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The aim of this chapter is twofold. On the one hand, we wish to give a short (and
incomplete) description of the electron liquid. The analysis is based on the jellium
model where the electrons interact via the Coulomb interaction and the neutrality
of the system is maintained by a uniform background of positive charge with infinite
inertia. We discuss the results obtained within the random-phase approximation
(RPA): plasmon mode, screening, Fermi-liquid behavior, etc. In this respect, this
chapter is complementary to our discussion of the neutral Fermi liquid (chapter 4)
as well as the general considerations of section 3.4. On the other hand, the electron
liquid provides an opportunity to introduce standard many-body approaches (RPA,
(time-dependent) Hartree-Fock theory) that come up in different contexts, and discuss
in particular how they are formulated within diagrammatic or functional integral
techniques. We deal only with a three-dimensional electron liquid at zero temperature.
More specialized references on the subject are given in the bibliography at the end of
the chapter.
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322 Chapter 5. The electron liquid

5.1 The jellium model

In the jellium model, one assumes that the global neutrality of the system is main-
tained by the presence of a uniform background of positive charge. This can be seen
as a first approximation to a metallic system. In a real crystal the positive charge
(ions) is not uniform and can also have its own dynamics (lattice vibrations).

The Hamiltonian reads H = HO + Hmt + He b+ Hb b, where
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are the kinetic and interaction Hamiltonians of the electrons. In second-quantized
form, one obtains

(5.2)

where

- % /d3r e~ aTh(r) = % Z I (K)o, (k+ q) (5.3)
k,o

is the Fourier transform of the density operator n(r) = DE (), (r). v(q) =
e?/€0q? is the Fourier transform of the Coulomb potential e?/4meg|r|. We now use
the grand canonical ensemble and include the term —,uN into the Hamiltonian Hy
(éx = k?/2m — p). The background of positive charge gives rise to the two additional
terms

H,_, = —62/d37’ dST’L(r) = —0(0)nN,
4meg|r — 1|
A~ 62 3 3 n2 1 9 (54)
H b= 5 d d S = — V O
b= / " e —v| 2" v(0),

where v(0) = v(q = 0). Hy_, gives the electrostatic energy of the uniform background
of charge density —en (n = N/V is the electron density), and H,_; the interaction
energy between the positive background and the electrons.

Because of the long-range nature of the Coulomb interaction, the integrals appear-
ing in (5.4) are not convergent and v(0) is not defined. Since the system is neutral,
the various infinities should cancel and the energy of the system be finite. To deal
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5.2 The random-phase approzimation (RPA) 323

with this difficulty, one regularizes the Coulomb interaction by choosing

2 e—m\r| 2

. o e
s l1.e. 'U(q) = m

e

v(r) (5.5)

" dreolr] r
All terms in (5.4) are now well defined. Physical quantities are obtained by taking first
the thermodynamic limit V' — oo and then x — 0. This procedure can be justified a
posteriori by noting that the final results are independent of k.

The part of the Hamiltonian H involving v(0) = v(q = 0) reads

1 o e o1 s 1
W’U(O)(N —N)—v(0)nN + §Vv(0)n -~ 211(0)71, (5.6)

since the fluctuations of the operator N becomes negligible in the thermodynamic
limit.! The energy (ﬁ ) being an extensive quantity, the part involving v(0) is of
relative order
v(0)n  ne?
V.  Vegr?

and vanishes in the thermodynamic limit (V' — oo with x fixed). Thus we see that
ﬁe,b + I:Ib,b cancel the q = 0 term in H’int. The Hamiltonian in the jellium model
can therefore be written as ﬁo + ﬁint without the q = 0 term in ﬁim. It is convenient
to define v(q) as (1 — dq,0)e?/€0q? so that v(0) = 0.

(5.7)

5.2 The random-phase approximation (RPA)

The RPA is one of the simplest approximations to the density-density response func-
tion and the dynamic longitudinal dielectric function of the electron liquid. In this
section we derive the RPA from several points of view. In particular we shall see that
the RPA arises very naturally in the functional integral formalism.

5.2.1 Dielectric function and density-density response func-
tion

In section 3.4.1 we have shown that the longitudinal dielectric function €| (¢) is related
to the density-density response function y..,(q),

1
€ (q)

=1-v(@)xnn(q) or ¢€(g) =1+ v(a)nn.(g), (5.8)

where II,,,(q) is the “irreducible” part of the xn,(q), i.e. the part that cannot be
split into two disconnected pieces by cutting a single Coulomb line v(q). The general
properties of xn, and € were discussed in section 3.4.1. In particular, we have shown
that eﬁ(q, w) satisfies a number of sum rules (table 5.1). These sum rules, together
with the fact that the particle-hole pair excitations do not contribute to the spectral
function $[1/ eﬁ%(q, w)] for @ — 0, imply that the electron liquid possesses a (collective)

plasmon mode with energy w, = (ne?/eym)'/? in the long wavelength limit.

H (M) 1

(V) (Ry”

11iInV—}oo
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324 Chapter 5. The electron liquid

> d 1
f-sum rule / s - | = —wf}
—oo T 6“ (qvw)
*® dw 1 1
perfect-screening sum rule limg 0 / —w—i‘y [] =-1
—oo T W LE (q,w)
oo
longitudinal conductivity sum rule / —w%[eﬁ%(%w)} = wg
—
> dw 1 2,2
compressibility sum rule limqﬁo/ —w—%[ef(q, w)] cn :
oo T W €0q

Table 5.1: Sum rules satisfied by the longitudinal dielectric function eﬁ%(q, w) (see
Sec. 3.4.1). k denotes the compressibility and w,, the plasma frequency.

