
Gúıa 6 Simetŕıas en F́ısica: acción de supercuerdas y su cuantización

1. Convert the covariant expression Ψ̄ρα∂αΨ, where

ψ =

(
ψ+

ψ−

)
(1)

and Ψ̄ = Ψ†ρ0 are two-dimensional spinors, into the component expression

−2(Ψ+∂−Ψ+ + Ψ−∂+Ψ−) (2)

with ∂± = 1
2
(∂0 ± ∂1).

Hint: Use the following convenient basis for the Dirac matrices

ρ0 =

(
0 1
−1 0

)
, ρ1 =

(
0 1
1 0

)
(3)

2. Prove the following property (valid in two dimensions)

ραρβρα = 0 (4)

3. Show that the action

S = − 1

8π

∫
d2σe

[
2

α′
hαβ∂αX

µ∂βXµ + 2iψ̄µρα∂αψµ

−iχ̄αρβραψµ
(√

2

α′
∂βXµ −

i

4
χ̄βψµ

)]
(5)

is invariant under the following local world-sheet symmetries:

(a) Supersymmetry√
2

α′
δεX

µ = iε̄ψµ ,

δεψ
µ =

1

2
ρα

(√
2

α′
∂αX

µ − i

2
χ̄αψ

µ

)
ε ,

δεeα
a =

i

2
ε̄ραχα ,

δεχα = 2Dαε

where ε(τ, σ) is a Majorana spinor which parametrizes susy transformations
and Dα is a covariant derivative with torsion:

Dαε = ∂αε−
1

2
ωαρ̄ε

ωα = −1

2
εabωαab = ωα(e) +

i

4
χ̄αρ̄ρ

βχβ

ωα(e) = −1

e
eαaε

βγ∂βeγ
a

where ωα(e) is the spin connection without torsion and ρα = eαaρ
a.
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(b) Weyl transformations

δΛX
µ = 0

δΛψ
µ = −1

2
Λψµ

δΛeα
a = Λeα

a

δΛχα =
1

2
Λχα

(c) Super-Weyl transformations

δηχα = ραη

δη(others) = 0

with η(τ, σ) a Majorana spinor parameter.

(d) Two-dimensional Lorentz transformations

δlX
µ = 0

δlψ
µ = −1

2
lρ̄ψµ

δleα
a = lεabeα

b

δlχα = −1

2
lρ̄χα

(e) Reparametrizations

δξX
µ = −ξβ∂βXµ

δξψ
µ = −ξβ∂βψµ

δξeα
a = −ξβ∂βeαa − eβa∂αξβ

δξχα = −ξβ∂βχα − χβ∂αξβ

Note that Λ, ξ and l are infinitesimal functions of (τ, σ).

(f) Global space-time Poincaré transformations:

δXµ = aµνX
ν + bµ , aµν = −aνµ

δhαβ = 0

δψµ = aµνψ
ν

δχα = 0

4. Show that the commutator of two supersymmetry transformations on the fields
Xµ and ψµ, i.e. [δ1, δ2]Xµ and [δ1, δ2]ψµ, gives a translation.

5. Find the equations of motion for the fields derived from the action (5). Show the
tracelessness of the energy momentum tensor Tαβ and the ρ-tracelessness of its
superpartner TF .
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6. Write the non-vanishing components of the energy-momentum tensor and the su-
percurrent in light-cone coordinates and show that they are conserved.

7. Show that the NS and R boundary conditions on the fermions allow to cancel the
boundary terms in the variation of the action.

8. Obtain the mode expansions for the fermionic fields in the Ramond and Neveu-
Schwarz sectors of the open string.

9. Obtain the superVirasoro generators Lm and Gr in terms of oscillators.

10. Obtain the classical superVirasoro algebra:

[Lm, Ln] = −i(m− n)Lm+n

[Lm, Gr] = −i
(

1

2
m− r

)
Gm+r

{Gr, Gs} = −2iLr+s (6)

Useful identities:

1. λ̄1ρ
α1 · · · ραnλ2 = (−1)nλ̄2ρ

αn · · · ρα1λ1

2. (ψ̄λ)(φ̄χ) = −1
2
{(ψ̄χ)(φ̄λ) + (ψ̄ρ̄χ)(φ̄ρ̄λ̄) + (ψ̄ραχ)(φ̄ραλ)}
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