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Electrones y positrones
• Espinones 

y                                     satisfacen la ecuación de Dirac: 

• Adjuntos

y                        satisfacen: 

• Ortogonalidad

;     

Normalización                                                        Completitud

;                                                      

Electrons and positrons

• spinors

u(s) and v(s) (s = spin) satisfy the Dirac equation (γµpµ − m)u = 0

• adjoints

u = u†γ0 and v = v†γ0 satisfy u(γµpµ − m) = 0

• orthogonality

u(1)u(2) = 0 and v(1)v(2) = 0

• normalization

uu = 2m and vv = −2m

• completeness
P

s u(s)u(s) = γµpµ + m and
P

s v(s)v(s) = γµpµ − m
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Fotones

• Condición de Lorentz:

• Ortogonalidad:  

• Normalización: 

• Gauge de Coulomb: y

• Completitud:                                      

Photons

Aµ(x) = ae−ip·xεµ(p)

• Lorentz condition

εµpµ = 0

• orthogonality

εµ
(1)

εµ(2) = 0

• normalization

εµ∗εµ = 1

• Coulomb gauge

ε0 = 0 and ε · p = 0

• Completeness
P

s(ε(s))i(ε∗(s))j = δij − pipj
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Reglas de Feynman para la QED 1

Las reglas de Feynman proveen la receta para calcular la amplitud M a partir de los 
diagramas de Feynman

• Paso 1: para un proceso de interés dado, dibujar el diagrama de Feynman con el 
mínimo número de vértices. Pueden existir más de 1 (ver Wick)

The Feynman Rules for QED I

The Feynman rules provide the recipe for constructing an amplitudeM from a

Feynman diagram.

• Step 1:

For a particular process of interest, draw a Feynman diagram with the

minimum number of vertices. There may be more than one.

γ

e−, p1 e+, p2

e−, p3 e+, p4
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Reglas de Feynman para la QED 2

• Paso 2: para cada diagrama, indicar el cuadri-momento en cada línea, forzando la 
conservación del cuadri-momento en todos los vértices

Notar que las flechas estás presentes sólo en las líneas fermiónicas y representan el 
flujo de partículas, no el de momentos.

• Paso 3: la amplitud depende de los factores de los vértices; los propagadores para 
las líneas internas, y de las funciones de onda para las patas externas.

The Feynman Rules for QED I
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Factores en los vértices

• Cada vértice                                                        contrubuye con un factor  

Vertex Factors

• Every QED vertex,

e

e

γ

contributes a factor of igeγµ.

• ge is a dimensionless coupling constant and is related to the fine-structure

constant by

α =
g2

e

4π
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• ge  es una constante de acoplamiento adimensional y está relacionada con la constante de estructura fina

Vertex Factors

• Every QED vertex,

e

e

γ

contributes a factor of igeγµ.

• ge is a dimensionless coupling constant and is related to the fine-structure

constant by
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g2

e

4π
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Propagadores
• Cada fotón interno conecta dos vértices de la forma:                y               , entonces esperamos que el propagador 

contraiga los índices        y         

• Propagador del fotón:                                        

• Propagador para el fermión:                                      

• El signo de q importa. Tomamos el mismo signo que la dirección de la flecha fermiónica.

Propagators

• Each internal photon connects two vertices of the form igeγµ and igeγν , so we

should expect the propagator to contract the indices µ and ν.

• Photon propogator
−igµν

q2

• Fermion propogator is a bit more complicated

i(/q + m)

q2 − m2

The sign of q matters here — we take it to be in the same direction as the

fermion arrow.
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Líneas Externas

• Como cada factor de vértice y los propagadores de los fermiones incolucran matrices de 4x4, pero la amplitud M debe 
ser un escalar, las patas externas son importantes

• Funcionan al revés a lo largo de cada línea de fermión

External Lines

• Since both the vertex factor and the fermion propagators involve 4 × 4

matrices, but the amplitude must be a scalar, the external line factors must sit

on the outside.

• Work backwards along every fermion line using:

e− in e− out e+ in e+ out γ in γ out

u ū v̄ v εµ ε∗µ

Physics 506A 9 - Feynman Rules Page 8



Elementos de matriz 1

• Siguiendo la línea del fermión hacia atrás,                                           

está asociada con la corriente de electrones

Matrix elements I

follow fermion lines backward to give u(2)igγµu(1)

e

e

γ

jµ = uγµu is associated with the electron current
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Elementos de matriz 2

El elemento de matriz es proporcional a las dos corrientes en el diagrama de abajo 

Matrix elements II

The matrix element is proportional to the two currents in the diagram below.

[ū3(igeγµ)u1]

„

−igµν

(p1 − p3)2

«

[v̄2(igeγν)v4]

γ

e−, p1 e+, p2

e−, p3 e+, p4
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Finalmente …

• Paso 4: la amplitud total es la suma de las amplitudes individuales para cada diagrama 

• Paso 4a: antisimetrización

Incluye un signo “menos” entre diagramas que difieren solamente en el intercambio de dos fermiones idénticos

And Finally...