An explicit expression of €(¢) and xnn(q) requires to compute, at least approxi-
mately, the irreducible part II,,,,(¢q).> In the following, we consider the zeroth-order
approximation — known as the random phase approximation — where II,,,, is identified
with the non-interacting susceptibility (Fig. 5.1),

IRPA (g) = 0, (g) = —ﬂiv 3" Go(k)Golk + ). (5.9)
k
This gives
WA () = XD e ()00 0) (5.10)

14 o(a)x9,(q)
RPA

The density-density response function x,;;,** can be represented by the sum of bubble
diagrams shown if figure 5.2.

To estimate the domain of validity of a perturbative treatment of the Coulomb
interaction, we consider the ratio

2
Potential energy  =n-15  e’m 1

Kinetic energy ;ﬁF eokr  nl/3aq ( )
m

where ag = h%eg/mme? is the Bohr radius. It is customary to write the volume per
particle as

1 372 4 3
~= E = gﬂ(rsao) (5.12)
so that Potential
otential energy - (5.13)

Kinetic energy

2Note that L,y is the right quantity to consider in order to obtain satisfying expressions for xnn
and €. Any approximate II,, will give a result for xnn and €| to infinite order in the Coulomb
interaction. By contrast, a finite order approximation to xnn is likely to violate basic properties such
as causality. This is the case for instance if one retains only the first two diagrams in figure 5.2. Note
that a similar observation was made when discussing the one-particle Green function G (Sec. 3.5):
the self-energy ¥ (and not G) is the right quantity to consider in perturbation theory.
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5.2 The random-phase approzimation (RPA) 325
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Figure 5.1: Lowest-order contributions to I1,,,,. The RPA retains only the zeroth-order
term.
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Figure 5.2: Diagrammatic representation of the density-density response function x,n,
in the RPA.

Thus the RPA is expected to be justified at high density when ry < 1. Since typical
metals correspond to a range rs ~ 2 — 5, the RPA results have limited applicability
even for conventional metals. In section 5.5 we briefly discuss how one can go beyond
the RPA. In the opposite limit r; > 1, the electrons are expected to localize and form
a Wigner crystal since at very low density the zero-point kinetic energy associated
with localizing the electrons eventually becomes negligible in comparison with the
electrostatic energy of a classical lattice.

5.2.2 Mean-field character of the RPA

To see the mean-field character of the RPA, let us rederive it within an elementary
approach. We consider the system in the presence of an external potential

¢ext r, t Z ¢ext q,w ilar=(w+in)t] + c.c. (514)
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326 Chapter 5. The electron liquid

(n — 01). Keeping only the part that oscillates with e’[a T+ (we are interested
only in the linear response to ¢ext), the Hamiltonian reads

=M+ 5 Y vl [ﬁ(—qm(q) - JVV] + 3 beslaw)e N (—q).  (5.15)

The term N /V can be ignored since it does not play any role in the following argu-
ment. In a mean-field approximation, the interacting Hamiltonian Hj, is linearized
with respect to the fluctuations dn(q) = n(q) — (n(q)) of the density operator,

( (n(a))
= i(=q)(i(q)) + (A(—a)n(q) — (A(-aq))(i(q)) + O (67%) ,  (5.16)

so that

Hye = Ho+ ) [dex(@,w)e @ + u(q)(R(a))] 2(—q) (5.17)

up to an irrelevant constant. We are therefore left with a system of free electrons
subject to the effective potential

et (s 1) = dext (@, w)e " T 4 o(q)(R(q)). (5.18)

The linear response to a scalar potential is given by the density-density response
function (Sec. 3.3). We thus have

(i(a)) = —xpui (@, w) e (g, w)e < HM!
= =X (€ ) et (@, w)e T (5.19)
and therefore
() = (@) (5.20

1+ o(@)x0f (g, w)’
which is the RPA result.

5.2.3 The RPA in the functional integral formalism
Hubbard-Stratonovich transformation

We consider the action S = Sy 4+ Sint + 5 in the presence of external sources that
couple to the density,

St = 37 2 V(@ k + )05 (K — @) (K)o (8)

k,k',q
(7"(7'/

1
=3 ;v(Q)n(*q)n(q), (5.21)
S;==Y_J(=q)n(q),
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5.2 The random-phase approzimation (RPA) 327

where

Z Bk + q). (5.22)

lc

We rewrite Syt by means of a Gaussian functional integral over an auxiliary real
bosonic field ¢(z),

exp{~Su} = A [ Dl exp{~3 Y o(-a)ula) o) +i 3 o(-am@)}. (:29

The normalization constant N = det(v~'/2) will be ignored in the following. This
kind of transformation — known as a Hubbard-Stratonovich transformation — will be
used repeatedly in this book. It transforms a system of interacting particles into a
system of “free” particles interacting with a bosonic field. The action now reads

S[*, b, ¢] = Solv”, ] + ; S {e(-apv(a) " éla) - 2lig(~a) + J(~)n(a)}, (5.24)

q

and the partition function involves a functional integral over both the fermionic field
1) and the bosonic field ¢. Note that the Hubbard-Stratonovich field ¢ is nothing
but the scalar potential of the electromagnetic field (Sec. 1.9.3).% Its propagator can
therefore be expressed in terms of the dielectric function,

Doolg) = (ba)p(—q)) = 2D (5.25)
€1(q)

Saddle-point approximation: Hartree theory

The Hubbard-Stratonovich transformation suggests various approximations to treat
the electron-electron interactions (now encoded in the dynamics of the bosonic field ¢).
The simplest one amounts to performing a saddle-point (or mean-field) approximation
for the functional integral over ¢ whereby

- / DIY*, b, ¢ exp{—S[*, 1, 8]} = Zup = / DIY*, 9] exp{—Sae[6", 9]}

(5.26)
The mean field ¢(q) = /BVdq0¢0 (i.e. ¢(x) = ¢o) is chosen static and uniform. For
J = 0, the mean-field action reads

Swarl,v] = 2 0(0) 13 - Zw )(ion — i + o) o (R). (5.27)

The value of ¢ is determined by requiring the thermodynamic potential to be mini-
mum: 9Qypr/0pg = 0 or, equivalently, 0Zyr/0¢o = 0. This gives

[P uifsveo o0 =i s (690n (0] xp{-Sil” U1} =0, (529

3¢ differs from the scalar potential by a factor e (the electron charge). Recall also that i¢ plays
the role of the scalar potential in the imaginary time formalism.

