
potential vortex, thus indicating that beyond this time thresh-
old there are no appreciable differences between the two vor-
tex models. Taylor-like vortex profiles are produced by using
Eq.(11) for different k values. For instance, at k = 1 the time
decay distributions for both tangential velocity and axial vor-
ticity are given. The predicted profiles are found to be iden-
tical to the standard Taylor-vortex, as shown in Fig. 5. A
family of monopolar vortices might exist in the same main
flow. For instance, at k = 2 it seems that the original vor-
tex has broken up into two vortices with different intensity
and opposite direction of rotation. In this case, the induced
tangential velocity changes sign after reaches the stagnation
point right at the interface between those two vortices, while
the vorticity changes its sign twice, as shown in Fig. 6. Com-
parisons between the tangential velocity and axial vorticity
at the same time scale for different values of k are given
in Fig. 7. The magnitude of induced swirl velocity resulting
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Fig. 4 (a) Theory versus experiment and (b) maximum values of the velocity and core radius versus experimental data

Fig. 5 Time decay of (a) velocity, (b) vorticity for k = 1

Fig. 6 Time decay of (a) velocity, (b) vorticity for k = 2
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Fig. 7 Time decay of (a) velocity, (b) vorticity for k = 1, 2, and 3 at time = 0.5

from two eddies k = 2 is larger than the velocity induced
from a single eddy of Taylor-like vortex k = 1 or Oseen-like
vortex k = 0, as shown in Fig. 7.

The vortices that appear for larger value of k seem to
be unstable and break up into separate vortices with differ-
ent intensities. These emerged vortices rotates in opposite
directions consequently, the induced swirl velocity changes
periodically its sign. In general, the number of eddies created
are equal to the number of k used in the series solution.

4 Conclusions

In this paper, the time decay of Rankin vortex profile is given
in terms of Fourier-Bessel series. The present solution is
restricted to the vortices that exhibits zero-meridional flow
and of concentrated intensity. This method is kept general
for any initial velocity distribution that satisfies the steady-
momenta equations, such as the classical asymptotic solution
given by Oseen [7]. The present results are found in fair agree-
ment with experimental data. Expressions for monopolar-like
vortices are derived from the original momentum equation by
total differentiation with respect to time. Vortices for k > 1
are unstable and break up into small vortices.
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