• Step 4:

The overall amplitude is the coherent sum of the individual amplitudes for

each diagram:

M = M1 + M2 + . . .

⇒ |M2| = |M1 + M2 + . . .|2

• Step 4a:

Antisymmetrization

Include a minus sign between diagrams that differ only in the exchange of two

identical fermions.
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Ejemplo:Example: Bhabha Scattering

γ

e−, p1 e+, p2

e−, p3 e+, p4

γ

e−, p1 e+, p2

e−, p3 e+, p4

• Antisymmetrization⇒ M = Mt −Ms

Mt = i [ū3(igeγµ)u1]

„

−igµν

(p1 − p3)2

«

[v̄2(igeγν)v4]

Ms = i [ū3(igeγµ)v4]

„

−igµν

(p1 + p2)2

«

[v̄2(igeγν)u1]
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Ejemplo:Example: Compton Scattering

e−, p1
γ, p2

γ, p3 e−, p4

e−, p1
γ, p2

γ, p3 e−, p4

• No antisymmetrization⇒ M = M1 + M2

M1 = i

»

ū4(igeγµ)

„

i(/p1 − /p3 + m)

(p1 − p3)2 − m2

«

(igeγν)u1

–

ε∗3νε2µ

M2 = i

»

ū4(igeγµ)

„

i(/p1 + /p2 + m)

(p1 + p2)2 − m2

«

(igeγν)u1

–

ε∗3µε2ν
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Partículas polarizadas

• Una amplitud típica de QED tendrá la forma  

• Para obtener un número para M necesitamos incluir las expresiones explícitas para las patas externas                    y              

• Las partículas externas pueden o no estas polarizadas.

Polarized Particles

• A typical QED amplitude might look something like

M ∼ [ū1Γ
µv2] ε3µ

The Feynman rules won’t take us any further, but to get a number forM we

will need to substitute explicit forms for the wavefunctions of the external

particles: ū1, v2, and ε3µ.

• If all external particles have a known polarization, this might be a reasonable

way to calculate things.

• More often we are interested in unpolarized particles as few accelerators

produce polarized particles

In the 1990s the SLC at SLAC produced polarized electron at 50 GeV
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µv2] ε3µ

The Feynman rules won’t take us any further, but to get a number forM we

will need to substitute explicit forms for the wavefunctions of the external
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Amplitudes promediadas en espín

Si la polarización de las partículas no nos importa necesitaremos: 

1- promediar sobre las polarizaciones de los estados iniciales de las partículas

2- sumar sobre las polarizaciones de los estados de las partículas finales al calcular: 

Amplitudes promediadas en espín: 

Spin-Averaged Amplitudes

• If we do not care about the polarizations of the particles then we need to

1. Average over the polarizations of the initial-state particles

2. Sum over the polarizations of the final-state particles

in the squared amplitude |M|2.

• We call this the spin-averaged amplitude and we denote it by
D

|M|2
E

• Note that the averaging over initial state polarizations involves summing over

all polarizations and then dividing by the number of independent

polarizations, so
D

|M|2
E

involves a sum over the polarizations of all external

particles.
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Suma sobre espines 1

Supongamos que tenemos:

Entonces: 

Spin Sums I

• Let’s simplify things even further and suppose that we have

M ∼ [ū1Γu2]

Then |M|2 ∼ [ū1Γu2] [ū1Γu2]∗

∼ [ū1Γu2]
h

u†
1γ0Γu2

i†

∼ [ū1Γu2]
h

u†
2Γ†γ0†u1

i

∼ [ū1Γu2]
h

u†
2γ0γ0Γ†γ0u1

i

∼ [ū1Γu2]
ˆ

ū2Γ̄u1
˜
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Suma sobre espines 2

Matriz al cuadrado:

Usando la relación de completitud:

Sumando sobre el espín de la partícula 2: 

Spin Sums II

• Rewriting the squared matrix element

|M|2 ∼ [ū1Γu2]
ˆ

ū2Γ̄u1
˜

• We can use the completeness relation for u2ū2

X

si=1,2

usi

i ūsi

i = (/pi + mi)

• Summing over the spins of particle 2 gives

X

s2

|M|2 ∼
ˆ

ū1Γ(/p2 + m2)Γ̄u1
˜

∼ [ū1Qu1]
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∼ [ū1Qu1]

Physics 506A 9 - Feynman Rules Page 18

Spin Sums II

• Rewriting the squared matrix element

|M|2 ∼ [ū1Γu2]
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Suma sobre espines 3

Spin Sums III

• The right-hand side is just a number, but if we represent the matrix

multiplication with summations over indices, we can rewrite it as

[ū1Qu1] = (ū1)i Qij (u1)j

= Qij (u1ū1)ji

= [Q (u1ū1)]ii

= Tr [Q(u1ū1)]

• Apply the completeness relation once again, so that we get

X

s1

|M|2 ∼ Tr [Q(/p1 + m1)]
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Otra vez completitud: 
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Suma sobre espines 4

Empezando de 

Promediando sobre espines iniciales y sumando sobre 
espines finales

Spin Sums IV

• Starting from

M ∼ [ū1Γu2]

Averaging over initial spins and summing over final spins gives

⇒
D

|M|2
E

∼
1

2
Tr

ˆ

Γ(/p2 + m2)Γ̄(/p1 + m1)
˜

• Particles 1 and 2 may or may not be in the initial state

• The factor of 1
2 is from the averaging over initial spins, assuming exactly one

of u1 and u2 corresponds to an initial-state particle.