© N. Dupuis, 2011



328 Chapter 5. The electron liquid
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Figure 5.3: Hartree self-energy Y. The thick solid line denotes the Green function
G= (Go — EH)il

i.e.

ido = —v(0) =

ﬁVE:Wﬁ%Wb%»J“":-WWVL (5.29)

k,o

(we have added the usual convergence factor). Note that ¢g is purely imaginary,
which ensures that the mean-field action is real.* The result (5.29) has a simple
interpretation in terms of Feynman diagrams. It corresponds to the first-order self-
consistent self-energy shown in figure 5.3,

Su(k) = v(@)ﬁiv > Go(k)en = v(0)n. (5.30)

In the jellium model, v(0) = 0 and the Hartree self-energy (5.30) vanishes (¢9 = 0).
In short-range interaction models however, ¥y is in general finite. Being independent
of k, it merely renormalizes the chemical potential.

Gaussian fluctuations: RPA

To proceed beyond the saddle-point approximation, we derive the effective action of
the bosonic field to second order in ¢(z) — ¢g = ¢(x). To do so, one has to integrate
out the 1 field retaining only the second-order cumulant,’

-/ p[w*,w,¢]exp{—so[w*,¢]
_1 Z ~0lq) ~ 2id(~q) + T (~0)ln(a)] }

_ 2z / D[] exp{~S[4]}, (5.31)

4Recall that mathematically there is nothing that prevents the saddle point ¢g to be imaginary
even though the auxiliary bosonic field ¢(x) is real. One can deform the integration contour into the
complex plane when looking for a saddle point.

5The first-order cumulant gives a trivial contribution 2 lid(=a)+J(—a){n(q)) = J(¢ = 0)v/BVn
to the action (the ¢ field has no ¢ = 0 component since v(0) = 0).
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5.8 Physical properties of the RPA 329

where

5161 = 3 S {6(-a)(@) " 6(0) ~ i6(~0) + T~ @)lidla) + T(@)] ). (5:32)

q

For J = 0, one obtains the propagator of the auxiliary field,

1 _ v(q)
v(@) ™t +xhn(g) 1+ v(@)xh,(q)

Doo(q) = (¢(q)d(—q)) = ; (5.33)

which reproduces the RPA result (5.10) for the longitudinal dielectric function (com-
pare (5.25) and (5.33)). From the action (5.32), one can also obtain the partition
function by integrating out the ¢ field,

Z[J] = Zoexp{ ZJ {Xm W}J(q)}, (5.34)

and deduce the density-density correlation function

§@1n Z[J]

Xon (0)
57— )57(q) (5.35)

o T+ u(@nS. (@)

Xnn(q) =

Thus we see that by taking into account the Gaussian fluctuations of ¢ about the
saddle point ¢g, we reproduce the RPA.

5.3 Physical properties of the RPA

In this section, we discuss some basic properties of the electron liquid in the RPA:
density fluctuations spectrum and plasmon mode, screening, ground-state energy and
compressibility. We begin with a calculation of the Lindhard function y%%

5.3.1 The Lindhard function

After summation over the Matsubara frequency in (5.9) and the analytic continuation
iw, — w +in,% one obtains the retarded response function (or Lindhard function)

2 (&) — np (Gkra)
Vi G G (5.36)

X%’(Qa w) =

An elementary change of variables gives

2 nr ()
OR
W)= —15 .

+ (w+in = —w —in), (5.37)

6The Matsubara sum is done explicitely in Appendix 1.F.
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330 Chapter 5. The electron liquid
with np(ék) = ©(kr — |k|) at zero temperature. Introducing the dimensionless vari-
ables x = |k|/kr, ¢ = |q|/kr and @ = (w + in) /vr|q|, we have

’ — |k 1 [k i
@2m)pPw+in+ & — &g AT 0 w+in— Kl ”q‘ cosf —

mk2 / / sin 0
=— dr x _
4m2|q| Ot —xcosh — 3

O [ g (2

2q ot —x—q/2

()l e

where a = @7 — §/2. N(0) = mkp /272 is the non-interacting density of states per
spin at & = 0. From (5.37) and (5.38), we finally obtain

Xom(@,w) = N(O){l - 21(1[1 _ <U~J+ B ;1)2} . (M)
_216[1_ (@++§>T In (m)} (5.39)

The real and imaginary parts of the Lindhard function read

Rita o) = NO {1 i (5 1) w2112

% 2) 17 e- 1 —f{/? (5.40)
i (e 0 )
and
S[xon(a,w)] = N(O);q{ [1 - (w - gﬂ@{l B (w ) ;1)2] (5.41)

where @ = w/vr|q].
For w = 0, the Lindhard function is real and given by

a0 =No -1 (1= D)u (2], (042)

In section 5.3.3 we shall see the non-analyticity at ¢ = 2 has important consequences.
For |q| — 0 and & = w/vp|q| fixed, x2F takes the form

nn

tin, a) = 280) |1 5 (257, (.49

@ fixed

a result previously obtained in Fermi-liquid theory (Sec. 4.3.4).
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Figure 5.4: Real and imaginary parts of the Lindhard function x%%(q,w)/2N(0) for
|a| = 0.5kr and |q| = 2.5kp.

