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k·p	theory	(I)	

•  The	one-electron	Schroedinger	equaAon	for	a	
solid	is	

•  We	now	insert	the	Bloch	soluAon	
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k·p	theory	(II)	
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k·p	hamiltonian		

•  The	periodic	part	of	the	Block	wave	funcAon	
saAsfies	a	Schrödinger	equaAon	of	the	form	

•  subject	to	the	boundary	condiAons.	

•  NoAce	that	k	appears	as	a	parameter,	and	that		
we	expect	discrete	energy	levels	n,	as	in	the	
parAcle-in-a-box.	
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The	k=0	reference	

•  We	can	write	the	hamiltonian	as		

•  with		

•  This	suggests	that	we	start	from	eigenstates	of	
k=0.	Then	we	can	diagonalize	the	enAre	
hamiltonian	in	this	basis,	or	treat	the	k.p	part	
as	a	perturbaAon	for	small	k.	
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Expansion	in	terms	of	the	k=0	basis	
•  Let’s	assume	that	we	know	the	wave	funcAons	
and	eigenvalues	at	k	=0.	

•  Because	these	are	a	complete	set,	then	it	is	
always	true	that	I	can	expand	

•  Therefore,		
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k.p	matrix	(I)	
•  Therefore,	defining:	

•  MulAplying	on	the	leV	Ames	
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k.p	matrix	(II)	
•  Therefore,	defining:	
•  I	need	to	diagonalize	the	matrix	
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Tight	binding	for	k=0	

    

H =

ε
s

0 0 0 V
ss

0 0 0

0 ε
p

0 0 0 V
xx

0 0

0 0 ε
p

0 0 0 V
xx

0

0 0 0 ε
p

0 0 0 V
xx

V
ss

0 0 0 ε
s

0 0 0

0 V
xx

0 0 0 ε
p

0 0

0 0 V
xx

0 0 0 ε
p

0

0 0 0 V
xx

0 0 0 ε
p

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥



What	basis	do	we	need?	

•  We	would	like	to	discuss	the	near-band	gap	
bands	in	semiconductors	like	Ge,	in	which	
spin-orbit	is	significant.	

•  Therefore,	it	is	convenient	to	use	the	J2,L2,Jz	
basis	that	diagonalizes	the	spin-orbit	
interacAon	in	the	atom.	

•  We	then	start	with	the	TB	Hamiltonian	in	this	
basis	



J2,L2,Jz		basis	for	k=0	(I)	
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J2,L2,Jz		basis	for	k=0	(II)	
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J2,L2,Jz		basis	for	k=0	(III)	
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J2,L2,Jz		basis	for	k=0	(IV)	
•  We	can	calculate	a	few	matrix	elements	to	
prove	the	above,	using	
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J2,L2,Jz		basis	for	k=0	(V)	

•  For	example	
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DiagonalizaAon	
•  In	all	cases,	we	have	2x2	hamiltonians	with	
idenAcal	diagonal	elements,	so	that	all	
eigenstates	are	of	the	form	

•  For	the	s-states,	Vss<0,	and	therefore	the	(+)	
combinaAon	gives	the	lowest	energy	(bonding).	

•  For	the	p-states,	Vxx>0,	and	the	(-)	combinaAon	
gives	the	lowest	energy.	But	this	is	also	the	
bonding	combinaAon,	if	one	recalls	the	direcAon	
of	the	posiAve	and	negaAve	lobes	of	the	p-
orbitals	in	the	A	and	B	atoms!		
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Redefined	s	p	funcAons	I	

•  The	above	suggests	that	we	define	
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Redefined	s	p	funcAons	II	

•  so	that	

•  etc,	etc.	
•  So	that	I	can	write	the	wave	funcAons	using	
the	same	expression	for	the	single-atom	wave	
funcAons,	except	that	I	add	the	subscript	“a”	
or	“b”	
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Near	band	gap	funcAons	I	

•  In	the	near-band	gap	we	then	have	the	
following	wave	funcAons	and	energies	at	k=0,	
if	we	define	the	0	of	energy	as	the	highest	
occupied	state.	
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Near	band	gap	funcAons	II	
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k=0	Hamiltonian	
•  Therefore,	in	the	near	band	gap	region	I	get	
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The	matrix	element	of	p	(I)	

•  To	go	beyond	k=0,	we	need	matrix	elements	
of	p	between	these	states.	

•  It	is	quite	obvious	from	the	symmetry	of	the	
atomic	wavefuncAons,	that		

•  and	all	other	matrix	elements	should	be	zero.	
  
S p

x
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y
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z
Z



The	matrix	element	of	p	(II)	
•  We	then	have	

•  The	last	two	terms	cancel	each	other,	so	

•  We	then	define	

•  We	will	use	this	expression	to	write	down	the	
k.p	hamiltonian.	
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DefiniAon	of	P	

•  From	the	above,	we	only	need	to	include	the	
matrix	elements	

•  We	can	esAmate	the	values	of	P	from	the	
empty	cell	band	structure,	and	we	find	
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Matrix	elements	for	k=kz	

•  For	only	kz	different	from	zero,	I	only	need	
pz.Then	I	get	

•  so	that	the	matrix	becomes	
   

S
a
↑ p

z
3
2
,− 3

2( )
b

= S
a
↑ p

z

1

2
X

b
↓ −

i

2
Y

b
↓

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟

= 0

S
a
↑ p

z
3
2
, 1

2( )
b

= S
a
↑ p

z

1

6
X

b
↓ +

i

6
Y

b
↓ +

2
3

Z
b
↑

⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟
= iP

2
3

S
a
↑ p

z
1
2
, 1

2( )
b

= S
a
↑ p

z

1

3
X

b
↓ +

i

3
Y

b
↓ +

1

3
Z

b
↑

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟

= iP
1

3



k=kz	Hamiltonian	
•  Therefore,	in	the	near	band	gap	region	I	get	
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PerturbaAon	theory	
•  In	perturbaAon	theory	
	
•  So	   
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Electron	effecAve	mass	
•  If	we	define	the	electron	effecAve	mass	as	
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Light-hole	effecAve	mass	

•  If	we	define	the	light-hole	effecAve	mass	as	
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Split-off	hole	effecAve	mass	

•  If	we	define	the	split-off	light-hole	effecAve	
mass	as	

•  we	obtain	
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Heavy-hole	effecAve	mass	

•  If	we	define	the	heavy-hole	effecAve	mass	as	

•  we	obtain	    
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The	bands	

Δ0	



Consequences	
•  From	the	point	of	view	of	k.p	theory,	band	curvature	is	
mainly	due	to	k.p	“repulsion”.	

•  Bands	are	never	perfectly	parabolic,	only	at	small	k.	
•  Heavy-hole	effecAve	mass	comes	out	qualitaAvely	
wrong	because	one	cannot	ignore	p-anAbonding	bands	
in	this	case.	

•  Light-hole	bands	are	also	affected	by	p-anAbonding	
orbitals:	band	warping.	

•  Because	P	is	more	or	less	constant,	effecAve	masses	
depend	mainly	on	band	gaps:	the	smaller	the	gap,	the	
smaller	the	effecAve	mass.	

•  Drude	model:	v	=	μE,	μ=eτ/m,	therefore,	small	band	gap	
favors	high	mobility.	



Example:	Ge	
•  The	matrix	element	P	is	predicted	to	be	
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AdjusAng	P	
•  If	we	adjust	P	to	reproduce	effecAve	masses	
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