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Bloch	representa9on	expansion	

•  We	wrote	earlier	the	wave	func9ons	in	the	
Bloch	representa9on	as	an	integral	

•  We	need	to	be	careful	with	normaliza9on	in	
the	con9nuum.	

    
Ψ r( ) = dk∫ Ψ k( )ψnk r( )



Normaliza9on	condi9on	I	

•  In	switching	from	discrete	to	con9nuous	we	
note	that	

	
•  In	the	discrete	case,	we	have	
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Normaliza9on	condi9on	II	
•  The	normaliza9on	condi9on	in	the	con9nuum,	
for	consistency	with	the	discrete	case	is,	
therefore	
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Normaliza9on	con9nuum	III	

•  But	this	implies	

•  Therefore,	the	average	value	of	an	operator	in	
the	Bloch	representa9on	is	
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Dipole	moment	

•  The	dipole	moment	of	a	system	of	charges	is	
defined	as	

•  If	I	shiJ	the	origin:	

•  so	that	the	dipole	moment	is	independent	of	
the	origin	for	a	neutral	system.	
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Infinite	solid	

•  In	an	infinite	periodic	solid,	the	dipole	
moment	defini9on	is	meaningless,	but	I	can	
define	a	polariza9on	as	a	dipole	moment	per	
unit	cell:	

•  If	the	solid	is	neutral,	any	of	its	unit	cells	will	
give	the	same	value	because	of	the	transla9on	
theorem,	but	the	choice	of	unit	cell	is	not	
unique,	and	it	maMers:		

    
P =

1
v

c

q
i
r

i
unit cell
∑



1D-solid	example	I	a	
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1D-solid	example	II	a	
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Possible	values	

•  Depending	on	my	choice	of	unit	cell,	I	get	

•  que	difieren	entre	sí	en	una	unidad	e.	Decimos	
que	la	polarización	está	definida	módulo	un	
cuanto	de	polarización,	en	este	caso	e.	
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Cambios	de	P	I	
•  Desplazo	un	átomo	una	pequeña	can9dad	δ	y	
calculo	el	cambio	en	la	polarización.	
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Cambios	de	P	II	
•  Desplazo	un	átomo	una	pequeña	can9dad	δ	y	
calculo	el	cambio	en	la	polarización.	
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Cambio	vs	valor	absoluto	

•  Aún	cuando	la	polarización	está	definida	
módulo	un	cuanto,	los	cambios	de	
polarización	son	independientes	de	la	“rama”	
de	polarización	donde	esté:	

Figure 4: Polarization as a function of the displacement, d, of the cations in the 1D chain
of Figure 3. The polarization lattice is zero-centered, and the branches are separated by
the polarization quantum. Notice that the branches of the lattice run exactly parallel to
each other, so that differences in polarization along each branch for the same displacement
are identical.

usually multiplied by an additional factor of two because the up- and down-
spin electrons are equivalent, and shifting an up-spin electron by a lattice
vector also shifts the corresponding down-spin electron. Polarization values
along cartesian coordinates, for example, can then be readily obtained using
the appropriate linear transformation.

3. Wannier representation and Berry Phase

In the previous section we discussed the multivaluedness of the polariza-
tion in a bulk periodic solid and reconciled it with what can be measured
experimentally for the simple example of an array of ions. Of course in a real
solid, there is (thankfully) more chemistry to take care of. In this section
we will first explain how this chemistry can be incorporated rather simply
by extending the ionic model through the method of Wannier functions. (A
similar approach is followed in Ref. [2], where an algorithm is developed that
is particularly suited to localized-basis quantum chemistry codes.) Once we
are comfortable with this conceptually we will move on to the real meat of
the modern theory of polarization – the Berry phase method.
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Realis9c	infinite	solid	

•  In	a	realis9c	infinite	solid,	I	can	approximate	
the	ions	as	point	charges,	but	the	electrons	
form	a	cloud.	An	apparently	natural	way	to	
address	this	is	to	define	

•  However,	this	doesn’t	work	in	a	periodic	solid,	
as	shown	by	the	following	toy	model.	
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Polariza9on	in	toy	model	I	

•  Consider	the	following	model	
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Polariza9on	in	toy	model	II	

•  Consider	the	following	model	
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Polariza9on	in	toy	model	III	
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Polariza9on	in	toy	model	III	

•  Now	the	polariza9on	can	be	shown	to	change	
con9nuously	depending	on	parameter	Δ.	This	
makes	it	impossible	to	compute	changes	in	
polariza9on	due	for	example	to	the	
applica9on	of	strain.	