Spectral function X%/ (q,w) = S[x%(q,w)]

For ¢ < 2, the imaginary part of the Lindhard function has the form shown in figure 5.4
(left panel). It is linear at low energy and corresponds to an arc of parabola at higher
energy,

O 7N (0) vo'q‘ for 0<w<|w_(q),
I
Xon(@@) = 7N (0) o, (5.44)
= {1 —(w-19) } for |w-(q)] <w <wy(q),
2q
where
q2
wx(q) = Lvplg| + pa (5.45)

The negative energy part can be deduced from (5.44) by noting that x%/(q,w) =

For ¢ > 2, the linear part is not present any more and the Lindhard function
reduces to the arc of parabola (Fig. 5.4, right panel),

Qilas) = 51— (- g)} for wo(a)<w<wi(@  (5.46)

Particle-hole pair excitation continuum

In the non-interacting system, the particle-hole pair excitation spectrum is defined
by X%/ (q,w) # 0. It gives the values of (q,w) for which the equation w = extq — €k
possesses at least a solution with {kx < 0 and &kyq > 0. For |q| < 2kp, the particle-
hole continuum extends from w = 0 up to w = wi(q). For |q| > 2kp, there is

no excitation at low energy and the particle-hole continuum extends from w_(q) to
wi(q) (Fig. 5.5).
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A
[63)
w, (q)
U.)q
w CU_(Q)
¥
lew (q)
0 ' > |q|
0 2k

F

Figure 5.5: Plasmon mode dispersion wq in the electron liquid. The shaded area
shows the particle-hole excitation continuum. In the RPA the latter has the same
boundaries as that of the non-interacting electron gas.

5.3.2 Density fluctuation spectrum

The spectrum of the density fluctuations can be obtained from the spectral function
X2 (q,w) = S[xE, (q,w)] or the structure factor S, (q,w; T = 0) = 20(w)x2,,(q,w).”
In the RPA, there are two contributions to

SRPA(q,w) = 20(w) X%Z(qé w) 5 (5.47)
(1+v(@RNXE (q,w)])” + (v(@)x(q,w))

The first one is due to a non-vanishing x%/”(q,w) and comes from the particle-hole

pair excitations. These are quite similar to the particle-hole pair excitations of the
non-interacting electron gas and gives a continuous excitation spectrum (Fig. 5.5).
The second contribution to the structure factor comes from the (collective) plasmon
mode at the frequency wq defined by

1+ v(q)Rxom(q, wq)] = 0. (5.48)

Such an excitation is well defined if its life-time — determined by 1/x%/(q,w) — is long

enough; only in this case does it show up as a sharp peak in Sy, (q,w) (Fig. 5.6). In
the RPA, the plasmon has an infinite life-time as long as x%/(q,w) # 0, i.e. as long
as it does not overlap with the particle-hole pair continuum. When its energy satisfies
W = €xtq—e€k (with k| < kp and |k+q| > kr), the plasmon becomes strongly damped
(Landau damping) and is not a well-defined excitation of the system anymore. The
absence of damping at small q is an artifact of the RPA. Multipair excitations — not
taken into account in the RPA — provides the main damping mechanism when Landau
damping is ineffective. These issues have been discussed in detail in connection with
the zero-sound mode of the neutral Fermi liquid (Secs. 4.3.3 and 4.3.5).

"The following discussion is similar to that of section 4.3.4 on the structure factor of the neutral
Fermi liquid.
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Figure 5.6: Structure factor Sy, (q,w)/4N(0) of the electron liquid in the RPA for
different values of ¢ = |q|/kr and rs = 1 (0 = w/vr|q|). The dashed line shows the
results for the non-interacting electron gas. The plots are obtained with a small but
finite value of 1 (hence the nonzero width of the plasmon peak). For small values of §
the plasmon peak is clearly visible — and gives the main contribution to the spectral
weight fooo dw Spn(q,w) — while for larger values it merges with the continuum of
particle-hole pair excitations.

Plasmon mode and sum rules

For q — 0 with w fixed, \%%(q,w) — —nq?/w?m, i.e.
R wp
éigb e/ (qw)=1- w—g, (5.49)

1/2 as the excitation energy of the plasmon mode in

9%(q,w) to higher order in g2

nn

and we recover w, = (ne*/eym)
the long-wavelength limit. Pushing the expansion of x
yields the long-wavelength plasmon dispersion

3
w2 = wi + gUQFq2 +O(lah). (5.50)

For q — 0 and w ~ wy, one has

1+ v(q)xom(a,w) 2 (w + i1 — wp)v(q) X n (4, w)
w=wp
2
=(w+in—wy)—, (5.51)
Wp
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and therefore

w 1
li R - _ p
a0 Xon (@) 20(q)w+in —w,’
R 552)
im ——— = e
a—0 eﬁ%(q, w) 2 wHin—w,

Making use of (5.52), one obtains

® 4 1
a0 ) _ T 6|| (qa W) plasmon
- (5.53)
. dw 1 1
lim —=9 TP =-L
a0/ _ T w 6|| (q7 CU) plasmon

We conclude that the RPA satisfies the f-sum rule and the perfect-screening sum
rule in the ¢ — 0 limit, the plasmon mode exhausting the spectral weight. Equa-
tions (5.53) are exact. They are a consequence of the vanishing contribution of
particle-hole pair excitations to the spectral function 1/ eﬁ%(q,w)] when q — 0.5

With eﬁ?(q, w) = 14+v(q)x°%%(q,w), the longitudinal conductivity sum rule reduces
to the f-sum rule for non-interacting electrons and is therefore trivially satisfied. The
compressibility sum rule implies that the compressibility of the system equals that
of the free electron gas. This agrees with the definition of the compressibility in a
charged system, n%x = limq_,0 1%, (q,0) (Sec. 3.4.1), since II,,,, = X9, in the RPA. If
however, as in section 5.3.4 below, we compute the compressibility from the density
dependence of the ground state energy the compressibility sum rule is violated.