• If they are both in the initial state (e.g., pair annihilation), the factor is 1
4 .

If neither is in the initial state (e.g., pair production), the factor is 1.
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Partículas 1 y 2 pueden o no estar en el estado inicial

El factor ½ viene del promedio sobre espines iniciales



Algunos trucos

Casimir’s Trick

• This procedure of calculating spin-averaged amplitudes in terms of traces is

known as Casimir’s Trick
X

all spins

[ūaΓ1ub] [ūaΓ2ub]
∗ = Tr

ˆ

Γ1(/pb + mb)Γ̄2(/pa + ma)
˜

• If antiparticle spinors (v) are present in the spin sum, we use the

corresponding completeness relation

X

si=1,2

vsi

i v̄si

i = (/pi − mi)
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Si hay antipartículas, 
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• This procedure of calculating spin-averaged amplitudes in terms of traces is

known as Casimir’s Trick
X

all spins
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Traces

• Because of Casimir’s Trick, we’re going to find ourselves calculating a lot of

traces involving γ-matrices.

• General identities about traces:

Tr(A + B) = Tr(A) + Tr(B)

Tr(αA) = αTr(A)

Tr(AB) = Tr(BA)

Tr(ABC) = Tr(CAB) = Tr(BCA)
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Gamma matricies and traces

• The two major identities that we will need in order to build more complicated

trace identities are

gµνgµν = 4

{γµ, γν} = 2gµν

• Since γµγµ = 4 and γµγνγλγµ = 4gνλ.

We find that

γµγνγµ = γµ (2gµν − γµγν)

= 2γν − γµγµγν

= 2γν − 4γν

= −2γν
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Simple Trace Identities

• The simplest trace identity is: Tr(1) = 4

• The trace of a single γ matrix is zero

The trace of any odd number of γ-matrices.

• For 2 γ-matrices,

Tr(γµγν) = Tr (γµγν + γνγµ) /2

= Tr(2gµν)/2

= gµνTr(1)

= 4gµν

• For 4 γ traces

Tr(γµγνγλγσ) = 4
“

gµνgλσ − gµλgνσ + gµσgνλ
”
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Traces With γ
5

• The vertex factor for weak interactions involves γ5.

• By inspection, Tr(γ5) = 0.

• Since γ5 = iγ0γ1γ2γ3

(an even number of γ-matrices),

Tr(γ5γµ) = 0

Tr(γ5γµγνγλ) = 0

• Also,

Tr(γ5γµγν) = 0
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The γ
5 Trace

• Only with 4 (or more) other γ-matrices can we obtain a nonzero trace

involving γ5:

Tr(γ5γµγνγλγσ) = 4iεµνλσ

where we recall that the antisymmetric tensor is defined as

εµνλσ ≡

8

>

>

<

>

>

:

−1 for even permutations of 0123

+1 for odd permutations of 0123

0 if any 2 indices are the same
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Contractions of the ε Tensor

• Since εµνλσ is completely antisymmetric, we will get zero when we contract

this with any tensor that is symmetric in 2 indices, such as gµν or

(pµ
1 pν

2 + pµ
2 pν

1).

• Only contractions with another antisymmetric tensor survive:

εµνλσεµνλσ = −24

εµνλσεµνλτ = −6 δσ
τ

εµνλσεµνθτ = −2
“

δλ
θ δσ

τ − δλ
τ δσ

θ

”

...
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Ejemplo 1

Queremos calcular

Example 1

• One of the traces involved in Bhabha scattering is

T = Tr [γµ(/p1 + m)γν(/p3 + m)]

• We can expand this out to create 4 terms, but 2 of these terms (the ones linear

inm) will involve 3 γ-matrices, and are therefore zero.

• Thus,

T = Tr(γµ/p1γν/p3) + m2Tr(γµγν)

= 4
`

pµ
1pν

3 + pµ
3 pν

1 − (p1 · p3)g
µν

´

+ 4m2gµν

• This result will be contracted with another trace that is covariant (i.e., µν as

opposed to contravariant µν ) in µ and ν.
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Ejemplo 2
Consideremos ahora: 

Example 2

• Consider

A = Tr(γµ/p1γν/p2) Tr(γµ/p1γν/p2)

• Evaluating the traces,

A = 4
ˆ

pµ
1 pν

2 + pν
1pµ

2 − (p1 · p2)g
µν

˜

×4 [p1µp2ν + p1νp2µ − (p1 · p2)gµν ]

= 16
ˆ

2p2
1p2

2 + 2(p1 · p2)
2 + 4(p1 · p2)

2 − 4(p1 · p2)
2˜

= 32
ˆ

m2
1m2

2 + (p1 · p2)
2˜
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