•  It	is	as	if	polariza9on	were	a	surface	property	



Change	in	polariza9on	
•  From	Maxwell’s	equa9ons	

•  Then	in	a	non-magne9c	material	one	can	
calculate	the	change	in	polariza9on	
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Velocity	operator	I	

•  The	velocity	operator	is	

•  Let																																																	,	where	the	
9me	dependence	does	not	change	the	
periodicity,	and	

•  the	adiaba9c	solu9ons.	
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Velocity	operator	I	

•  Therefore,	in	the	Bloch	representa9on,	the	
hamiltonian	is	
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Current	

•  The	current	density	operator	is	then	
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Wannier	func9ons	
•  Because	the	Bloch	func9on	is	periodic	in	k	we	
can	write		
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Proper9es	I	

•  If	we	add	a	lafce	vector	
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Proper9es	II	
•  Let’s	compute	
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Con9nuum	version	of	Wannier	
func9ons	

•  Making	the	switch	to	the	con9nuum:	
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Current	I	
•  Using		
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Polariza9on	change	

•  The	polariza9on	change	is	then	
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Defini9on	of	polariza9on	
•  We	thus	define	the	electronic	contribu9on	to	
the	polariza9on	as	

•  and	the	total	polariza9on	as	
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Berry	connec9on/Wannier	func9ons	
•  Because		
	
•  we	get	
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Berry	connec9on	I	
•  We	then	have	
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Total	polariza9on	I	
•  The	total	polariza9on	is	then	
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Proper9es	III	
•  Let	us	now	consider	

•  This	is	propor9onal	to	the	Rth	coefficient	in	
the	Fourier	expansion	of	a	periodic	func9on	of	
k,	and	it	goes	to	zero	for	sufficiently	large	R.	
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Tight	binding	comparison	
•  When	we	did	9ght	binding,	we	defined	

•  Compare	with	defini9on	of	Wannier	func9on	

•  So	that	for	a	Bravais-lafce	TB	hamiltonian	the	
Wannier	func9on	for	posi9on	R	is	simply	the	
atomic	orbital	at	atom	R.	
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Localiza9on	of	Wannier	func9ons	

•  The	above	arguments	suggest	that	the	
Wannier	func9on	is	strongly	localized,	so	that	
the	integral	of	r	always	converges	and	the	
defini9on	of	polariza9on	always	makes	sense.	



Changing	the	phase	of	the	u’s	

•  If	I	change	the	phase	of	the	u’s	such	that	
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Choosing	the	phase	I	

•  If	I	demand	that	the	wavefunc9on	be	periodic	
in	k:	

•  where	M	is	an	integer.	Then	M	cannot	depend	
on	k	because	k	can	change	con9nuously:	

•  Thus	
•  So	
•  Define		

     ϕn
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Choosing	the	phase	II	

•  Then	

•  or	

•  This	means	that	the	most	general	form	for	the	
phase	is	a	periodic	func9on	plus	kR	
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Back	to	the	connec9on	
•  For	the	change	of	phase	

•  So	we	get	the	quantum	of	polariza9on.	It	means	
that	polariza9on	is	defined	modulus	a	quantum.	
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Explicit	Calcula9on	of	the	current		

•  The	following	slides	show	an	explicit	
calcula9on	of	the	polariza9on	current	without	
using	the	concept	of	Berry	connec9on	from	
the	very	beginning.	