5.3.3 Screening
Thomas-Fermi theory

Let us start with a simple theory of screening. We consider the response of an electron
gas to a static impurity charge density n;(r). If the induced charge density varies
slowly with respect to kg, we expect a semiclassical description to be justified. The
scalar potential ¢(r) satisfies Poisson equation’

V26(r) + %[5n(r) +(r)] =0, (5.54)

where dn(r) = (ni(r)) — n is the induced charge density. In a semiclassical picture,
1 — ¢(r) acts as a local chemical potential and
0
on(r) = —¢(r)£ +0(¢%) = —nke(r) + O(¢?), (5.55)
where kK = n=20n/0u = 3/2ner is the compressibility of the free electron gas. To
first order in ¢(r), Poisson equation then gives

2 62

V2¢(r) — %n2n¢(r) =~ (). (5.56)

8In Sec. 3.4.1, we have shown that the exact result limg—owq = wp = (ne?/egm)'/2 can be
deduced from the sum rules (5.53).
9See footnote 3 page 327.
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In Fourier space, we find

e’ ni(q)
) = — 5 (5.57)
€0 9 + q1p
where s
2 2
9 e’ 4 3e n 24 (4
= — = = Sk —_ B .
rE eon " 2€0€R e (977) (5:58)

is the (square of the) Thomas-Fermi screening wave vector. From the standard defi-
nition of the longitudinal dielectric function,

e?n;(q)
q) = ——, 5.59
)= ea@@ (5:59)
we obtain ,
q
erp(q) =1+ qLZF. (5.60)

At small distances (|q| > grr), the impurity charge is unscreened since epp(q) ~ 1.
On the contrary, at large distances the screening is very effective. For a point-like
impurity n;(r) = n;0(r), the screened potential has the form of a Yukawa potential,

2

6r) = frie s ep(—arelr]), (5.61)

and is exponentially suppressed at length scales larger than the screening length q{é.
Away from the impurity (r # 0), the induced charge density is given by

exp(—qrr|r|)

.62
47r|r| (5:62)

€
on(r) = =3 V26(r) = —nigir

A necessary condition for the (semiclassical) Thomas-Fermi theory to be justified is
qTr < kp, i.e. vy < 1. We shall see below that even when this condition is satisfied,
the Thomas-Fermi theory fails to provide an accurate description of the response of
the electron liquid to a static impurity charge density.

Static RPA dielectric function

In the RPA, the screening of a static impurity charge is determined by the dielectric

function ) )
41p 1 q q—2
1y fr gy 2 (1T . .
€rpa (Q) +2q2{ q.< 4)n’6+2‘} (5.63)
For q — 0, one can approximate egp (q) by
lim eqpa(a) = 1+ v(a)xn, (a4 = 0) = exp(a). (5.64)

It is quite tempting to conclude that at long distances the RPA predicts results
similar to those of the Thomas-Fermi theory. This turns out to be wrong because of
the non-analyticity of egpa(q) at |q| = 2kp. This non-analyticity, which originates
in the Fermi surface of the electron gas, prevents the mere replacement egps(q) —
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’q’/kF

Figure 5.7: Static dielectric functions obtained from the Thomas-Fermi theory and
the RPA. The non-analyticity of epp, (q) at |q| = 2kr gives rise to Friedel oscillations
and a power-law decrease of the charge induced by a point-like impurity [Eq. (5.65)].

erp(q) when computing the long-distance screening of an external potential. A careful
analysis shows that the charge induced by a point-like impurity decays as a power
law and exhibits Friedel oscillations [3],

“cos(2kplr|)

on(r) < n; e (5.65)

in marked contrast with the results of the Thomas-Fermi theory [Eq. (5.62)].

5.3.4 Ground state energy and compressibility
Ground state energy

The thermodynamic potential can be expressed as a function of the interaction energy
by means of a coupling constant integration. Let us write the Hamiltonian as H =
Hy + \Hy;. We then have!?

: / o 1, -
7 =Tr e_ﬁ(Ho—i_)\Hi"t), 5 - X<)\Hint>)\7 (566)

where the average (---), is taken with the Hamiltonian Hy + AHy. The potential
energy can be expressed as a function of the density-density response function,

(s = 3 S vi@ (a-wi@) - 7 )

- % Z U(q) |:; Z X?Ln(Q)eiwyn —n? , (567)

10Note that Hy and Hine do not commute in general. To compute 0Z/9A, one should expand
Tre—A(Ho+AHint)  take the derivative with respect to A, and use the cyclic invariance of the trace.
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where both x2,,(¢) and n* = (N)y/V depend on A. From (5.66) and (5.67), we obtain
dA 1
Q=0+ / { ann e — | (5.68)

where Qg = Q(A = 0) is the thermodynamic potential of the non-interacting electron
gas.
In the RPA, one has

B Xon (@) _ B X (@)]
X(4) = L+ dv(a)x9,(q) X (0) = Aol + Mo(q)x9,. () (5.69)

Inserting (5.69) into (5.68) and summing over A, one obtains the ground state energy

ERPA:Q( =0)+uN = Ey + E, + ERPA

corr

EI = Z |: Z Xnn ’qun 5

(5.70)
Bl = 2 Z{ )Xo (q) +In [1+v(@)x%,(9)]},
with 8 — oo.
The kinetic energy per electron is given by
E, 3 3 /om\*% 1
e =2 — 71
N 57" 5(4) 2 (5.71)

where the Rydberg Ry = An elementary calculation gives

Sﬂegao

1 1
=35 Z nk+q le 1) - 5 Zv(q)n = 7? v(q)nﬁ-i-qnﬁv (572)
q k,q

where n) = O(kr — |k|). E, is called the exchange energy. It is nothing but the
first-order correction <Iflint> to the energy Ey of the non-interacting electron gas and
arises from the antisymmetry of the ground state with respect to the exchange of two
particles (Fig. 5.8a).!! The exchange energy per electron reads

E, 1 d3q A3k 2
Ly _ 1 i )
N n/(27)3/(27T)360\q—k|2®(kF k))O(kr — |a)

e?kp d3k 1 k:2 1 —|—k;
=gt | ot =0 5+ ||

2m2egn
362]€F
16m2¢q

1/3
3 (97 1

= — Ry. 5.73
Tor ( 4 > e Y (5.73)

' The direct term involves v(0) and vanishes in the jellium model.
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e
Q.9C

Figure 5.8: Feynman diagrams for the ground state energy F = Q(T = 0) + uN.
(a) Exchange energy E,. (b) Correlation energy ERPA in the RPA. (c) Second-order

corr
contributions not included in EXPA.

The difference E— Ey— E, is referred to as the correlation energy. In the RPA, it is
given by (5.70) and corresponds to the bubble (or ring) diagrams shown in figure 5.8b.
As the full calculation is not possible analytically, we only quote the final result [3],

ERPA 2
=t = S(1-In2)Inr, - 0141 Ry ~0.0622ln7, - 0.141 Ry. (5.74)

The validity of the RPA can be improved by adding the second-order contributions
shown in figure 5.8c. One then obtains the following expansion of the correlation
energy in the high-density limit [3],

ECO[T

=0.0622In7; — 0.094 + O(rsInrs) Ry. (5.75)

Compressibility
Let us introduce the notation E/N = ¢(r;) with

2/3 4 1/3
3 (97 3 (97 1
e(rs) = = (4) p ol ( 1 ) E+0.0622 Inr,—0.0944+O(rs Inrs) Ry. (5.76)
We then obtain the pressure
oF e nrs Oe
P=-——| =n>—=-—" .
oV |y on 3 Org (5.77)

and the inverse compressibility

1 oP 8P _onr { 2 0e 1y 0%

= Vv " "m = 3 | 30n, 3o

(5.78)

The compressibility becomes negative for rs > 4.84 (Fig. 5.9). As noted in sec-
tion 3.4.1, the condition x < 0 does not necessarily imply an instability of the system
as k does not include the stiffness of the background of positive charge with respect
to a change of volume.'?

124 [Eq. (5.78)] is calculated by assuming that the background of positive charge adjusts itself to
maintain neutrality at not energy cost (Sec. 3.4.1).

© N. Dupuis, 2011



5.4 One-particle properties 339

Figure 5.9: Pressure P and compressibility « of the electron liquid obtained from
(5.76).

5.4 One-particle properties

So far we have computed the collective excitations of the electron liquid assuming
that the one-electron properties are similar to that of the non-interacting electron
gas. This assumption is qualitatively correct if the electron liquid is a Fermi liquid
(in the sense discussed in chapter 4). If it were not the case, self-energy corrections
in the one-particle propagator would invalidate our calculation of the density-density
response function. In this section we show that the electron liquid is indeed a Fermi
liquid.

5.4.1 Hartree-Fock theory

When discussing the RPA in the functional integral formalism, we obtained the
Hartree self-energy at the saddle-point (or mean-field) approximation. The Hartree
self-energy vanishes in the jellium model because of the neutrality of the system. A
natural improvement over the Hartree theory amounts to including the exchange (or
Fock) term show in figure 5.10,

(k) = — 3 (i — )G e

BV
1 , eiw;n
= 2w
_ _% oK — Kb + Sa(K)]. (5.79)
-

Note that ¥, is independent of the frequency. At zero temperature one therefore
obtains

(k) =—= ) vk —k)O(kr — [K')), (5.80)
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Figure 5.10: Diagrammatic representation of the exchange (or Fock) self-energy %,.
The thick solid line denotes the Green function G = (G5 — %,)~ L.

0

-0.2

05 1 15 = 2
k|/kr

Figure 5.11: Exchange self-energy ¥, (k) vs. k = |k|/kp.

where the Fermi wave vector is defined by &k, + 2, (kr) = 0 and
n=53§:G%k“”=>g§:m#&+2Amp=3§j@wF—mu (5.81)
V4 VA VA

Thus kr is the same as in the non-interacting electron gas. This is nothing but the
Luttinger theorem: the interactions do not change the volume of the Fermi surface
(Sec. 4.4.6). For a frequency independent self-energy, the theorem is trivially satisfied.
From (5.80), we thus obtain

ekp [1 1-k2 |1+k
Yok)=— — — 1 = 5.82
e Rt | (5.82)
(Fig. 5.11), where k = |k|/kp.
Since

Y. (kr) eZm 2
_ _ ~ 1., 5.83
€p 2m2epkp Tkrag " ( )

the exchange self-energy is small in the high-density limit r; < 1 where a perturbative
treatment of the Coulomb interaction is expected to be valid. Yet the Hartree-Fock
theory is unphysical for the electron liquid. The reason is that the non-analyticity of
Y. (k) at |k| = kp gives rise to a vanishing effective mass at the Fermi level,