Change	in	polariza9on	
•  From	Maxwell’s	equa9ons	

•  Then	in	a	non-magne9c	material	one	can	
calculate	the	change	in	polariza9on	

•  Define	dimensionless	parameter	
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Adiaba9c	hamiltonian	
•  Let’s	assume	that	we	have	a	crystal	hamiltonian	
in	which	the	poten9al	has		a	slow	9me-
dependence	but	does	not	change	the	periodicity:		

	
•  The	corresponding	snapshot	Schrödinger	
equa9on	is	

•  	whose	solu9ons	can	be	wriMen	as	Bloch	
func9ons	

•  where	the	k’s	are	not	func9ons	of	9me	because	
the	periodicity	is	unchanged.	In	the	adiaba9c	
approxima9on	the	snapshot	solu9ons	are	taken	
as	good	approxima9ons	to	the	real	solu9ons.	
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Current	I	
For	the	current,	I	calculate	the	velocity	for	each	
electron	and	add	over	all	electrons.	This	velocity	
is	
	
•  In	term	of	the	u’s	
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Current	II	
where	
•  is	the	well-known	hamiltonian	for	the	u’s.	
Therefore,	within	the	adiaba9c	approxima9on	we	
get	

•  But	the	integral	of	this	over	the	BZ	is	zero	
(integral	of	the	gradient	of	a	periodic	func9on),	
and	therefore	we	conclude	that	for	a	filled	band	
we	have	no	current	within	the	adiaba9c	approx.	
We	must	incorporate	non-adiaba9c	correc9ons	
to	get	something	different	from	zero.	
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Non-adiaba9c	correc9on	
•  Let’s	assume	that	
•  Then		according	to	Rev.	Mod	Phys	82	1959	the	
lowest	order	relevant	correc9on	to	
adiaba9city	is	

	
•  Therefore,	the	average	velocity	is	
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Non-adiaba9c	velocity	I	

	
•  But	we	showed	in	Week	12	

•  Then	
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Non-adiaba9c	velocity	II	

	
But	the	sum	over	n’	gives	the	iden9ty,	so	
	
	
	
In	the	third	term	each	of	the	<>	is	purely	
imaginary,	so	their	product	is	real,	and	it	cancels	
out	when	we	subtract	the	c.c	
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Non-adiaba9c	velocity	III	
Then	
	
But	
	
	
	
Therefore	
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Total	current	I	
The	total	current	density	is	an	integral	of	the	velocity	
over	the	BZ	9mes	–e	divided	by	the	volume.	The	first	
term	then	cancels	out	as	in	the	adiaba9c	case,	and	the	
third	term	is	also	the	gradient	of	a	periodic	func9on,	so	
that	its	integral	vanishes.	Accordingly,	only	the	second	
term	survives,	giving	
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Change	in	polariza9on	

•  The	change	in	polariza9on	is	then	

•  This	is	iden9cal	to	Eq.	7	in	the	famous	King-
Smith/Vanderbilt	paper	PRB	47	1652		
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Berry	connec9on	

•  But	we	defined	the	Berry	connec9on	as	

•  Therefore		
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Adiaba9c	correc9on	

•  The	following	slides	show	a	calcula9on	of	the	
lowest-order	adiaba9c	correc9ons.	It	was	
performed	to	verify	that	the	formulas	given	in	
the	literature	were	correct.	They	appear	to	be	
so,	but	no9ce	that	there	is	a		



Adiaba9c	perturba9on	theory	I	

•  Let’s	start	with	
•  Propose	an	expansion	in	instantaneous	
solu9ons	

•  Then	
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Adiaba9c	perturba9on	theory	II	

•  Also	
•  Equa9ng	both	sides:	

•  Mult.	9mes	n’	conj	and	use	orthogonality	
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Adiaba9c	perturba9on	theory	II	

•  We	write	this	as	
•  with	
	
•  Then	

•  I	then	integrate	by	parts	neglec9ng	small	dg/
dt:		
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Adiaba9c	perturba9on	theory	III	
•  So	that,	to	first	order	
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