1
7T]€Fa0

m m 0
k%

mo_gym 9y
o o

= lim {1 +
kr k=1

ln‘ . f k:H = 0. (5.84)
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5.4.2 RPA self-energy

To understand the failure of the Hartree-Fock theory in the electron liquid we relate
the self-energy to the density-density response function using the general formula

1 , 1
W;E(k)(}(k)ew"nzﬁz [ ZX”" e — ] (5.85)

One easily deduces from (5.85) that the Hartree-Fock approximation (X = X,) cor-
responds to the density-density response function

Vo) = ~ 3 GG+ o), (5.56)

obtained from the non-interacting susceptibility x2,, by replacing the bare propagator
Goby G = (Gy* —%,)71. {0, does not include screening and is a very poor approxi-
mation to the density-density response function of the electron liquid. Since the RPA
does include screening and gives a rather satisfying account of density fluctuations
(Sec. 5.3), a much better approximation for the self-energy is

1 v(q)
(k) = -5 zq: : +v(q)>zgn(q)G(k+Q)' (5.87)
The corresponding expression for the density-density response function has the RPA
form with all one-particle propagators dressed with the self-energy (5.87). Whether
or not this is an improvement over the RPA will be discussed in section 5.5. In this
section we focus on the self-energy (5.87). In order to simplify its computation, we
give up self-consistency and replace G' by Gy. The resulting expression,

ERPA(k) = ﬁV Z 1 +UE)(3(1 ( )GO(k+Q)
(@)
(q)

= Z RPAq

is referred to as the RPA self-energy. It is similar to the exchange self-energy with
the Coulomb interaction v(q) replaced by the effective interaction v(q)/ eﬁ{PA(q) and
without the self-consistency. The RPA self-energy can be rewritten as

Go(k+q) (5.88)

Yrpa(k Z a)Go(k +q) + Fivd Z (@*xnn (@)Go(k +q),  (5.89)

as shown in figure 5.12.

Fermi-liquid results

In order to show that the RPA self-energy describes a Fermi liquid, one must verify
that the imaginary part S[XEp, (k,w)] varies as w? + 7212 at low energies and tem-
peratures (Sec. 4.4). The first term in the rhs of (5.89), ¥, does not contribute to
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O O

LRpA = ———— + e 4+ «

[

A
+
A

Figure 5.12: Diagrammatic representation of the RPA self-energy.

S[BEpA (k,w)]. The second term is similar to the second-order contribution to the
self-energy studied in section 4.4.1 with the bare charge susceptibility x", replaced
by xBPA. We therefore deduce from (4.168)

2kp
S[Sfiatk] = = g [ o@laldla

< [ ! \FPA (g, ) [ () + np (! +w)] (5.90)

Because of the Bose and Fermi factors, the relevant part of the sum over w’ corresponds
to |w'| < max(|w|,T). For |w|,T — 0, we can therefore use the low-energy limit of
XEEA (g, w') (with |q] < 2kp),

XO//(q )
lim x4 (g, w) = lim an ;
©=0 (1 + v(@)R[OE(q,w)])” + (v(@)x2/(q,w))
_ Xovn (Q W)
=0 [1+ v(a) X0 (q,0))"
N(0
- _NOy (5.91)
€[ (a,0)] vrd]
Since xBPA”(q,w) is linear in w for w — 0, we can proceed as in section 4.4.1 to
obtain
St =~ [ da T o
R e = YD

which is the standard Fermi-liquid result. Approximating eh)‘P A(q, 0) by the Thomas-
Fermi result etp(q) = 1+ ¢2p/q?, we find

/OQkF d|q 2 $szf?(ii0)]2 = nff;g(rg), (5.93)
where
)= /o1 o {1 I (T)w ‘”2} R (5.94)
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re 0| 1 2 3 4 5 6
ZRPA 1| 0.859 | 0.768 | 0.700 | 0.646 | 0.602 | 0.566
(m*/m)ppa || 1] 097 | 099 | 1.02 | 1.04 | 1.06 | 1.08

Table 5.2: Quasi-particle weight zx,. [0] and effective mass m* (reproduced from [1])
in the RPA.

We deduce that the quasi-particle life-time is given by

1 ~ ™ c2 4 w2772

© = 2588k, &) = aen () T (5.95)
Tk 8 Sy

where 2y is the quasi-particle weight and §~k the quasi-particle dispersion defined by
&k = &k + R[EA(k, & )] (Sec. 4.4). In the high-density limit r, — 0, &(rs) ~ /75 and
(5.95) gives

Tk €p ez

(T = 0). The quasi-particle scattering rate is proportional to the plasma frequency
but reduced by the factor £ /€%. At metallic densities 7y ~ 1, £(rs) ~ 1 and 1/7 ~
2Ei e

We have argued in section 4.4.1 that the w? dependence of the self-energy is
expected to be a sufficient condition for the quasi-particle weight zx to be finite on
the Fermi surface. The calculation of zx — as well as the effective mass m* — is
quite cumbersome and we therefore only quote the results in table 5.2. As expected,
2k decreases monotonically with ¢ but remains finite, confirming the Fermi-liquid
behavior of the electron liquid up to rather large values of r;. The effective mass
is smaller than the bare mass when r; < 2, but becomes larger at sufficiently low
density. '3

5.5 Beyond the RPA

One the one hand, the RPA appears to provide a satisfying approximation of a metal
in many respects. Not only does it account for important physical properties (plasmon
mode, screening, etc.), but it also satisfies a number of exact results such as the sum
rules discussed in sections 5.2.1 and 5.3.2 or the value of the plasmon energy in the
long wavelength limit. On the other hand it is essentially a mean-field approximation
as the correlations between a given electron and the other particles are not taken into
account. For instance,

e the Pauli principle — that follows from the antisymmetry of the N-electron wave
function — reduces the probability of finding two electrons with the same spin
orientation nearby. This “exchange hole” is not accounted for in the RPA.

13This suggests that the Landau parameter F} is negative in the high-density limit of the three-
dimensional electron liquid (m*/m = 1+ Fy/3 in a Galilean invariant system (Sec. 4.1.3)). This
agrees with predictions of local field factor approaches (Sec. 5.5) [1].
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e the probability of finding two electrons nearby, irrespective of their spin orien-
tations, is further altered by the Coulomb interaction. This “correlation hole”
is also absent in the RPA.

To take into account the exchange and correlation holes, one has to go beyond
the RPA. The difficulty is to set up an approximation that does not spoil the nice
aspects of the RPA such as the agreement with exact results (e.g. the fulfillment of
sum rules).

Difficulties of diagrammatic expansions

The difficulty to set up diagrammatic approximations that satisfy exact results such
as sum rules or conservation laws (that follow from symmetries) is a very important
issue. To understand this point, let us consider the following property

Xnn(q = 0,iw, # 0) =0, (5.97)

which is a consequence of particle conservation.!* In the RPA, (5.97) is satisfied since
X2, (q = 0,iw, # 0) = 0. Consider now the density-density response function

_ Xon(@
L+ v(a)X%,(9)

obtained from Y®PA by replacing the bare propagator Gy by the dressed propagator
G = (Gy' —X)7! [Eq. (5.86)]. The precise form of ¥ does not matter for our
discussion. Using the spectral presentation 777 of G(k), we obtain

Xnn(Q) (5.98)

~ 2 > nr (W) —npW"’)
W)= -3 X [ e ater quw) SR 6o
where A(k,w) = —23[GF(k,w)]. For q =0, (5.99) can be written as
-0 _ - _ 2 >~ / " / "
Xom(@=0,iw,) ==Y [ do'dw” A(k,w')A(k,w")
V)«
W W
X [np(w') —npW”)] (5.100)

wg + (w/ _ w//)2 .

For free electrons, A(k,w) = §(w — &) and X2, (q = 0,iw, # 0) = 0. For interacting
electrons, A(k,w) is not a delta peak and values of w’,w” such that v’ # w” will
contribute in (5.100). Since [np(w') — np(W”)](W” —w') > 0, X2,,(q = 0,iw, # 0)
cannot vanish and particle conservation is violated. The only way to restore particle
conservation is to include “vertex” corrections in the calculation of the irreducible part
I1,,,, of the density-density response function x,,. Vertex corrections cannot be taken
into account by a mere renormalization of the one-particle propagator but rather
correspond to a renormalization of the interaction vertex v(q). Diagrammatically,
they are represented by Coulomb lines joining the particle and hole lines in II,,,."

MPparticle conservation implies that 7(q = 0) = N/v/V commutes that the Hamiltonian. It follows
that 2(q = 0,7) = e™##(q = 0)e™ ™ = n(q = 0) and xnn(q = 0,7) = const; hence (5.97).

15The second diagram in Fig 5.1 corresponds to a vertex correction, the following ones to self-energy
corrections.
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O LD DD

Figure 5.13: 1II,, in the time-dependent Hartree-Fock approximation. The one-
particle propagator includes the exchange self-energy X,.

The simplest approximation beyond the RPA includes both the Hartree and the
Fock self-energies in the one-particle propagator; it is sometimes referred to as the
time-dependent Hartree-Fock approximation (the RPA corresponding to the time-
dependent Hartree approximation). In order to satisfy conservation laws and other
exact results, one must then include all ladder diagrams in the calculation of II,,
(Fig. 5.13). The justification of this statement will be given in chapter 10 where a
general method — based on the Luttinger-Ward functional — to generate diagrammatic
approximations that satisfy conservation laws will be given. The time-dependent
Hartree-Fock approximation requires a numerical solution. It does not yield a sig-
nificant improvement over the RPA and furthermore has its own limitations and
difficulties. A detailed discussion of the results is beyond the scope of this chapter;
we refer the interested reader to Ref. [1].

Local field factors

It is possible to treat exchange and correlation effects in a non-diagrammatic ap-
proximation that preserves the mathematical structure of the RPA. In the latter, the
electrons are subjected to an effective potential

Pext(q; w) + v(q)(R(q))(w) (5.101)

(Sec. 5.2.2). In order to account for the correlations neglected in the RPA, one assumes
that the effective potential seen by the spin-o electrons can be written as

¢eﬂ,o(qa W) = ¢ext (qv w) + U(q) Z<ﬁo’ (q)>(w)

ol

=3 (@)oo (@,0) (0 (@) (). (5.102)

The local field factor G,,/(q,w) contains the correction to the effective potential
stemming from the exchange and correlation effects. The density-density response
function then reads [1]

_ Xon (@)
L+ (@)l = G (9)]x5. ()

where G4(¢) = £[G41(q) + G1,(g)]. Thus the local field factor can be seen as an
effective vertex correction. The local field factor approach has proven to be a success-
ful method to calculate many quantities of interest (effective mass, compressibility,
spin susceptibility, Landau parameters, etc.) while treating exchange and correlation
effects beyond the RPA. Again we refer to Ref. [1] for a detailed discussion.

Xnn(q) (5.103)
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Guide to the bibliography

The electron liquid is discussed in Refs. [1, 2, 3, 4, 5] where many references to
original works can be found. An excellent and remarkably complete discussion of the
subject is given in Ref. [1].
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